Math 306, Fall 2014: Assignment #7
Due: Wednesday, October 29th

Instructions: Please ensure that your answers are legible and that sufficient steps are shown. Chapter
numbers refer to the course text “Differential Equations, Dynamical Systems, and an Introduction to Chaos.”

Problem #1. Suppose that f(¢) is piecewise continuous and and periodic with period T (i.e. so f(t+7T) =
f(¢) for all t € R). Show that

1 T
= m/0 e Stf(t)dt

L{f(®)}

Problem #2. Use the Laplace transform to solve the following IVP

2 = g(t)
{ 2(0) = 0,2/(0) = 1,2”(0) = 0

where
0 t<m
g(t) =4 sint 7<t<3mw/2
-1 t > 3m/2.

Problem #3. Recall the characteristic polynomial of the ODE
2 4 an_ 2™ 4t a2 +ag = g(t)

is defined to be
P()\) = )\n =+ an_l)\”fl + ... (11)\ =+ ag.

Show that this is the same as the characteristic polynomial of the n X n matrix of the corresponding first
order linear system.

Problem #4. Determine the asymptotic behavior of the following IVP as t — oo

' —x =tsin2t+ 2
z(0) =0,2'(0) =1

Problem #5. Determine the asymptotic behavior of the following IVP as t — oo

x/// + 1./ — 673t + 26715 + t2
z(0) =0,2(0) = 0,2”(0) =0

Problem #86. Consider the IVP

" —8x = g(t)
{ z(0) =1,2(0) = 0,2”(0) =0

Determine a forcing g(t) so that the resulting solution grows larger, as t — oo, than either g(t) itself, or any
solution to the homogenous problem.

Problem #7. Suppose that f, g and h are piecewise continuous functions with |f(t)], |g(¢)], |h(t)] < Ce>
for some a € R. Define the convolution of f and g to be the functions

(f*g)(t) = / f(r)g(t — r)dr

a) Show that fxg=gx* f;



b) Show that (fxg)xh = fx(g*h);
c¢) Show that
L{f*g} = LS} - Lig}-

i.e., the Laplace transform of a convolution of f and g is the product of the Laplace transform of f

and of g separately.
1
L.
()

d) Use this to compute
Problem #8. Use the Laplace transform to prove the variation of parameters formula for a solution to
the ODE ¢’ = ay + ¢(¢). (Hint: Use the previous exercise).



