Math 645, Fall 2020: Assignment #2
Due: Tuesday, September 22nd

Problem #1. Show that for vector fields X,Y7,...,Y; € X(M) and a A € T*(M)),

k
(LxA)(Y1,..., V) =X - (AY1,....Yn) = Y AN, Yo, [X Y], Yiga, ., V).

i=1

Problem #2. Show that RP? is non-orientable.

Problem #3. Let M be an n-dimensional differentiable manifold. Define the space of frames of M at p,
F,M, to be the set of ordered bases of T,M —i.e.,

FoM = {(v1,...,v,) : v; € T,M and {v1,...,v,} is an ordered basis of T,,M}.

Let FM = UpeM F,M be the frame bundle of M. Define the following equivalence relation on FM,
(p, (v1,-..,vn)) ~ (g, (w1,...,wy)) <= p=gqand v = Z?zl A;jw; where A;; € GL(n,R) has positive
determinant. Let M = FM/ ~ be the set of equivalence classes.

a) Prove that FM has a natural differentiable manifold structure and that the map II: FM — M given
by (p, (v1,...,v,)) — p is smooth.

b) Show that M has a natural differentiable manifold structure and that the map 7 : M — M defined by
[p, (v1,...,v,)] — p is a local diffeomorphism.

c¢) Show that M is an orientable n-dimensional manifold.

d) Show that M is connected if and only if M is connected and non-orientable. That is, M is the oriented
double cover of M.

Problem #4.

a) Let M and N be differentiable manifolds. Prove that M x N is orientable if and only if both M and

N are orientable.

b) Prove that T'M is orientable (even if M is not).

¢) Prove that TRP? is not diffeomorphic to RP? x R2.
Problem #5. Show the following:

a) If U and V are open subsets of R” and ¢ : U — V a diffeomorphism, then when ¢ = ¢(p),

(¢*da' A ... Ada™), = (detdoy)da) A ... Ada).
b) If U C R™ is an open set, then
AU = {fdz* A...Ndz" : f € C(U)}.

That is, A™U is a the trivial rank one vector bundle.
¢) For connected M, A™M is a rank one vector bundle that is trivial if and only if M is orientable.



