ANSWERS

March 3, 2003

IN-CLASS MIDTERM 1
Calculus 106 (Biological and Social Sciences) — Professor Haskins

Attempt all parts of all questions.

Remember to show all your work and to write clearly, neatly.
There are 5 questions each worth 20 points for a total of 100 points. You
may not use any notes, books or calculators. Ask for clarification if you

are not sure what a question is asking you to do.



1.
(1) (4 pts) Give a careful statement of the Chain Rule.

Solution:
If the function g is differentiable at ¢, and the function f is differentiable at
g(c), then the composite function f o g is differentiable at ¢ and

(fo9)(c) = f'(g(c)-g'(c)

(ii) (6pts) Use the Chain Rule to find the derivative of cos V2 + 1.

Solution:

cosvVa?+1=fog(x)
where f(r) = cosz and g(z) = Va2 + 1.
2z

@) =

where we use the Chain Rule again to calculate ¢'(z). Hence

cos’ Va2 +1= ﬂ
vV +1

f(x) = sinw,



Find the following limits:
(iii) (5pts)

. Vli+trz—V1—x
lim .

xz—0 T

Solution:

lim,_,o YA2=VI=Z §q o limit of the type zero divided by zero. Multiply

x

top and bottom by a radical designed to simplify the top.

Vitez—-VI—-2)VI+z+VI—1x)

. Vl+tzrz—V1-z
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Pty T 220 r(V1+z++/1—x)
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= lim = lim = lim
e=0z(\/1+z++V1—2z) =0z(/1+z+V1—-2) 2-0(/14+z+V1-2)
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(iv) (5pts)
6e® — 5rlle—=

im ——.
r—oo ¥ + 14xe—*
Solution:

6e” — 5rlle—7 . 6 —b5xlle2 6
m ——— = lim ————
z—oo e 4 14xe=* z—o0 1 + 14xe—2 1

:—:6

m

since lim,_, o "e™™*¥ = 0 for any positive integers m and n.



2. (i) (5 pts) Write down the equation of the tangent line to the curve
y = f(z) at the point (2o, f(z0)).

Solution:

y — f(zo) = f'(wo)(x — 20).

(ii) (10 pts) Use implicit differentiation to find j—g for the implicitly defined

curve

Solution:

Y2 —z)+ry=2>+1

dy dy o5 dy 2
dy== — 2xy—= — = +y=3
yda: xydm y +xdx Tty x
dy

£(4y*2xy+l’)=3w2+y2*y

dy 322+’ —y

der 4y —2zy+x’



(iii) (5pts) Find the equation of the tangent line to the curve from part (ii)
at the point (1,1).

Solution:
From part (ii) putting in x = 1, y = 1 we get

ﬁ73+1—17§71
de 4—-241 3

Hence equation of the tangent line is
y—1=1x—-1)

or



3. (i) (4 pts) State carefully the definition of the derivative f’(z) of a func-
tion f at x in terms of a limit.

Solution:

o) =ty £ = @),

h—0 h

(ii) (8 pts) Explain what geometric quantity the quotient that appears in
the definition of the derivative represents. Draw a figure to illustrate your
answer. What geometric quantity does f’(z) represent? Draw this on your
figure also.

Solution:

w is the slope of the secant line, i.e. the line through the points

(z, f(z)) and (x + h, f(z + h)).

f'(x) represents the slope of the tangent line to y = f(x) at the point

(z, f(x)).



(iii) (8 pts) Compute the derivative of the function

fla)=— w#0

directly from the definition of the derivative as a limit (i.e. you cannot just
use the general power law).

Solution:
 flath) = f@) . mR s . x—(@+h) . —h
] —lim&th gy T gy TR
) h hoo h hod ha(z +h) koo ha(z + h)
li !
=—lim —-=—-——.
h—0 x(x + h) x?



4. (i) (5 pts) Prove that
W(t)=Wee ™,  t>0

satisfies the differential equation

AW
T AWt
o w(t)

(where both Wy and A are positive numbers).

Solution:

% = e MWy = AW (2).

(ii) (7 pts) Suppose W (t) describes the amount of a radioactive material
remaining after time t. What quantity does Wy represent physically? What
is the physical interpretation of the constant A7 How does increasing the
value of A affect how fast the material decays? What would happen if A
were a negative number?

Solution:

Wy is the amount of material initially present (at time t = 0).
A represents the rate at which the material decays.
Increasing \ gives faster decay.

Negative A\ would imply exponential growth instead of decay.



(iii) (8 pts) Suppose that W (0) = 100 and W (10) = 50. Find Wy and A in
this case (you can leave your answer for A with a log in it).

Solution:

W(0) =100, = Wpe’ =Wy =100

1
W(10) =50, = 100e A =50, = ¢710* = 5

1
= —10)\:10g§ =logl —log2 =log2

log 2
=> A= 0




5. (i) (3pts) Define what it means for a function f to be continuous at x = c.
Give a precise definition.

Solution:

lim f(z) = f(c)

Tr—cC

(ii) (3pts) What does the Sandwich Theorem say?

Solution:
If f(x) < g(x) < h(x) holds for all x near ¢, and

lin /(@) = Jimy o) =
then

lim g(x) exists and also equals .
r—cC

(iii) (5pts) Use the Sandwich Theorem to find lim,_. f(x) for the function
rsint ifz#0
J(@) = { 0 if 2 =0

Solution:

For any = # 0, we have —1 < sin% <1.

Hence for any « > 0, we have —z < xsin% <z
and for any x < 0, we have —x > a:sin% >
The Sandwich Theorem then tells us that

. 1 ) )
lim zsin— =0= lim xsin—

z—0+ X r—0— €T

So limg_,g x sin% exists and equals 0.
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(iv) (2pts) Is the function from part (iii) continuous at = = 07 Explain your
answer.
Solution:

Part (iii) shows that lim; .o f(x) = 0. Since f(0) = 0, then by the
definition in part (i) f is continuous at 0.

(v) (7pts) Use the Intermediate Value Theorem to prove that
23— 20 4+3=0

has a solution in (-3, —1).

Solution:

Let f(z) = 23 — 20 + 3. f(z) is a polynomial, so it is continuous for all
real numbers z.

F(=3) = (=3)3 —2.(=3) +3 = —27+6+3 = —18.
f(=1)=(-1)?—2(-1)+3=-1+2+3=4.

Since f(—3) < 0 < f(—1) and f is continuous, the Intermediate Value
Theorem implies that there is some x € (=3, —1) such that f(z) = 0.
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