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hence, A = 2. [Alternatively, to find the coefficients A and B, we may use substitution as follows: substitute 2 for z in (%)
toget =7 =7B < B = -], thensubstinte —5forzin(x)}toget —14 = —TA < A= 2.]

Thus,/mwdm /(ﬁ;—s+w"_lz)dx=2m|x+5[—1n|x~2;+c._

Toﬁndﬁ\eoonstantsmpmbiemmvo%vmpammfradms wemayusemeweﬁmntwmpansmmeﬂwdormesubsbmhmmﬂwd(asmmesduuon
for Exsrcise 9) or a combination of both methods. ae

1 __A _ B

3 = w At — t .
N TTD S TRt 1= AG- D+ B+
t=1 = 1=3B = B=3 t=-4 = 1=-54 = A=-} Ths,
i 1/5  1/5
[mdt /(t+4+ I)dt inft+4)+ it -1+C or m{m +C
Pl = A B Multiply both sides by (z + 1)(& — 1) to etl=Alz— 1)+ Bz +1)
"Eo1 i ilE-1) " 741 zo7 Muluply ¥ gett = :

s
s

Substituting 1 forz gives 1 = 2B < B =i, Substituting ~1forzgives 1 = —24 & 4= ~2. Thus,

N -1/2  1/2 i . s
/zmdm—£ (m+;_—1)dm.— [~3liz+1+§in|z—~1]]3

=(-3l4+}n2) - (-}In3+1ln1) = 2(1n2+1n3 Ind) [or$lng]

r—1 A : B . . _ ) -
12. Py R + Z75- Multiply both sides by (= + 1)_(__:c_.+ 2) to getz = 1= Az +2)+ﬂB(mi1Q%Sﬂubsnmtmg

—2forzgives -3=—B < B=3 Substituting -1 for r gives -2 = A, Thus,

/lm———m._“’—lw d:s"'“-fl =2 .3 dr=[-2Injz +1|+3In|z +2]}
o 24+3z+2  Jo\z+1 z+2 N 0
S = (-2102+ 3In3) - (—2In1+3In2) = 3In3 — 5In2 form&]
. _
mdﬂf:dlﬂl:ﬂ—biﬁ“c
zia xib),soifa%b,then
1 z+a
(z+a)(z+b) a(lnia:+a{-—ln|:z:+b§)+€'mb__ain pray +C
B g ._-M_d{'&& 1 : .

fa=25, thm/(z+a)2~ $+a+c.

(i.::++1?2 = :zi T + (mf1)2 = 2r+3=A(z+1)+B. Tekez =—1t0 get B =1, and equéte coefficients :

15.

of zto get A =2 Now

Dt f L Se g B r 2 1 . 1
' ey = | e 4 = e | In(z 4 1)~ —
o @rip® fo{w+1+(m+1)’]dx [ (=+1 -'B+1]o

=22~} - (2l1-1)=2In2+}




16,

17.

”y Ogives —12 = —GA,soAmz.Settingy —2ngesIS--mBsoB-—Seu:mgy 331ves3-150,so(3'2§.

PAZ-1 P14 g c

C
T = L L2 Y
y(y+2)(y 3) "y Tyre y~3

L

24z -10 3z —4 3z —4 A, B _
P-x-6 —z+1+(3 3}(m+2) (a: 3)(z+2) z--3+m+2'men

I ]
L....i*f.__}_gdzxf (m+1+

2 —p—§ :1':—3 z+2

“(2+1+in2+2h13) (G+O+ln3+2in2) +~ln3 In =3y

W-7-12 _A4_ B

"E’&m

Now

' 4y Ay -Ty-12 /2( 9/5 1/5) g S

_ 2y 8 Yy = farapy) 4 2 + +
%?[ Wy D=3 Y 7 T2 y-3,%= [2In[y) uiy 1t
=2In2+$n4a+} flnl-2Inl-2m3— lip2

=21n2+;—31n2—§1n2—g1n3.~..2511n2 In329-(3:|n2 1n3)

) dr = [‘:z:w+m+£nls: 31+2ln(m+2)

A= Alz +2)+ B(z - 3). Takmgm—3and.1:m——2 wegeth =54 « A:landm-I()z-SB « B=2

1

4

3

W 4 - Ty —12= A(y+ 2y — 3) + By(y -3) + Cy(y + 2). Setting

1= = e . P - 4
a:3 -z zz+ )z -1} = + z+1 -1 by :c(a: + 1)(:1: _ }Qﬁ?ﬁg:wwm«w s

z? +2a:— 1=Alz+1)(z - 1) + Bz(z ~ 1) ~§-Cz($+1) Substituting 0 for  gives ~1 = 4 & A=
Substituting ~1 for x gives —2 = 2B ® B=-1, Substituting 1 for = gives 2 = 20 « C =1 Thus,

f"" ‘3;2'7: ld:z: f( )da: In{z| - lnfz+1§+!n]$—1f+c’ Iﬂ‘“—*‘“—
o 7 z 1 T o

1 =4 - (31 > 1=Al+5)@~1)+ Bz~ 1)+ C(z + 5.

1. (3—1-5)2( z~1) x+5+(a:+5)2

Settmgmu—Sgrvesl = —6B,50 B = 1. Settingzx = 1gives 1 = 36C, 50 C = 36+ Setting 2 = 2 gives

1= A(3)(=3) + B(-3) + C()=—94-3B+9C=—94+1+1=_94, $5094=—landA =L

N Y Y, /6 1/36], 1. 1
w/(ﬂf?)“’{awl)"’”“f[ - + }dr~—-~1nfw+5l+-~—--~ e -1+C.

z4+5  (z+5)2 " x.] 6(z + 3)

z? A B C . .

0. CEDICEL mz:m3+:c+2+(w-§-2)2 = °=A(z+2) +B(:c—3)(:z:+2)+0(m-—3).
Settmg:r*-ngvesAm- Take:c———2toget6'm-——,andequatethecoeﬂicientsofm togetl=A+ B =
B =18 Then

9/25 | 16/25  4/5 9 4
/(x 3)(z~;»2)2dI f{ Y13 (:1:+2)2de_2 lnjz 3] + 7= 1nfz+2!"’Ls( T3 T ¢
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1 _ f[_3 , 1/ 42
/‘xs__ldxw‘/’xm da + fz2+ e =dmle -5 [ 2E2 g,

¥tz +1

1 T | z+1/2 1 (3/2)dz
=snjz -1 3/z2+x+1d$ 3 (z+1/2)2 +3/4

=«:’;1nimw1!—%in(x3+m+l)—-§-(%)tan_l ‘/m/;)w}*f{

=%Inlw—ll-m-é—in(m2+x+1)-—%tan"“l(é;@a:-f-l))+K

.

(za-é-l)—lm i A Br+C B .
= I i z¥1 P ozri) T 1=AE-z+1)+ (Bz+O)z+1).

Equate the terms of degree 2, 1 andOtoget0=A+B,0=-A+B+C,1=A+C. Solve the three equations to get

A=g, B—-—— andC = 2. So

5 i 32— % 2z~»1 i
/m3+1dm'_f[1-_x+1+m2—z-§-1 dz = m—~1n§a:+1|+ :z:+1 f(m—‘) +3 .

=z-3lle+1+ n(e® ~z+1) - L tan- 1(.53(2m—1))+K

T -1 A B C D . 2
'x“-—mﬁ_';cz(:c—l)(x-}-l)%a:+a:2+mw41+z+1'Mlﬂhplyby$ (z - 1}(z + 1) to get

1= Az{x - 1)(:c +1)+ Bz~ @+ 1) + Co*(z + 1) + Dz®(z ~ 1). Setting = 1 gives C = £,

raking x = —1 gtves D = —1. Equating the coefficients of z° Bives0=A+C 4 D= A Finally, setting z == 0

. L fode _f[-1. 12 172 R ETREES
yields B == 1.N0W/.$4_-$2—-.-..[[m2+$*1 z_}»lea?—x*th.}.m +C.
2Lctu—m + 5z? +4 = du-—(ém -§-10w)da:—2(2:c -{»S:c)dm 50
/‘ g _ oy dm_/ -3 f u—4 [with = 4 1]
(w2~+2:r+4)2 (@42 +42 7 [ [z + 1)2+3§2 (w2 73y = |
— .‘udu' d'U —4 \/3—33029(19 v = u® 4 3in the first integrals ]
T W EEE T (uz + 3)2 " Osecid u = +/Ftan § in the second
~-1 43 23

=" [ cas” 040 = 7t = 28 (04 dingoost) + 0

_ -1 2B a1 V3(z + 1)

“wET -y [ () ] o
- -1 2v3, i fz+1 2z +1)
T roz+d) g n ( V3 ) 3P+ +4 T C

e
: . — I R T ISP, -ﬁ,gé«.{g%gg‘gm .
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PTERS  TECHNIQUES OF INTEGRATION
441 _“A Bz+C  Dz+E €1 ar s : L
D@ AP T T TR Yy ¢ S H1=ARR 4 +(Ba+ Cla(a’ + 1) + (D + Bz,

Settmg_m Lo gives A = 1, and equating the coefficients of z'gives 1 = A+ B, soB = 0. Now

C_,Dz+E 2449 R N R T Y =%
241 @ +12 " 2?1 T 7T (x* +1)2 T @ 1)

_sow _wkec;a.nz—z,andﬁmo; Hence,

./w(zzii)zdx f[ (x2+1)3}d$winiml+zzii “f-C

35. Le_tu-—\/‘sou =z and dz = udy, Thus, .. ...

w oo pd 2 4N
= uz_ﬁw?zw.‘%fs it [ (e gy)a g
2

A B
Tutr Tt 2)(u-2)toget1 =

Alu _{.;2) + B(u ~i—2) Equating coefficients we

. \““—-M R T
et,éi#g; Oand —24 +2B = 1. Soiving gives us B = jad A= -1 5 ! =t 14 and (x) is
it 8 = B e oy Bl -3 PO

2+8fl(ui/3+ 1/42)‘5‘“ 2+3[ 1115“-{-2[4—%111!1:—2{] =2+ [2lfu—3- 2m1u+2;]“

U -2

4 .
= 2 1y . 2/6
u””swzm(mg-mg)-uzlnﬁg

=2+2lnf or 2+ m(§)’ =241 2

=2+2[ln

6. Letu = ¥z Thenz = dz = 3uldy =

o ! 3u? du ! 3 3 2 1
'/0- 1+%d:r-— T+ a —-j; (31&—3+m)dﬂ-[§u "-3?1-1—3111(1'{‘%)]0—«3(1112——

Lietu= {211 Thena? = v® — 1, 22 dz = 32 gy =

¥ dx (v* —1)2u2 du '
%2“:[ - =g/(u'—u)du=l%u5-gu’+0=-1%(m2+1)5/3—§{x2

+1*2 4 ¢

W Letu = /7. Thenz = v?, dr = 2udy —

3
VE _ u-Qudy /‘ - -1 v _
[/3m2+zd1“f/\/—u‘+u2“ ’ [tan™ u] 2( )

=02(x _xy_=x
fu2+1 1/V3 i 3
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SECTION 7.1 AREAS BETWEEN CURVES (3
H2f=1-y o 2% +y-1=0 o Qu-1y+1)

A v gy - [ 2 1,2 2 311/2
=), -y -27ay~ , A-v-2fdy =y 1y - 3§

=0 & y*-—-é-or—l,so:c:%er?and

PR
) x+y=1
2 4z 4 27 - '"'éj-(.:ﬁ-!-ﬁ)(.r-—z) =0 ® T borrBeye gory g
| 4= [«: (3" +3) -y ay = [-%9° — 4° + 3y] iﬁ ..
== (—3:,2'—2+6)‘—_~(18—-18_~_18.)_z22_§ iy
s B
43 gy s St i e

Y= 4

2 =4 e ¥y =42 50

T
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ER7  APPLICATIONS OF INTEGRATION

. Byobséf;aﬁon, ¥ =sinxand y = 2z /7 intersect at ( (0, 0) and (/2 1) forz > 0

A= //2(smz——-—) ——»[—cos:v——}-mJ ._(o_-_)-( 1)-1_.4_

B l/z='g e 1=, & z=:§:13n:<i'1/m=lz ® 4= o z:i2,sofori’>0

s [ng]o [Infx[~—-:c L =3+ (ln2-1

- MR

. ' Ax
'lﬁ.Fcrx)O,a:—»a: »—2 = O=gfe-z_9g = 0=

{r - 2)(1:+1) = =
/ [zt - (;t: _2)] —2/ [z~ (2*~2)]dz = 2f(z

-—2(2,“.;4)“...

2. By Syminetry,

-2® 4 2)dz = 2[% -—-313:3-!-%];

e

Jx]— (2~ 2y

Ax

e R Bl S i i i

AL C e [ (g [ (2 - garsl




0 sinceccanberep!acedhymcinboﬂxequa&onswimomchmgingthégraphs,andifcm{}.the
them*aghthatﬂaeenc!osedmAﬁesbetweenz:——cand:cmc,andby
in the first quadrant, The enclosed area is .

xAz 45~ ds = 4{c*z - §23]; = 4(c® - 3c) = 4(3°) = 82,

e

=576 « =57 & =916 o ¢ = {216 = 6. Note

= —6 is another solution, since the graphs are the same,

32, i We start by finding the equation of the tangent line to y = z2 ét-tﬁé’boint (1,1): -

¥ = 2z, sothe slope of the tangent js 2(1) =2, and its equation is

s I 4 Yy -1=2z~ Dory=2¢—1 we would need two mtegrais’tﬁ’mtegmew:th :
B ' fespect 1o z, but only one to integrate with Tespecttoy. --

1 .
A= i+1- V] dy = [:i"yz + 3y — §y3/2}d¢%ﬁ%ﬁ.a' :

o

By the symmetry of the problem, we consider only the f_irsf quadrant, where

* = z=4 Weare looking for a number & such that

j;bﬁdy=j;4\[fdy - %[ya/z];’:%[ys/z]: -

PR g2 o g o e 1 = b=4"wyg

H. (a) We want to choose g 50 that

a 4 - [ 174
-1—dw= ~1—dx = |2 == = -1+1x——1-+~1- = 3_2 = a=:§.‘
: =2 o Z2 z |, zJ, a 4 a 4 a 5

(b)Theareaundermecurvey——-l 2 fromz = 1tox = 44 3 {take @ == 4 in the first inte in;ié‘n(a)}. Now the line
4 X

ne z = 4, singeshe.area under the line y.=.1/47 fom = 1 -+
* =4isonly £, which is less than half of 4. We want to choose b so that the upper area in the diagram is half of the total
AR

= b must intersect the curve z=1/vy and not the

areaunderthecurvey:l/m’ﬁomz:1toz=4.Thisimpliesthatf;(1/‘/§—«1)@:%.% .
RVE-ufi=2 = 1-2vh+b=3 = b—2vh+ 3 =0,
Lettinge = VB, wegetc? ~ 204 § =9 o 8% -- 16¢ 4 5 = 0. Thus,

o= 10475 =12 B Bute=vh<1 = e=1-¥8

b=C=14f -1y ~ 4/6)% 0.1503,




s b

£oss-section is a disk with radius 1
18 A(z) = m(1 - 4?)2,

x2, 50 its area

. ; cross—sectmn is a disk with radius 21/7, so its area is
A =m2yg)
V=RAOE = PreyiT g

4y f: ydy == 4&{:_,1-;;2]2

=2r(81) = 162r

4. A cross-section is 2 disk with radius e¥, 5o jts area is Aly) = n(e¥)2

2 2 2 2 1,.7° T g e i
fo w{e¥) dyr:‘:r/e”dy:rr—e“’ = (" - &%)
1 1 2 ;2

5 A cross-section is a washer (annulus) with inner radiys z3

and outer radius T, 50 its area is

Alz) = n(z)? - m(2%)? = n(z? - z®).

V= [!A(z)dy = Jo (2 - 2% 4z

=732’ - a7 =m(i - 1) =

i

I ———




# T CHAPTER? APPLICATIONS OF INTEGRATION

1, 27 = a:“\/'ﬁar:x>0 Theouterradmsxsthedlsmncefromzm-—lto:r':\/_y"andtheinmrra&iusisthe

_ceﬁ'om:c—nml tox = y r Fol e
; . ,
f {f (-1}] [y%(—l)]g}dymw/ [(\/_+1) m(y2+1)2]
-—71'/ (y~§—2\/_+1—-y -2 ml)dy w[ (y+2\/_ ] —2y)dy
RIS T P ) T I P P
¥4
) 3 B
------ A
- [}
x=m -]
e - e =
Ry=vz
V= [rie-yy- - y)]dyw[i@ W - -yt ay
mw/{y -5y +4y)dy-1r[y~—y +2y} (%—g—l—?)m-%fr
By=vs = t=yady=2* = Z = {/y. A cross-section is a
washermthmnermdmslm\/'andoutcrradluslwy soxtsareals .
AW =1~V ~ (1 - Y5, o
V= fﬁ) A(y) dy fO [ﬂ(l - - ﬂ.(l - w)zj dy s 2

=7 fI [(1 -2 +4h - (1 —2y1’3+y2/3)} dy

1
=7 o (=27 ot + 20— sy gy R N %ys’a]g =

4. A cross-section is a washer with inner radius 1 ~ /Z and outer radius 1 - 2% s0its area is

Alz) =n(1 - 2?2 w o (1—vz )
V= [A(x)dz f 1r(1—a:)2w7r( \/—)} _ﬁ/f(h—?a: +a:)—(1—231/2+a:)]da:

H

/{~2z + a8 42412 L z)d:r-‘.'r[-m-»z +3x"+ 4 3/2——%:1:2] =q{-141 :+ 35—

uh—-

: )= %
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zav:nf:( —R;ry)gdymwf;[ﬁﬂ 2R(R 2RR=r) (

b
_ 2 _R(R‘-T) 2 1 R—r 23
—W[Ry —-—T—~—y +3 % Y .

=n[R*%h — R(R— r)h + L(R ~ r)?h]

= iwh[3Rr + (R* - 2Rr 4 %)) = $xh(R? + Rr + %)

Another solution: % = ﬁ-—;—ff by similar triangles. Therefore, ‘[
Hr=HR-hR = hR=H(R-r) = HxR_ . Now ‘I' T !
V' = 4nR*H — Lrr(H - b) {by Exercise 25) I J
"]: zh.R _ 1.2 rh w‘_ﬂ_ rhR \ =
hgﬂR R=7y T3 R H-h=—3 TERER-D ’
z%, R;w =in (Rz+Rr+r2)—-[7rR2+7rr + 7R (ar9) ]h-—(A1+A2+\/ZTAZ)h

where Arand Az are the areas of the bases of the frustum. {See Exercise 28 for a related result, )

273:+~y-r2 = a:=r—y

e #1"
V wf (7'2 - yz)dy = F[sz - ——-—]
T~k 3 oy

=n{&r - 30r—h)[3r® ~ (r—1)}
= g {2r% - (= h)[ 3?'2 = (r? - 2rh + R2)]}
= 3*1,' {2"" —(r—h)[2r® + 2rh ~ R*} = w(2r® — 2r% — 230 4 pp2 4 202y, +2rh? —p%)

zg@nhz =h®) = 1wh?(3r — h), or, equivalently, wh? (r - g)

?ﬂ. Anequanonofthe lineisz = —i—: ¥ + (z-intercept) = a/: 3/2 ¥+ g = 02;by~+- g—
V= [ awa = [era- [ (2t )]s
z]; [i}i;jy f-b}zdyhl f:[(a;zb)zy2+ 26(a - b) +b’]
- [%&3 + 2B K = 1a—b)%h + bla— bYh + Bh

= 3(a = 20b + ” + 3ab)h = L(a? + ab+ %)k

[Note that this can be written as 4 (4, + Az + VA1 43 )h, as in Exercise 26.]

.. -4f & = b, we get a rectangular solid with volume b?h. If g = 0, we get a square pyramid with volume bR,




