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8 [1 SERIES

8.1 Sequences

1. (2) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers,

(b} The terms a-. approach 8 as n becomes large. In fact, we can make ay, as close to 8 as
large.

(¢) The terms a,

we like by taking n sufficiently

become large as n becomes large. In fact, we can make n as large as we like by taking n sufficiently large.

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a.,, exists. Examples: {1/n}, {1/2™}
Lo O

(b} A divergent sequence is a sequence for which lim a., does nof exist. Examples: {n}, {sinn}
T O0

3. The first six terms of g, =

n 5 6 . .1
T e E TV G It appeam that the sequence is approaching 5

, o 1
iy gl 8 2+1/n 3

T

2" 1/2\" : 1ojio 2y7 17 ' : 2
" o, = T = 5(5) ,sonllrgoan =3 lim ()" =1.0=0by(8) withr = 2. Converges

12 0, = Y7

13 q, = +'2)! _(n+2)(n+1)n!

14. &y =

4. {cos(nm/3)}0_, = {1, ~5:-1,-4 514, -1, —1}. The sequence does not appear to have a limit, The values will cycle

through the first six numbers in the sequence—-never apprdaching a particular number.

5. {1,-%,%-&,.. .}. Each term is —£ times the preceding one, 50 ar, = (-%)"“1.

65501 The numerator of the nth term is n and its denominator is (n + 1), Including the alteltna_t:i_ng signs,

n

we get n = (—1) W

7. {2,7,12,17,...}. Each term is larger than the preceding one by 5, so ay, = a; + d{n—1)=2+5(n—1) =5n — 3.

8 {5,1,5,1,5,1,...}. The average of 5 and 1-is 3,.50'we can think of the sequence as alternately adding 2 an
Thus, an = § + (~1)"+1 . 2, o

0 gn= 3250 (B+508)/n® _sadmt o540 Sasn—r 00, Comvermas
TP nfaz T (n+n?)/n2 = 1+1/n> s A0 ’ B
0a =Rt _1+1/n 140 1

17 3=1/n % " 5~ g ¥ oo Comverges

n-—+00 3

=1+\/ﬁ=1/\/71_1+1,soan—>5—i~1~=14§@—.~.oo. Cloz.lverges

- o =(n+2)(n+1),50a, — o0asn — oo and the sequence diverg

JA

T J:L 7 =7 TR T The numerator approaches co and the denominator approaches 0+ 1 = 1 a8

$0 arn — 00 a8 N — oo and the sequence diverges.

435




17. o e T Tp —Vasn s oo, Converges
18. ay As 1mr oo,' 2/n -+ 0, 50 cos(2/n) — cos0) = 1, "EE.om"erges
L _ n2' z? 2 y 2
18 a, =n . Smce lim =— & i, TR lim — =, it follows from Theorem 3 that Lim an = G.
L ®—o0 £F r—oo £T r—oo £T EE) i

so the Sequence. a1, 93, ds, ;

qiehce dwerges smce its tenn

T ndon?

Slte™™ 149
R e s iy

1 1 S
<1 ok _
A S 7 7087 20,5000 — Oby the Squecz Theorem and

i "1“__;_'"_:1}";‘_}; — 1 asn — oo, but the terms of the sequence {&;ﬁ}

-+ comverges to 1 and the sequence ag, as, ag, . cpnyéfgés.,}g) This.shows ..

s don’t approach a single real number.

29

24,

25,

26,
a.

28,

29,

— 00, 50 since !xm a.rcta.n:c

= [smce 0 <cos’n < 1],

T

= Z, we have lun arctan2n = Z. Converges

80 since lim ~2~1— =40, { E-M} converges 10 0 by the Squeeze Theorem.z .-+ -

n-too 27 2n

—ﬁ(ul}“ Since jan | = 7 — 00 as 1 — oo, the given sequence diverges.

lim 4= lim e‘ Y g2 , 50 by Th
sin 2n, 1 i
- - | < - d e =
¢ ool < gy and lim e
Squeeze Converges

{0,1,0 0 #0,0,1, ...} diverges since the

-1 2
In(1+2/2) u (1+2/x) (—:'EE) o 2
R Vi o mljwrgc - =1/z? - zi—ch}o 14+2/z s =

corem 2, lim (1-5—%) = e Convergent

= lim a, = GBY the
00

sequence takes on only two values, 0 and 1, and never stays arbitrarily close to

elther one (or any other value) for n sufficiently large,

(lnfr')?g lim 2('inav:)(1/sv)

Inz £2 lim / = 0, so by Theorem 3, lim

lim (Inn)* =0. Convergent
L= T L exy z—»co 1} T—r00 ki de 7t
2n® +1 2+ 1/n?
- 2 2 o
an—}n(Zn +1}—-in(n 'f*l)w—ln(mm) In (W)—PI&2HSTL—*OO Convergent
3" 3 3 3 3 3 3 3 3 27

RS =cas 228 303 = =L :

0 < Jan| T=1'33 -0 nS1'3 [forn > 2] 7 — 0 asn - oo, 50 by the Squeeze

Theorem and Theorem 6, {( —3)"/n} converg
(@) an = 1000(1.06)" = g4; = 1060, ag

es to 0.
= 1123.60, a3 = 1181.02, a4 = 1262.48, and a5 = 1338.23.

(b) n71in:1 Gn = 1000 lim (1.06)", so the sequence diverges by (8) withr == 1.06 > 1.
— 0 =
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39. We show by induetion that {an}is increasing and bounded above by 3. Let P, be the proposmon that an41 > an and
0<an <3
- 1 1 o
Then any: > —— Now api2 =3 — >3- —=ap1 & Prys.
Gn ’ On-41 an

'mcrcasmgandbounﬂedsbweby&sol = a1 < an < 3, thatis; {a.n}rsbounded,andhenoe
__,mc Seqz;snce’[‘heorem IfL hm a,n,th;en Iun @nt1 = L aiso, so L must satisfy
~3L+1=0 = L[=33% Butl > 1,s0L =25

: n be the statement that 0 < an41 < @ < 2. Clearly Py is true, since ag = 1/(3 — 2) =1
1 I:me Thena.n+1 < @p = —Gn+1 5 —a,1 = 3—Gnp1 ZFan =
1

= an+1. AlSO Gny2 >0 (since 3 — Gn+1 is positive) and an1 < 2 by the induction

Uni2 3 h. -

hypothesis, so- true. To find the hmit, weusethe factthat hlloloan = hm Qnpt => Lo e _L =
: Fiyay

L2-3L+ L =235 But 1 < 2,50 we musthave L = £538

41. (2) Letan bett ber of rabbit pairs in the nth month. Clearly a; == 1 = as. In the nth month, each pair that is 2 or
o S, a3 pairs) will produce a new pair to add to the a,—; paits already present, Thus,

2,50 that {an} = {f.}, the Fibonacci sequence.

®) an = ™ 'a;_l N f:: - f“—lf:;fn—l =1+ ?::: =1+ ?w:z_;}::; =1 +.a-nl—g' wL= nli_)n;oan,
then L “rand L = lim an_s, so L must satisfy L = 1+-§; o L1200 = L= Lty
(since [,
&2 @I fisc then £(L) = f( Jim an) = lim f(an) = m an4s = L by Excrcise 38(a),
(b) By repea sing the eosineakey on the calculator (that is, taking cosine of the previous answer) until the displayed
value stab

see that I ~ 0.7390%.

1n(0.000001)

43. (0.8)" < 0.000 n(0.8)

In{0.8)" < In(0.000001) = nln(0.8) < In(0.000001) = n >

7 > 61.9, so 0 e at least 62 to satisfy the given inequality.

M. Lete > 0 and be any positive integer larger than In(e)/ Inir|. Ifn > N then n > In{e)/Injr| =
nlnlr] < Ine {smce Irl<1l = Inr|<0] = Wb{rf")<ne = [F"<e = |r"-0|<e andsoby

Definition 2, lim r* =0,

o0

45 If lix{.lo {an!=0then lim — |an| =0, and since — |an| < an < |a,}, we have that Lim a, =0 by the Squeeze Theorem.
ot o0 Thmeb (X ]

45. (a) Lete > 0. Since lim ag, = L, there exists Ny such that fagn — L] < e forn > Ny. Since Hm aanyy = L, there
Ter O T OO

exists Np such that [azni1 — L] < e forn > Np. Let N = max {2Ny,2N; + 1} and letn > N. Ifn is even, then
n == 2m where m. > Ny, 30 |an — L = lagm — L| < &. Ifnis odd, then n = 2m + 1, where m > Na, 50

lan — L| = {a2m+1 — L| < &. Therefore im a, = L.
Tt OO



sol =

°a z
& f @2

Convergent

)2

1 i
;1_"%{,1;[ "(—3z“+._1'5] :’i’ﬁ‘e[ EEESY
R
s /_m m-5 %=

?f_l ! dw = ii#a !
) - 2-—11} —tw-w P 1/2—11)

0% 9 90

t

1

fg(x)dz f 2% = [01 .1] “_‘-10(150'1—.1) | 102° 9'9‘ 990 -

under l:he graph off is hm F(t) hm 10(1 - ¢~%1) = 10

der the graph of g does not exist, since Jm G() = Jim 10(t% — 1) = 00,

t
. 1
dr = tllglofl ----—--—(3m e dz. Now

171 1 1
_gfaidu [u=32+1, du = 3da] =3 HO= gy +©

H 1 ! 1
+ -1-5] =0+ STREETR Converggnt

de= lim [3Inf2z-5|]) = lim [JIn5- 32t —5|] = ~co.

t—-oo f, 2z —

-1

dw= lim [—-»2\/2—14:]:1 fu=2~w,du=—dw
t—t w0y
= lim [-2v54+2/2=F] =c0.  Divergent

_ lim ' =z ;ﬁ:_
-_t—»w,/o (zz+2)2 7

Divergent
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9. [e ¥y = Jim. flev?dy = Jim [ —2e” ”/z:l Jim (-~ 2672 +2¢7?) =0+ 22 =22, Convergent

0. [ e ®dt = Jim [Tle®dt= lim [~ie™#]"' = lim (-3¢ +3e7®] =c0.  Divergent

T — 00 z Tt O
1. [, sinfdé = Jim J5 sin@df = Jim [~ cos 6*];r = lim (—cost +1).
This limit does not exist, so the integral is divergent. Divergent
RI=fZ@-vdv=nh+L=[_(2-v")dv+ (2 - v*)dv, but
L= lm [2v- 1 = Hm (-2t + §5) = —occ. Since I is divergent, I is divergent, and there is no need
to evaluate J;. . Divergent

3. [ ze ™ dp = ffw xe™® dz + I re=® dz.

2

0 -2
re
f"'m t—r—00 t—r g

dz = lim (-3 [e“”z]f = lim (—-) (1 — _‘2) =~1.-1=-% and

-ShiB s o

il

R

TR

e

Y 15, f se” 5 dg = hm ‘ se ™ ds = lim [wzse*f’:’ - i—e_s’r {by integration by]
5 %,

S D T SRR P

t—o0

I ze~™ dr = lim (-3 [e""‘z]: = lim (1) (e“2 - 1) = —%-(=1) = i. Therefore,
= 26~ do = —-3+4=0 Convergent

W [7 e - dp = o % da+ I %" dx, and

Tt e O

3 . -.g310 4 . _43 .
o 2% dr= lim [—%e “’] =—3 —%«-;-(tmlﬁ_nme t ) =o00.. Divergent

t—ro0 0 t—oo

parts with w = #
= lim (—gte™ — K™ 4 %) =0-0+3%  [byI'Hospital’s Rule]

=% . Convergent

ST -y o
16. I = f* cosmtdt=1 + I = ffm cosmédt + [ coswtdt, but I, = kim [}— sin wt]‘ = lim (—l sin #t)
L ATTee T 8 ®

gt — 00

and ¢his limit does not exist. Since I is divergent, [ is divérgent, and there is no need to evaluate 1. Divergent

X =00

17. f nz dr = lim [L—;—)} [by substltutxon Wlth u = En:r:, du = d:c/z] = hm (In t) = 00, Divergent
1 .

8 8 6 . .
18. re3dr = lim re”3dr = lim [31'&"/ 3. ge”/ 3] by integration by
oo t——o0 f, Formt — 000 ¢ parts with ¢ = r

= lim (18¢® — 9¢” — 3te'/® + 9¢/®) = 9¢* —0+0 [by I'Hospital’s Rule]

=9¢*  Convergent
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18. Integrate by parts with u = Inz, dv = dzfa® ‘=5 du=dr/z,v = -1/,

R : )
' i i --—E——l-] :lim(ﬂﬁl—t—}-+0+l)=—~0—-0+ﬁ+l=l
b Ty teee t t 7
Convergent

20 Integrate by parts with u = Inz, dv = de/r® = du=dafr,v= ~1/(25%).

o0 t 2 T Y
f I—lef-["-.:i:z:=lim/lizai!m-.hm »lenx ~{-E i—dw = lim
1 i Ji =B 0 22 . 2, 2B t—r00

Int g yt o.oo1 .
since lzm nF = th 57 timl-»[ono ;= 0.. Copvergent

72 0 2 oo 'ma 0o .2 . ‘ ‘
poc dr = '/:m o da +f0 g dr = / md:c [since the integrand is even].
z? dz w=z? i du u= 3 3dv)
ol 9+Fx®  |du=3ztd 9+ 42 ldu=3dv g+91,2 - g 14_,,)2
_ 1 -1 1y U 1 iz
—gtan v-i—C—gtan (3)+C_gtan 3 +C,
a? L 2B\ 1 £Y 2
A 9+$sdx 2}__1}110 3 Gda:-?ﬁhri [gta_n (—:—3—)}0%2}_{:&51:;111 (—5)_§—
‘ t & N 1 z t &'
dr = lim ————— dz = lim [-—m arctan —= ] lim (a.rcta.n——- — arctan
t—oo fo (e$)2+(\/§)2 oo | 4/3 V3 \/—tm-oo V3
1 /m =« 1 /oy 7/3
ﬁ (.2.. 6) = -\7,_5 (E) == Convergent
1 1
) -5 . 3 3 . 1 .
= = = ——— = —= 1 1 e = .
t&r{% ) 3z  dz tl_l,%i [ gy 4L 3. lim_ ( " 4) oc.  Divergent

Convergent
14 14
dz —1/4 4 . 4 3/4 4 3/4 a/4
, - _ 4 =2 -
5[, e dm, [ e i [ger o] =3 i e

=4(8-0)=3  Convergent

fs————---~4 dr = lim 84( ~6) 3 dr = lim [—2(a:m6)”2]8m—2 fim | L 1 -
s (-89 7 * tT e (2T - 62l

tt fy t—6

%)

B2 dz= 1m (26— = =2 lim (VE=E- V)= ~20-1) =2

Divergent
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B.Forr>lLz+e e 50 = 1 5—-L=e‘2’”on[1,oo)
z+ g2 = o2
e -2 gr = Mw [—%e‘“]: ztlmiﬂ, [—%e‘2*+-;-e""] = 272 Therefore, 1 €% d is convergent, and by the
Comparison Theorem, /; m is also convergent. |
44 For:c<>10< L . E oz _ 1 ‘/‘mi.'d:;:is.c'oﬁve enEB-(Z)Wit.h.—‘2>1:sofoo z dz is
. 21, A1 26 /r6 g3 g2 | 22 ' T8 ¥ thp=2>1, A ,—m§1+$.
convergent by the Comparison Theorem. ' ) s
_ w2 L pE/2 -
45 — > Lon {0,%] since 0 < sinz < 1. f g _ lim do _ lim [lna:]ﬁ/z
xsinz ~ 6 T tot Z gt
w2 dr . . '
Butlnt — —ecast — 0%, 5o / — i3 dlvcrgent and by the Companson Theorem f IS also dwcrgent _
A .
8. For0<z<le*<l = & ._1_,
- = vz T Vx
"Ly QLI 2\/—'1~1i“. 2vF) = 2i
A %—dw—tﬁ+ A »‘/;_ —tim+[ :c]tw m(2—2 t)m2lsconvergent.
" Therefore, f = dir is convergent by the Comparison Theorem
o
41. T
-[0 \/—(1+ﬂ?) f \/_(14'-1”) f f(1+$) i—*ﬂ*/‘ \/—(1+$) *‘*°°/ f(1+$)
2udu
f\/_(1+w) /m [u—\/"a:mu dm-—2udu]
du -1 -1
=2/ T =2an ' u+C =2tan" 'z +C,
14 u? _
A —_ 1 : - t
:tgxé]+ [2tan~' 7] + lim [Ztan 1\/’5]1
= Jim [2(5) ~2ten™ V] + lim [2tan~vF~2(§)] = § — 0 2(5) - 5 =
48 Letu ln:c Thendu-»dm/x = v _dz %foo@ By Example 4, this converges to 1 ifp>1and
' - - e a(nz)? ~ f, @ Y pied, i p—1"7
’ 1
9.Ifp=1then [ & _ lim dz lim [In z]i =00.  Divergent.

Thus, the integral converges if and only if p < 1, and in that case its value is -

o ¥ ot = t—ot

1 1 . . —pt+1 71 r
dr dr note that the integralis | x7F o 1 1
Ifp#1, thﬁ!‘l‘/0 Z_;; = tE%l+[ P [not impropet if p < O - tf_lgi ~p+1 . - tl_lfgﬁ" 1-p 1- 1
1 . ,
fp>1thenp~1>0,s0 =T —ooast u—»O*,andthemtcgraId;verges.

1 " ! dz -] 1
pr<1,thenp—1<0,50;-_—l-—n0astw0 and‘/D‘ E’; lm (l_t p):,:'i—-——

1-p [t—w“f -~ P




