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By the Ratio Test, the series converges when [z ~ 4] <1 [soR=1] & -l<r—-4<]l & 3<r<) .
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{a) We are given that the power series }: cn 2™ 18 convergent for x = 4. So by Theorem 3, it must converge for at Teast
n=_{

—4 < z < 4. In particular, it converges when = = —2; that is, E cn(——TZ)" is convergent.
n=0

(b) It does not follow that > c.(—4)" is necessarily convergent. [See the comments afier Theorem 3 about convergence at

nz=0

the endpoint of an interval. An example is ¢n s.{~1)"/(nd").]

o0
. We are given that the power series 5 cnx™ is convergent for z = 4 and divergent when r = 6. So by Theorem 3 it

n=_0
converges for at least —4 < z < 4 and diverges for at least = > 6 and = < --6. Therefore:

(a) It converges when z == 1; that is, 3 ¢n, is convergent.
(b} It diverges when z = 8; that is, ¥ ¢,,8" is divergent.
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27. We use the Root Test on the series 3 ¢, 2™, We need "Ii_xfgo Yienzni = |z} nli:xéo Ylen| = ezl < 1 for convergence, or
zj < 1l/e,so R=1/c

28. Suppose c, # 0. Applying the Ratio Test to the series ¥ cn{(z — a)", we find that

. lawm nt1(z — @)™t Iz —al Iz - al .
Lo} ——— = )] T e 1 0 .
nvoo Gn n~oo|  cn(z —a)" n—eo [en /Crtrf nii?go len/en1l [If ) len/ensal # ]
the ies cof h ——Lx—-—-w----<1 & ~al < Hm . Thus, B = lim -c—"--‘..lf
50 the $erics CONVerges wien hm tCﬂ/cn-"Plvt I.’l‘: { n—=00 | Ol n—00 | Cp4l

}C’u ] 0 and |z - a} # 0, then (*) shows that L = oo and so the series diverges, and hence, R = 0. Thus, in all

n

a1

cases, R = lim

—+ o0

2. For2 <z < 3,5 coz™ diverges and ¥, dnz™ converges. By Exercise 8.2.43, 3 (e +dn}z™ dwerges Since both series

S R R

converge for [z} < 2, the radius of convergence of 3" (¢n + dn) 2™ is 2.
30, Since 3" caz™ converges whenever [z} < R, 3 cnz®™ = ¥ en (2%)" converges whenever [2°] < R & |z < VR, s0the

second series has radius of convergence v/R.

8.6 Representing Functions as Power Series

o .
1. If f= Z cpa™ has radlus of convergence 10, then f'(z) = . nc,a™ ! also has radius of convergence 10 by

el n=1

Theorem 2.

LK f(x) = i bnz™ converges on (~2, 2), then [ flz)dz=C+ § b+" 7% 2™ has the same radius of convergence

(by Theorem 2) but may not have the same interval of convergence———tt may happen that the integrated series converges at an
endpoint (or both endpoints).

3. Qur goal is to write the function in the form -I-i-v;*and then use Equation (1) to represent the function as a sum ofa power

e

series. f{z) = ek py g = }: (—z)" = }:( 1y*z™ with |~z| <1 & |z[<l,soR=1and]=(-1,1).

3 1 o0 =]
4 flz) = =3 =314zt +22 4. ) =3 (@) =3 P withjzt <1 &
s = (l_m.,)v__,,{, srstratt =3 BE = Eutvingt <1«
|z} <1,s0 R=1and I =(-1,1).

[=.*] . =] .
{Note that3 3 (z*)" converges < Y. (z*)™ converges, so the appropriate condition [from Equation (1)} is [2*] < 1.]
n=_0 n=0

5. Replacing x with z° in (1) gives f(z) = Z =" = ?j x°". The series converges when [z°] <1 <

n=0

<1 & |z}<€/I < |ri<1. Thus, R=1and = (-11I).
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6 (@) = 3 == (1952} z;(mgxz)“ Sarangm The series converges

when [z] < §,s0 I = (-1, 3).

' _ 11 1 1@z 1 . o5 oo
tE =g 5(1_3/5)“ 5%(5%’”““’”“’”’ an*ﬂm'm@&‘f

that s, whea [2] < 5, 50 7 #"(;5, 5 it

”:%
. I - ~1i\ro2n,_n+i : .. —_ . i
8 flz) = 4w+1 =gz 1_(“43)sz( 4z)" mng( g - The series converges when |4z} < 1; that is,
when jz| < },50J = (~4.3)-
0 flo) =gt 21 =55 -3 =i S erz
972 x"’ 14 (z/3)%] 1 = {—(m/3)2} 9.5 \3 8.5 gn
o 2n+I . e e e e e e . S gﬁﬂmﬁﬁgw
B S s |
o E et g
'I’hegeomemcscnesz[ (3)} convexgeswhen{ ’<1 & —é_<1 &z <9 & [z]<3,
- med)

S0 R=3and ] = (-3,3).

22 1 72 = (za)ﬂm o LSn+2

0. f(z) =

=% =F z 3,3
—:c3 = F T “‘as,?_% =5) = Z‘ o Thesenesconvergeswhen]:c /a [<1 <«

AT <je®] @ |zl < el s0 R = lo| and I = (—a], |a]). o

3 3 A B
n fiz)= P 5= (w+2)(w 1) , +x-—_l => 3 A(w——l)+B(.7:+2) ’Ihkugga:u-d we get
A1 Takmg;c-l wegetB-MI Thus _
I A R & 1&gy
2242 -1 Tz+2 _1_mw~2~1+$/2——'§w —5,&,(“'2“)
= 3 el (2 g R (g 1yn no R[EDT T .
_112::0[ -2 3) ]m _n};o[ 1+ 2) ]z‘ _2__%[ T K

We represented the given function as the sum of two geometric seties; the first converges for ¢ € {— I;% and th second »

converges for x € (—2,2). Thus, thesumcoavergesforze( ~1,1) =
Tz~ 1 Tz-1 4 B _ 1 2 . 1 1
3x2+2x~1 (3m~»1)(:c+«1) Br—=1 z+1 Bzx—-1 41 1-{-2} 1-3¢

== 9 2: (—-T)ﬂ E (32)“ z: [2 (“‘l)n _ 3,.,} " —

n=0

12 f(z)=

The series 3~ (—z)™ converges for z € (-1, 1) and the series 3 (3z)" converges for € (-3 3 %), so their sum converges

forz e (4, 3) L . . . ——
d{ -1 df&, o .
13. (a) flz) = (1+ 7 =T (1+$) = [gﬂ(—l) z ] [from Exercise 3]
= $(~1)"'nz™ [from Theorem 2] = 3 (-1 (n+ e with R = 1,
n=1 =20

In the last step, note that we decreased the initial value of the summation variable n, by 1, and then increased each
occurrence of 7 in the term by 1 [also note that (=1)"*? = (-1)").




SECTION8S REPRESENTING FUNCTIONS AS POWER SERES [J

1) = oy =1 ] = a [S e "] rom pan ()

=i El{ml)”(n + Una™ ! = %gﬂ(—l)“{n +2)(n+1)2" with R = 1.

z? 1
(©) flz} = m=$2'm

= 2.5 S;f( “1"(n+2)(n+ 1)z [from part (b)]
=1 (1) *n+ 2)(n + 1)z™*?
n==f

To write the power series with £* rather than %2, we will decrease each occurrence of n in the term b 2 and increase
po Y

o
the initial value of the summation variable by 2. This gives us . Z: (=1)"(n)(n - 1)z".

%@ T+z "1"“_‘%:;5 Z( 1)*z™  [geometric series with R = 1], so
o= n-t1 o f_1yn—1_n
f("“‘)=1“(1+$)*f1+z'_'f[ngo(_l)n ]dz C+r§e( 1)":5 =,§1( l)n -

[C = Osince f{0) = In1 =40], withR=1

®) flz)=zln(l +2) = a:[{f: (*I)n_lwn} [by part (a)] = i ()7 e = 5_3 (_llnfn with B =
=1 n n=1 n n=2 T
n—1s_2\n n-1 2n
©) f(z) =In(z? + 1) = gl (1) ( ) [_b_yﬁpart_(a)] a (- 1) with B =1,

1 dz i & s > gttt > "
‘§f1_m/5—“gf[,z%(gﬂdw-c‘5n¥05n<n+1)”0 ,?Elns“'

Putting = 0, we get C = In5 The series converges for [z/5] <1 <« lzj <550 R=5

B flz)=InG ~z) = -

«—w%-)—g_ 22“ e ZE““{n-ﬁ-l)m , 50
— o2z =

{1
f(w) " z2 _ _"}f . 2 . _-'EE i 2n+1(n+1)m — E 2%(n + 1}$n+2 or io: zn—z(n__ 1)z
(1-22)* 2 (1-2772 7 2 % n=2 '
with B =
i 1 1 2 rzy» &
17 55 = BT =272) :§n§3(5) 2___: e for‘ f<1 < |z < 2. Now

1 d/ 1 di& 1 \N_ & n ., @nt1.,
wzh(r):a(zmx):nglﬁx —n{:omx.SO

3 oo O o0 —
fay= —£ _ _ 3 § %;:;-r” o> ’;j;,jx or 5 ’;ﬂ;fx" for |o| < 2. Thus, R = 2and I = (2, 2).
n=3

(z ~2)* n=0 =0
I nil
18. From Example 7, g(z) = arctanz — Z( 1)" T Thus,
fa=0
- (/3T = 1 g | -
f(-‘r) arctan(z/3) = Z:( 1) W—fg( 1} mz forf3i<1 R !$f<3,50R——‘3.



