82 2 Differentiation

Solutions to Selected Exercises in §2.5

Exercise 8. Suppose that a function is given in terms of rectangular co-
ordinates by u = f(x,y,2). If x = pcosOsind,y = psinfsing,z = pcoso.
ezpress Ju/0p.du/80. and Bufd¢ in terms of Bu/Bz,8u/By. and Bu/d:.

Solution. By the chain rule,

du Ou O0r Ou Oy OJu 8=z

% 5 %oy o 5 B

du ) ou . du
= % -cosfsing + a—y— -sinfsin¢ + 7 -cos ¢
ou Ou

. . Ju ) du
3% =9z {—psinfsin ) + B_y -pcosfsing + 2 -0

7]
= —sinfsin ép(—a—;i + cosf@sin ¢p%§

u Ou u 8u )
% " % -pcosfcosg + 3 - psin@cos & + 3 (—psing)

ou ) du ., Ou
—pcosocos¢$+psmeoos¢8—y-—psm¢5. 0

Exercise 12. Suppose that the temperature at the point (x,y, 2) in space
is T(z,y,2) = 22 + y° + 22. Let a particle follow the right circular heliz
o(t) = (cost,sint.t) and let T(t) be its temperature at lime t.

(a) What s T'(t)?

(b) Find an approzimate value for the temperature att = (w/2) + 0.01.
Solution.

(a) T(t) =T(o(t)) =cos?t+sin’t+t2 =1+t T'(t) = 2t.

(b) By the linear approximation, an approximate value is

T(%)+T’(g)‘(§+0.01—%) =1+(g)2+2~g—-0.01z3.4988 0

Exercise 13. Suppose that a duck is swimming in the circle T = cost,y =
sint. while the water temperature is given by the formula T = z%e¥ — z1.
Find dT/dt : (a) by the chain rule; (b) by ezpressing T in terms of t and
differenttating.

Solution. (Also sc
(a) We have

a

61

d

di

By the chain rule, d;
dT

i (2ze¥ — y?)

= (2coste’n!

= — 2costsir

(b) Substituting for .

and differentiating t}

T
Ti? = 2COSt(—
+sints
= —2cos

which is the same as

Exercise 27. Use th
to show that

dr

Solution. Followin

so that the left hand
of F(r.x). We next c

(

Indeed, this just follo
Now it just remains
last expression. First
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Suggested Classroom Examples.

2.6.1 Example. Find V{ if f(z,y,2) = 2y - 22

Solution. Substituting the partial derivatives of f into the formula for
the gradient of f, we find Vf(x,y,2) = yi+ zj — 2zk. 0

2.6.2 Example. Find Vf for the function

f(z,y,2) = ™V — xcos(yz?).

Solution. Here f.(z,y,2) = ye*¥—cos(yz?), f,(z,y, z) = Te™¥+xz?sin(yz?),
and f.(x.y, 2) = 2zyzsin(yz?), so

Vf(z.y.z) = [ye™ ~ cos(yz?)] i + [z + xz?sin(yz?)]
+ —ween mm:@.«nz k. ¢

2.6.3 Example. Sketch the gradient vector field of the function

a2 4P
flz,y) = ote _
Solution. The partial derivatives are f.(z,y) = /5 and Sulz,y) = y/3.
Evaluating these for various values of z and y and plotting, we obtain the
sketch in Figure 2.6.1. For instance, f.(2,2) = .w. and f,(2,2) = .w.“ thus the

vector mm + m.m is plotted at the point (2, 2), as indicated in the figure. 0
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FIGURE 2.6.1. The gradient vector field V£, where J(z,y) = 23710 + py?/6.

2.6.4 Example. Sketch the gradient vector field of

awe»
8 12

.\AH.QV =
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Solution. f, = x/4 and f, = —y/6, so the gradient vector field is
(1/4)i — (y/6)j. At each point (xg.yo), we sketch (To/4, —yo/6). A sketch
of this field is shown in Figure 2.6.2. ¢
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FIGURE 2.6.2. 'T'he gradient field of f(z,y) = 22/8 — y?/12.

2.6.5 Example. Compute the directional derivative of the function

f(z,y,2) = e @ +¥'+2D)

at the point (zo, o, z0) = (1,10, 100) in the direction d = (1, -1, IC\,\w..
Solution. Note that d is indeed a unit vector, so we can compute the
directional derivative as follows:
QNAH. v, Nv = AIMHGIAHn.feu.TNuV. lwﬁmlﬁau.ftu‘?huv. |wNmInHu+<u+uu:q

Q\Aw. HO; HQOV — HINQI:,:Om, |NOG|~O~O~ , |MOOQ|::O~V4

—9e-10101  93,—~10101  9(Qe—10101
+ +

V3 V3 V3

The following example is done at various points in the text in conjunction

with computing the gravitational potential and comes up in quite a few of
the problems, so is worth considering doing explicitly in lectures.

2.6.6 Example. Let r = zi+ yj + zk and r = ||r|| = /22 +y2 + 22
(Note that r is a scalar and r is a vector.) Show that

(8) Vr=" and @ v(i)=-% r#o
ﬂ.

Vf(1,10,100)-d = 0

r r3

What is |V(1/r)]|?
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Solution. (a) By the definition of the gradient,
Vr=——i+—j+ -k

x y z
Vit +22 a4y 4+ 22 a2

where r is the point (z,y. z). Note that Vr is the unit vector in the direction

MORTORFIOREION

(b)
The partial derivatives are

N~

ay
2(1-2 s _ s
oz \r) Oz ,\a~+@ +z T(@ryr 2P

and, similarly,
O (Y__y 9 (Ly__z
ay\r) B dz\r/ ™

Thus,
1 _ =, Y. z __r
QAMV =-3i-3i nu_n Q&+S+~5 =
as required. Finally,
1 T 1 1
q bnd = e— = — = .
Aﬂv el 2 2 +y? 422 0

2.6.7 Example. Let

N

f(z,y,2) = (sinzy)e ™ .

{n what direction from (1,m,0) should one proceed to increase f most
rapidly? .

Solution. We compute the gradient:

a
vi=ghi+ Sy

= @cciaSml i+ anomAaS@lJ + (—2zsinzy)e " k.
At (1, w,0) this becomes
wcos(m)i + cos(m)j = —mi— .

Chus, one should proceed in the direction of the vector —mi — j. O
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2.6.8 Example. Find the equation for the tangent plane to the surface
2+ 27 +3:2% =

at the point (1,v/3,1).

Solution. First one checks that the point is indeed on the surface by
substituting = = 1, y = V3, and z = 1. Indeed we get 22 + 2y% + 322 = 10.
Let f(z.y,z) = x? + 2y% + 32% so that the surface is the level set f = 10.
Thus.

f=2r. f,=4y, and [, =06z,

which, at (1,v/3,1), gives fz =2, f, = 4v/3 and f, = 6, and so the tangent
plane is

20x - 1) +4V3(y - V) +6(z - 1) =
ie, 2t +4V3y+62=20. O

Solutions to Selected Exercises in §2.6
Exercise 2b. Compute the gradient of the funclion

f(z.y) = log(v/z2 +3?).

Solution. (Also solved in the Student Guide) Using the chain rule, we
get

fulz,y) = 1 . 2z __z .
VIZ+y? 2/ 2 Ty
and similarly
fulz,y) = ﬂ$
Thus,
Vi(z.Y) = i+ o). 0

2 + m\w x2 + m\h
Exercise 3(c). Compute the directional derivative of the function

at the point (0. Yo, 20) = (1.0,1) in the direction of the unit vector parallel
to the vector d = (1,0,-1).
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Solution. First, we compute the gradient:

Vi(z.y.2) = (yz,z2,2y).
The directional derivative is therefore
d 1
—+ =(0,1.0)- —(1.0, -1
fay = 10 70.0.-1)

=i2(0+0+0)=0. 0

Vf(1,0,1)-

Exercise 16(a). Captain Ralph is in trouble near the sunny side of Mer-
cury and notices that the hull of his ship is beginning to melt. The temper-
ature in his vicinity is given by

T=e"+e" 24

If he is at the point (1,1,1), in what direction should he proceed in order
to cool fastest?

Solution. In order to cool the fastest, the captain should proceed in the
direction in which T is decreasing the fastest; that is, in the direction of
the negative gradient at the point (1,1, 1), namely —-VT(1,1,1). Since

ar, éT, 8T

VT = ——i+ ——j+ =k = —e™%i — 2ej + 3e%k,

3.1:]+6y‘]+3z e "1 e “¥)+ 3de

we have
-VT(1,1,1) = e7ti + 272 - 3%k,

which is the direction required. ¢
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Exercise 20. [¢t (z
f(x.y) be a C! funetio;

Show that F(z(1).4(1))
Solution. Let g(t) =

gt
By the fundamental the

9(

Therefore,

f(z(1).y(1,
Exercise 22. Find the

increases most rapidly at
at this point? Interpret 1}

Solution. We compute
¢
¢

so Vw(-1.1) = (-1, -1).

fastest, increase, the requi:

at this point is

I Vw(
which is equal to the rat
n=(-1,-1)/v/2 is the un

(-1.1),

Vw n=

verifying the general fact
equals the rate of change o
gradient. ¢

Exercise 42. Use the ¢}



