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4.
X(s, t) = (s2 cos t, s2 sin t, s) − 3 ≤ s ≤ 3, 0 ≤ t ≤ 2π

(a)
Xs = (2s cos t, 2s sin t, 1)

Xt = (−s2 sin t, s2 cos t, 0)

so the normal vector is :

N = Xs ×Xt = (−s2 cos t,−s2 sin t, 2s3)

at the point (−1, 0) N is (−1, 0,−2)

(b) We have : X(−1, 0) = (1, 0,−1) and so from a the equation of the
tangent plane at the point (1, 0,−1) is :

−(x− 1)− 2(z + 1) = −x− 2z − 1 = 0

(c)
z4 = x2 + y2

10.
X(r, θ) = (r cos θ, r sin θ, θ)

(a) When θ = π
3 then we have :

X(r,
π

3
) = (

r

2
,

√
3r

2
,
π

3
)

which is the equation of the line y =
√

3x in the plane z = π
3 . For any other

fixed θ the r - coordinates curve is the line y = tan θx in the plane z = θ .

(b) When r = 1 then

X(1, θ) = (cos θ, sin θ, θ)

which is the equation of the helix. For any other fixed r the θ - coordinates
curve is the helix r(θ) = (r cos θ, r sin θ, θ) .
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2.
X(s, t) = (s + t, s− t, st)

Xs = (1, 1, t)

1



Xt = (1,−1, s)

N = Xs ×Xt = (s + t, t− s,−2)

‖N‖ =
√

2s2 + 2t2 + 4

(a) ∫ ∫
X

fdS =
∫ ∫

D

4‖N‖dsdt =
∫ ∫

D

4
√

2s2 + 2t2 + 4dsdt

If we use the polar coordinates for the region D we have :∫ π
2

0

∫ 1

0

4r
√

2r2 + 4drdθ =
π

3
(6

3
2 − 8)

(b)∫ ∫
X

F.dS =
∫ ∫

D

F(X(s, t)).N(s, t)dsdt =
∫ ∫

D

(s+t, s−t, st).(s+t, t−s,−2)dsdt

∫ ∫
D

2stdsdt =
∫ π

2

0

∫ 1

0

2(r cos θ)(r sin θ)rdrdθ =
1
4

4.
(a) X,Y are both parameterizations for the surface z = 3(x2 + y2) when

x2 + y2 ≤ 4 .

(b)
Xs = (cos t, sin t, 6s)

Xt = (−s sin t, s cos t, 0)

N = Xs ×Xt = (−6s2 cos t,−6s2 sin t, s)∫ ∫
X

(yi− xj + z2k).dS =
∫ ∫

D

(yi− xj + z2k).Ndsdt

=
∫ ∫

D

9s5dsdt =
∫ 2π

0

∫ 2

0

9s5dsdt = 192π

Ys = (2 cos t, 2 sin t, 24s)

Yt = (−2s sin t, 2s cos t, 0)

N = Ys ×Yt = (−48s2 cos t,−48s2 sin t, 4s)∫ ∫
Y

(yi− xj + z2k).dS =
∫ ∫

D

(yi− xj + z2k).Ndsdt

2



=
∫ ∫

D

576s5dsdt =
∫ 4π

0

∫ 1

0

576s5dsdt = 384π

21.
(b) For 0 ≤ z ≤ 1 we can parameterize S by

X(s, t) = (cos s, sin s, t), 0 ≤ s ≤ 2π, 0 ≤ t ≤ 1

Xs = (− sin s, cos s, 0)

Xt = (0, 0, 1)

N = Xs ×Xt = (cos s, sin s, 0)

n =
N
‖N‖

= (cos s, sin s, 0)

For 1 ≤ z ≤ 9 we can parameterize S by

Y(s, t) = (s cos t, s sin t, s), 0 ≤ s ≤ 9, 0 ≤ t ≤ 2π

Ys = (cos t, sin t, 1)

Yt = (−s sin t, s cos t, 0)

N = Yt ×Ys = (s cos t, s sin t,−s)

n =
N
‖N‖

=
1√
2
(cos t, sin t,−1)

(c) ∫ ∫
X

F.dS =
∫ 2π

0

∫ 1

0

F.Ndtds = 0∫ ∫
Y

F.dS =
∫ 2π

0

∫ 9

1

F.Ndsdt =
∫ 2π

0

∫ 9

1

−s2dsdt = −1456
3

π∫ ∫
S

F.dS =
∫ ∫

X

F.dS +
∫ ∫

Y

F.dS = −1456
3

π
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4. We can parameterize S by :

X(θ, φ) = (2 sinφ cos θ, 2 sinφ sin θ, 2 cos φ) 0 ≤ θ ≤ 2π,
π

2
≤ φ ≤ π

then
Xφ = (2 cos φ cos θ, 2 cos φ sin θ,−2 sinφ)

Xθ = (−2 sinφ sin θ, 2 sinφ cos θ, 0)

N = Xφ ×Xθ = (4 sin2 φ cos θ, 4 sin2 φ sin θ, 4 sinφ cos φ)

3



and so ∫
S

∇× F.dS =
∫ 2π

0

∫ π

π
2

(5, 2,−1).Ndφdθ

=
∫ 2π

0

∫ π

π
2

(20 sin2 φ cos θ + 8 sin2 φ sin θ − 4 sinφ cos φ)dθdφ = −4π

on the other hand we can parameterize the boundary of S by :

r(θ) = (cos(−θ), sin(−θ), 0) = (cos θ,− sin θ, 0) 0 ≤ θ ≤ 2π

therefore∮
C

F.dr =
∫ 2π

0

(2 sin θ)(−2 sin θ) + (2 cos θ + 4 sin2 θ)(2 cos θ)dθ = −4π

9. The boundary of D is Sa ∪ Sb. We can parameterize Sb by :

X(θ, φ) = (b sinφ cos θ, b sin θ sinφ, b cos φ)

Xφ = (b cos φ cos θ, b cos φ sin θ,−b sinφ)

Xθ = (−b sinφ sin θ, b sinφ cos θ, 0)

N = Xφ ×Xθ = (b2 sin2 φ cos θ, b2 sin2 φ sin θ, b2 sinφ cos φ)

so ∫
Sb

F.dS =
∫ π

0

∫ 2π

0

F(X(θ, φ)).Ndθdφ

=
∫ π

0

∫ 2π

0

(sinφ cos θ, sin θ sinφ, cos φ).(b2 sin2 φ cos θ, b2 sin2 φ sin θ, b2 sinφ cos φ)dθdφ∫ π

0

∫ 2π

0

b2(sin3 φ cos2 θ+sin3 φ sin2 θ+sinφ cos2 φ)dθdφ =
∫ π

0

∫ 2π

0

b2 sinφdθdφ = 4πb2

similarly we have : ∫
Sa

F.dS = −4πa2

and so : ∫
∂D

F.dS = 4π(b2 − a2)

on the other hand :
∇.F = 2

√
x2 + y2 + z2 =

2
ρ∫

D

∇.FdV =
∫ π

0

∫ 2π

0

∫ b

a

(
2
ρ
)ρ2dρdθdφ = 4π(b2 − a2)
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12. If we define D to be the region :

{(x, y, z) : x2 + y2 ≤ 1, 1 ≤ z ≤ e1−x2−y2
}

then the boundary of D is S ∪ S′ where

S′ = {(x, y, 1) : x2 + y2 ≤ 1}

We can parameterize S′ by :

X(r, θ) = (r cos θ, r sin θ, 1)

Xθ = (−r sin θ, r cos θ, 0)

Xr = (cos θ, sin θ, 0)

N = Xθ ×Xr = −rk∫
S′

F.dS =
∫ 2π

0

∫ 1

0

F(X(r, θ)).Ndrdθ =
∫ 2π

0

∫ 1

0

(r cos θ, r sin θ, 0).(0, 0,−r)drdθ = 0

on the other hand ∇.F = 0 and so from the Gauss theorem we have :∫
S

F.dS +
∫

S′
F.dS =

∫
D

∇.FdV = 0

and so
∫

S
F.dS = 0
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