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15.
flx,y,2) = 23 + 22y — y2? +22°

Jee  Jay  fe: 6x +2y 2z 0
Hf = fyz fyy fyz = 2z 0 —2z
fz:z: fzy fzz 0 —2z 12z

so at the point a = (1,0,1) we have :

6 2 0
Hf(a) = 2 0 =2
0 -2 12
19. (a)
f<x17$2; ceey xn) = e$1+2x2+...+nxn
fmqr(O) =1 1=1,2,...n
foi,(0) =45  i,j=1,2,...n
SO
Hf(O) = (fz7z7(0))n>< n — (Zj)nxn
(b) § §
P11, an) = f(0) + Z foi (0)zi =1+ Ziﬂ?i
=1 =1
n 1 n
p2($1, 7xn) = f(O) + Z fﬂm(O)xl + 5 Z fwﬂj (O)xixj
i=1 ij=1
=1+ Zmz + % Z ijric;
i=1 i,j=1
(c)
pl(mlv 7xn) =1 + Df(O)X
where
Df(0) = (f2,(0), f2,(0), ..., fz,(0)) = (1,2,...,n)
and
T
x=| "2
"17714



p2(21, ..., xn) =14+ Df(0)x + %XTHf(O)X
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7.
s 1
flr,y) =2y + -+~
Ty

8 1
fo(z,y) =y — PR fylz,y) =2 — 7
Folwy) = y(ep) = 0= (,9) = (4, 3)
fxy(x,y) =1
2 1
fyy(a:,y) - E = fyy(4a 5) =16
dy = fuu(4, %)fyy(4, %) - f2,(4, %) =31>0

So f has a minimum at point (4, )
16.
f(z,y,2) = (2> +2y* + 1) cos z
fe=2xcosz, f,=4ycosz, f,=—(2* +2y*+ 1)sinz
fac = fy = fz =0= (’I,Z/vz) = (0,0,0)
fow =2cosz, fyy =4cosz, f., = — (2% +2y* + 1) cos 2
f:r:y = fym =0, fzz = fzz = —2zsinz, fyz = fzy = _4ySinZ

The Hessian matrix of f at 0 is

so 0 is a saddle point for f .

21. (a)
293 — 3y? — 36y + 2

flx,y) = L1322




6z(2y° — 3y* — 36y + 2)

fz(zvy)zi (1+3$2)2
_ 692 — 6y — 36
fule:w) = =g

fm(xny) = fy(x,y) =0= (x,y) = (073)7 (07_2)
(5422 — 6)(2y> — 3y? — 36y + 2)

. 36x(y®* —y—6)

faoy(z,y) = T4
12y — 6
fyy(@,y) = 1 _:531,2

The Hessian matrix of f at (z,y) is

(1+3z2)2 (1+3x2)2
_ 36z(y*—y—6) 12y—6
(14-3x2)2 1+4-3x2

( (542> —6)(2y°—3y>—36y+2) _ 36x(y>—y—6) )

At point (0,3) we have :
dy = 474 . dy = 14220

so f has a minimum at (0,3) .
At point (0, —2) we have :

dy = =276 , dy = 8280
so f has a maximum at (0, —2) .
23. (a)
f(z,y) = az® + by®
fo(z,y) = 2ax , fy(z,y) = 2by
fxx(x7y) = 2(1, 9 .facy(xay) = fyx(xay) = 07 7fyy(may) = 2b
fm(m7y) = fy(xvy) =0= (xvy) = (0»0)
dy = fex(x,y) =2a , do = 2ab

so f has a maximum at (0,0) iff a,b are negative and has a minimum at (0, 0)
iff a,b are positive. Otherwise (0,0,0) is a saddle point.

(b)
f(@,y,2) = az® + by? + c2°
fa(z,y,2) =20z, fy(x,y,2) =2by, f.(x,y,2)=2cz
fx(myyvz) = fy('xayaz) = fz(x7yﬂz) = O = (x,y,z) = (07070)



fra(2,y,2) =20, fyy(z,y,2) =20, f..(x,y,2) =2c
Joy = Jyo = for = foa = fyz = [2y =0
di1 = 2a , dy = 4ab , d3 = 8abc
so f has a maximum at (0,0,0) iff a,b,c are negative and has a minimum at

(0,0,0) iff a,b, c are positive. Otherwise (0,0,0) is a saddle point.

()

2 2 2
flz1, 22, ooy xpn) = a1 + agxs + ... + anxs,

fu; = 20,2 i1=1,2,...,n
Jor = fos = o = fo, =0 = (21,22,...,2,) = (0,0,...,0)
faizi = 204 i1=1,2,...n
foiw;, =0 iF]
di = 2a4 do = 4aras ... d, =2"a1a9...a,

so f has a maximum at (0,0, ...,0) iff a1, as, ..., a, are negative and has a mini-
mum at (0,0, ...,0) iff a1, as, ..., a,, are positive. Otherwise (0,0, ...,0) is a saddle
point.
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19.
flz,y) =2° +ay+y?

first we find the critical point of f on the region {(z,y): 2% +y?> <4 }
folm,y) =20+y , fy(z,y) =a+2y

f$(x7y) = fy(‘r7y) =0 = (x,y) = (0’0)

we use the Lagrange method for finding the critical points of f on the boundary
22+ y? =4 . If we define g(x,y) = 22 + y*> — 4 then we have :

Vf(z,y) =AVg(z,y) g(z,y) =0

2v+1=2\x
2y +1=2\y
> +y?—4=0

which has 2 solutions : (z,y) = (V2,v2), (—\f, —\/5) Now
F0,0)=0  f(V2,V2) = f(-V2,-V2) =6

so the maximum of f on D is 6 and its minimum is 0.



26. If we define
g(’l,’,y,Z):l‘ﬁ*y‘{»Z*éL ) h(xayaz):xz‘i’yzfz

then we want to find a minimum of the function f(z,y, z) = 22 + y? + 22 when
g(xz,y,2) = h(z,y,z) = 0 (note that when the distance is minimum f is also

minimum). Using the Lagrange method we have :
Vf:Alv.g_F)‘QVg g(xvyaz) :h(xayaz) =0

2 = A\ + 2Xox
2y = A1 +2\y
22’:)\1—)\2
r+y+z2—4=0
22 4+y?—2=0

which has 2 solutions : (z,y,z) = (1,1,2),(—2,-2,8). Now
f(1,1,2)=6  f(-2,-2,8) =72
so the closest point of the intersection of g(z,y, z) = h(z,y, z) = 0 to the origin
is (1,1,2).
Online Home works :

1.(a) The domain of f is the set {(z,y) : |z| > |y|}.

(b)

o Y

fm(x,y)=2x—\/ﬁ fy(xay)z\/xzify2
foloy) = ) =0 = (@9) = (3,00, (~3,0)

The other critical points of f are points {(z,y) : |z| = |y|} where f, , f, are not
defined.

(c) When y = = then f(z,y) = 22 which has no absolute maximum in the

domain of f.

2. When g(x,y) = y* — 2% = 0 we have
9 r x>0
Y71 -2 =<0

20 x>0
f(xay)_{ 0 .T<0

SO



So f has no absolute maximum and its absolute minimum is 0 for the set
{(z,y) : ® < 0}. If we want to use the Lagrange method we have :

Vf(z,y) = AVg(z,y) g(z,y)=0

1=-2\z
2y = 43
y4 _ 1'2 =0

the solutions of these system of equations is the set {(z,y) : x < 0} . We can’t
get the point (0,0) by the Lagrange method because Vg(0,0) = 0.



