
Solutions to Homework V

Nov 21, 2006

Ans 5: To show that the action is faithful, we must check that

Ker(πH) = {e}

We know that Ker(πH) = ∩x∈D8xHx−1. We know that rHr−1 ∩H = {e} and
hence Ker(πH) = {e}.

Ans 5: Consider the group acting on itself by conjugation. We know that if
the orbit of x ∈ G is Ox and the stabilizer is Gx, then

|Ox| = [G : Gx]

But the center Z(G) ⊆ Gx and hence

|Ox| = [G : Gx] ≤ [G : Z(G)] = n

Ans 8: Let σ ∈ Z(Sn) where n ≥ 3. Let σ 6= 1. Then ∃ i such that σ(i) = j 6= i.
As n ≥ 3, we can choose k such that k 6= i, k 6= j. Then, we know that

(i, k)σ(i, k) = σ

Hence,
(i, k)σ(i, k)(k) = (i, k)σ(i) = σ(k)

But, σ(i) 6= σ(k) and hence j = σ(i) ∈ {i, k}, a contradiction. Thus, Z(Sn) = 1.

Ans 11 (a) Conjugate τ : {1, 2, 3, 4, 5} → {4, 5, 1, 2, 3} (b) Conjugate τ :
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13} → {4, 12, 13, 1, 9, 7, 11, 5, 2, 3, 10, 6, 8} (c) Not
conjugate (d) Not conjugate.

Ans 1: Clearly,

σϕgσ
−1(h) = σ(gσ−1(h)g−1) = σ(g)hσ(g)−1 = ϕσ(g)(h)

This immediately means that the inner automorphisms form a normal subgroup.

Ans 15: The generators are 2, 2 and 5.
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Ans 8: Consider the elements (1, 2, 3, 4) and (1, 2, 3, 5) in S5. They generate
cyclic groups of order 4 each, say C1 and C2. Note that C1 ∩ C2 = {id}. A
2-sylow subgroup of S5 has order 8. Pick a sylow subgroup H1 of S5 containing
(1, 2, 3, 4). Consider

H2 = (4, 5)H1(4, 5)

Then H2 is a 2 sylow subgroup and it contains C2 (as (1, 2, 3, 5) = (4, 5)(1, 2, 3, 4)(4, 5)).
Further, note that Ci has index 2 in Hi and hence must be normal in Hi. If
H1 = H2 = H: then |C1C2| = 16 and hence |H| ≥ 16, a contradiction.

Ans 9: The group GL2(F3) contains 48 elements: the first column can be
chosen in (9− 1) = 8 ways and having fixed the first column, the second can be
chosen in (9 − 3) = 6 ways. Since F ∗

3 = GL2/SL2, |SL2(F3)| = 24. Thus, the
sylow subgroups of SL2(F3) have size 3 each. The number of 3 sylow subgroups
is ≡ 1(mod3) and divides 8; hence it could be either 1 or 4. We check directly
that the cyclic groups generated by the following are distinct(

1 1
0 1

) (
1 0
1 1

)
(

0 2
1 2

) (
0 1
2 2

)

Ans 5: By definition,
1.r = r.1 ∀r ∈ R

Hence, 1 lies in the center of R. Further, if r1, r2 ∈ Z(R), then

s(r1 + r2) = (r1 + r2)s ∀s ∈ R
s(r1r2) = r1sr2 = r1r2s ∀s ∈ R

Hence the center Z(R) is a subring.

Ans 6: Let a + bi + cj + dk lie in the center of the real quarternions. Then,

i(a + bi + cj + dk) = (a + bi + cj + dk)i ⇒ c = −c = 0
d = −d = 0

j(a + bi + cj + dk) = (a + bi + cj + dk)j ⇒ b = −b = 0

Now the real numbers a ∈ R commute with all elements, and hence they form
the center of the real quarternions.
Further, {a+bi|a, b ∈ R} is isomorphic to the complex numbers and hence must
be a ring. We have checked that the center is R and hence {a + bi|a, b ∈ R} is
not contained in the center of H.

Ans 7: (a) Let n = akb. Then

(ab)k ≡ 0(modn)
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Hence ab is nilpotent in Z/Z.

(b) Let a be nilpotent in Z/Z. Then n|ak for some k. Take a prime p|n. Then
p|ak and hence p|a. If every prime dividing n also divides a, then we can choose
a power of a large enough so that n divides it.

(c) Let f : X → F be nilpotent. Then, there exists n such that fn(x) = 0.
Since f(x) ∈ F and F is a field, then f(x) = 0. Thus, f is identically zero.
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