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Abstract

This thesis has four parts;

(1) We compare the monodromy on the nearby cycles complex 1** to the periodicity
operator in cyclic homology of a sheaf of differential operators. The nearby cycles
complex is quasi-isomorphic to the complex A** of Steenbrink that determines the
mixed Hodge structure on the nearby fibre for an algebraic degeneration over a disc.
By stacking copies of the nearby cycles complex 1**, we construct a triple complex
BC*™* whose “rows” are quasi-isomorphic to the cyclic homology complex of the sheaf
of differential operators and show that the periodicity operator on the cyclic homology

of the latter is identical to the monodromy on BC** induced from the 1)**.

(2) We implement the arithmetic analogue of the same construction, using objects
K%* constructed by Consani to correspond to direct summands of the Ey-terms of
the spectral sequence associated to the Picard-Lefschetz filtration on Steenbrink’s
complex A**. In this case, we show that the periodicity operator in cyclic cohomol-
ogy of the ring of differential operators corresponds to the monodromy on Consani’s

complex.

We assemble summands K% to form bicomplexes ¢** and B**, which correspond
to complexes ¥** and A** in part (1) respectively, together with a morphism p :
@™ — B**. Both complexes ¢p** and B** carry monodromy N and we show that

N oyt — o N is homotopic to zero.

(3) We define algebraic, topological and relative K-theories of the sheaf of differential
operators on a locally Stein manifold and demonstrate a long exact sequence con-
necting them that lifts the periodicity sequence in the cyclic (hyper)homology of the
sheaf of differential operators. We also show that similar constructions may be made

for formal schemes.
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(4) We construct an “enriched archimedean complex” on the modular tower that ex-
tends Consani’s complex K** from part (2). We show that the module of functions
with values in this complex carries a flat action of the Connes-Moscovici’'s Hopf Al-
gebra H; of codimension 1 foliations and a bimodule structure over a variant Ay of

Connes-Moscovici’s modular Hecke algebra A.

Finally, we show that the enriched archimedean complex carries Rankin Cohen

brackets of all orders.

Readers: Prof. Caterina Consani (advisor), Prof. Jack Morava.
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0 Introduction

This thesis is divided into four main parts. In Chapter 3, we start by studying the
nearby cycles complex and the monodromy operator on it in the context of cyclic
homology and Connes periodicity. Thereafter, in Chapter 4, we obtain a connection
between cyclic cohomology and the archimedean complex for the cohomology of the
nearby fibre at infinity for an arithmetic variety ¥ defined over a discrete valuation
ring A. The theory of the Steenbrink complex, the nearby cycles complex and the

archimedean complex for the fibre at infinity is recalled in Chapter 2.

In Chapter 5, using generalized sheaf cohomology for simplicial sheaves, we obtain
a lift of the periodicity sequence in cyclic homology to K-theory. Finally, we deal
with the Hopf Algebra H; “of codimension 1 foliations” of Connes and Moscovici
and define an action of H; on an archimedean complex enriched with modular forms.
As a consequence, we are able to define Rankin Cohen brackets on the enriched

archimedean complex. This is done in Chapter 6.

We will now summarize the main results of the thesis:
Nearby Cycles Complex and Cyclic Homology

The theory of cyclic (co)homology was introduced by A. Connes as a noncommutative
analogue of de Rham cohomology within the framework of noncommutative geometry.

Let A be an algebra over a field k and let HC,(A), resp. HH,(A) denote the cyclic
homology, resp. the Hochschild homology of A. One of the most interesting results in

this theory states the existence of the following periodicity exact sequence (see [14])

. —— HH,(A) —— HC,(A) —2— HC, 5(A) —— ... (0.0.1)



In this section I shall consider the following geometric situation. Let j : X* <— X be a
compactification of a smooth algebraic variety X* over the complex numbers. I shall
assume that the complement Y = X — X* is a divisor in X with normal crossings.

Then, it is well known (c¢fr. [23]) that the triple

(Rj*ZX*a (Rj*@X*aTS')’ (QX(IOg Y)’ W7 F))

and the filtered quasi-isomorphism of complexes

(R7.Qx+, 7<) @ C—(Qx (log V), W)

determine a mixed Hodge structure on the (de Rham) cohomology H*(X*, C). In the
formulae above, 7<. denotes the canonical filtration, F" is the naive filtration and W’
is the weight filtration on the complex of (sheaves of) differential forms on X with
logarithmic poles along Y.

The theory of mixed Hodge structures was originally introduced by P. Deligne and
has been subsequently generalized by J. Steenbrink (cf. [38]) to fibrations of algebraic
varieties. In the framework studied by Steenbrink, X is a non-singular complex
algebraic variety endowed with a proper map f to the unit disc D, which is smooth
everywhere except at the origin 0 € D. The fibre Y = f~1(0) is assumed to be a
divisor in X with normal crossings. Let X* = X* xp. D*, where D* denotes the
universal covering of the punctured unit disc D* = D\ {0}. Under these hypotheses,
Steenbrink defines a limiting Hodge structure on the (de-Rham) cohomology of the
generic fibre X*. In this construction, the cohomology H*(X*,C) gets identified to
the hypercohomology of a complex (A*,d) of sheaves of differential forms on X with
logarithmic poles along Y. The complex A* is also equipped with a monodromy

operator N which represents the logarithm of the local monodromy map induced on
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the cohomology of X* by the process of looping around the origin 0 € D.

In this thesis, we give an interpretation of the above construction in the context
of cyclic (co)homology. To obtain this result, we appeal to a well-known theorem of
M. Wodzicki (cfr [46]) stating that the Hochschild homology HH,(Z(U)) of the ring
of differential operators on a Stein manifold U can be described in terms of the de

Rham cohomology of U, by means of the following isomorphisms (n = dim U)
() = Hyp *(U) ¥ q>0.
Moreover, the cyclic homology HC,(2(U)) decomposes as a direct sum
HC,(2(U)) = Hflg_q(U) & ng_qH(U) D ... (0.0.2)
Connes’ periodicity operator
S:HC(2(U)) — HCy—2(2(U))

fits into a long exact sequence similar to .

To apply these results in the geometric context of algebraic degenerations, we con-
sider the sheaf Zx of differential operators on X*. The cyclic homology HC,(Zx+)
(resp. the Hochschild homology HH,(Zx-+)) is defined using hypercohomology tech-
niques. In this way, we prove in Theorem A that the cyclic homology HC\(Zx~)
decomposes into a direct sum Hipy 4(X*) @ Hiy ?(X*) @ ... in a way similar to
(0-0.2). Moreover, the periodicity operator S : HCy(Zx+) — HCy_o(Px+) acts by

“dropping off” the top summand Hp *(X*).



One knows that Steenbrink’s complex A** is quasi-isomorphic to a resolution ¢**(C):

PpPYC) =Cu? @ QL P(logY), p,q € Z>g

of the complex of nearby cycles on X, for the constant sheaf C. I shall denote by u :
**(C) — A*™ the quasi-isomorphism (cfr.[28]) connecting these two complexes. The
bi-complex ¢**(C) is also endowed with a monodromy operator N. It is important to
note that such operator on **(C) does not agree directly with the corresponding N
on A* however one can show that the maps N oy and po N are chain homotopic.

A first link between the theory of nearby cycles and cyclic (co)homology is deter-
mined by the result of Proposition in which we show that the columns ¢?*(C)
of the complex 1**(C) are quasi-isomorphic to Hochschild complexes of Zx«. More
precisely, we show that the spectral sequence associated to the filtration by columns
on 1**(C) converges to the hypercohomology of ¢**(C): the Ej-terms being described
by Hochschild homologies. The filtration by columns on ¢**(C) also coincides with

the filtration by kernels of powers of N. The result is summarized by the following

Theorem 0.1. The filtration by columns on Tot(1)**(C)) coincides with the filtration

by kernels of powers of N:

Fy(Tot(¢**(C))) = Ker(N®), k>0.

If C"(2x+) denotes the Hochschild complex of the sheaf of differential operators on

X*, there is a quasi-isomorphism of complexes (n = dim(X™))

C"(Dx.) — Grf(Tot(v™*(C)))[2n], VE>O0.

Thereafter, we construct a triple complex BC*** which consists of copies of the
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bicomplex ¢**(C) “stacked vertically” in a suitable way. More precisely, we define

BCPOT = Pt (C), p4+r <0; p,g, 7 € Z.

Therefore, a “column” BCP** of this complex is a bi-complex constructed column-wise
by assembling copies of the columns of the complexes 1**(C): one takes a column
from each of these complexes. By construction, the complex BC™ carries also a
monodromy operator N : BCP** — BCP™**. By mapping the “column” BCP** to the
next one BCP™** N acts by dropping a copy of %, (i.e. a complex quasi-isomorphic
to a Hochschild complex, in view of what I have described before Theorem |0.1)).
So constructed, the bi-complexes BCP*™* are quasi-isomorphic to the cyclic complex of
P x+ on which the periodicity operator S acts. In this set-up, I show that the operator
N acting columnwise on BC*™* agrees in cohomology with the periodicity operator S

on the cyclic theory of Zx«. This result is summarized by the following

Theorem 0.2. Let us consider the filtration by “columns” on BC™*, i.e. the filtration
whose p-th graded piece is the bicomplex BCP*™. If CC.(Px+) denotes the cyclic com-
plex of the sheaf of differential operators on X*, then there is a quasi-isomorphism of

complezes (n = dim(X*))

Tot(CC.(Dx+)) — Tot(BCP**)[2n).

The bicomplex BCP*™* is equipped with an operator N induced by that on the ¢**(C).
The periodicity operator S on the compler CC.(PDx~) corresponds to the monodromy

operator N on BCP*™, i.e. we have the following commutative diagram of exact se-



quences with vertical 1somorphisms; the maps S and N are identical

S Hank(Ker(N)*) ;) H2n7k(T0t(Bcp**)) L} H2n7k+2(TOt(Bcp**)) -

ET 4 o

— HHI@(@X*) — HC}C(@)(*) B HO}@—Q(@X*) — ..
Il

I I
HMCHPx-)) HHCC(Zx-)) HM2(CC(Zx-))
(0.0.3)
This construction shows also that the hypercohomology H(BC**) is the abutment
of a spectral sequence whose Ej-terms are cyclic homologies HC(Zx+). On each

“column” BCP** of BC™*, both N and S act by dropping a (de-Rham) cohomology

group of X*, which is what is expressed in (0.0.3)).

Connes periodicity operator in cyclic homology and monodromy at

archimedean infinity

In [2], S. Bloch, H. Gillet and C. Soulé consider an algebraic fibration f : X — C over
a curve C, such that the fiber f~1(P) =Y C X over a closed point P € C, is a divisor
with normal crossings. In this set-up, the authors define a cohomological complex
on X and show, under certain assumptions, the existence of formal analogues of the
Local Invariant Cycle Theorem and the Lefschetz Theorem(s). Motivated in part by
their construction, C. Consani defined in [I8] a complex K** with monodromy-like
operator N : K*"F — K23k +1 on a smooth, projective algebraic variety X over C
or R, with the goal to introduce a theory of nearby cycles at “archimedean infinity”.
The terms K** are modules of real differential forms on X twisted by suitable powers
of (2mi). The cohomologies of the complex K*** behave formally as the E;—terms of
the spectral sequence associated to the Picard-Lefschetz filtration on the Steenbrink’s

complex A**.



In this thesis, we introduce bicomplexes K;* which are defined by suitably combin-
ing the terms K** in which the same “twist” by (2i)! appears. This construction
(of grouping terms with the same twist) is the analogue of the operation of looking
at a fixed “stratum” of Y in the construction of [2]. Then, we show in Proposi-
tion that there are natural maps from the Hochschild cohomology of the ring of
differential operators on X to the cohomology of the graded pieces of the filtration
F'K;* := Im(N') (I > 0) on the bicomplex K;*. This filtration coincides with the

filtration by rows on K;*. More precisely, we obtain the following

Theorem 0.3. For each fived t € Z, the filtration F'(Tot(K;*)) = Im(N') (1 >0)
coincides with the filtration by rows on Tot(K;*). There are natural maps from the
Hochschild cohomology of the ring of differential operators on X to the homology of

the graded pieces of the filtration F, i.e. natural maps (n = dim X )

HH™™(9(X)) — HI*(GriTot(K;™)).

The operator N acts on the complexes K;*; N : K;* — K;7"*™ by shifting the
index t. Because of that, we consider (in analogy with the construction of the complex
BC** in the Steenbrink case) a triple complex *** which is again assembled in a
precise way as a “vertical stack” of all the bicomplexes K;* (as t varies in Z). The map
N acts between two consecutive vertical levels. K*** carries differentials d’, d” induced
by the ones on the K;*’s. By the g-th “row” of the triple complex K***, we mean the
double complex K*?*. Following this technique, we are able to prove in Proposition
the existence of a natural map from the cyclic cohomology HC*(Z(X)) to the
cohomology of the graded pieces of the filtration by “rows” on K**. The “rows”
IC*?* carry operators N induced by the complexes K;* (that have been stacked to

form the triple complex K**). The cyclic complex carries the periodicity operator



S which, under the above natural map, corresponds to the operator N on the “row”
IC*7*. More precisely, we prove the following statement, which is the archimedean

counterpart of Theorem

Theorem 0.4. Let us consider the filtration by “rows” on K***, i.e. the filtration
whose q-th graded piece is the bicomplex K*¥*. There are natural maps connecting
the cyclic cohomology of the ring 2(X) to the cohomology of the bicomplex K*7*
(n =dim X)

HC™(P(X)) — HI(K*™) V¥V j>0.

The bicomplex K*7* is equipped with an operator N induced by that on the K;*. The
map N corresponds to the periodicity operator S appearing in the cyclic cohomology

of 2(X), i.e. we have the following commutative diagram

HC+2(9(X)) —2— HC™™(9(X)) —— HH*™(P(X))

l l l (0.0.4)

ijZ(lc*q*) N N H](]C*‘I*) —_ HJ(COkeT’(N)*>

It is important to explicitly remark here that the vertical maps in the diagram
, unlike those in , are not in general isomorphisms. There are at least
two technical reasons to justify this weaker statement. First of all, the pairing be-
tween cyclic homology and cohomology is not in general a perfect pairing 7.e. the nat-
ural map HC*(2(X)) — Hom(HC.(Z2(X)),C) is not in general an isomorphism.
Hence, the isomorphism does not have a dual counterpart in cyclic cohomol-
ogy. The second reason is that in the archimedean case, unlike in the construction
over a disc, I work with complexes of modules (i.e. global sections of sheaves) rather
than with complexes of sheaves. The quasi isomorphism of complexes of sheaves that

lead to the vertical isomorphisms in the commutative diagram ({0.0.3)) is here replaced
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only by a natural map connecting complexes of global section of the corresponding

complexes of sheaves.

I conclude this overview of this part of my thesis by saying that in this archimedean
setup I also introduce two further bicomplexes ¢** and B** which are linked by
a map i : @ — B*. These complexes are also endowed with monodromy-type
operators IV and they are the replacement for the nearby cycles complex ¢**(C) and
the Steenbrink complex A** in this framework. In particular, I prove in Proposition
that the maps N op and po N are again chain homotopic, in exact analogy with

the corresponding result in the theory developed by Steenbrink.

Connes-Karoubi long exact sequence in K-theory

We have already described how the monodromy operator on the nearby cycles
complex can be identified with the periodicity operator in cyclic homology. The
diagram shows in particular that the theory of nearby cycles has a very close
connection with the cyclic theory of differential operators on X*. A question that
naturally arises, also in view of my result is whether the periodicity exact sequence
in cyclic theory can be lifted to a long exact sequence involving a “motivic theory”
such as Chow groups or K-theory.

In [I3], Connes and Karoubi exhibit a long exact sequence in K-theory that lifts

the long exact periodicity sequence ((0.0.1]).

K (A) —— KH(A) —— KY4) —— KY(4) — K”(4)

JDiH J{Chz?kl lcthI lDi J/Chi

(0.0.5)
In the above diagram, K™(A), K/’(A) and K!°(A) denote resp. the algebraic,
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topological and relative K-theories of a locally convex algebra A. The vertical maps
D; is the Dennis trace. The topological and relative Chern maps chf(’p and ch?® have
been constructed in [13].

To link this construction with the geometric set-up of nearby cycles, we consider
once again the sheaf Zx- of differential operators on X*, where the variety X* is as in
the Steenbrink setup described earlier (although our results are valid for any locally
Stein manifold). For any open set U C X*, we denote by Z(U) the ring of differential

operators on U. Then, by definition one has

KM(9(U)) = m(BGLIZ(U)T)  K(2(U)) = m(BGL(2(U)).)

K (2(U)) = m((GL(Z(U).) /GL(2(U)))"),

where 2(U), denotes the simplicial ring C*°(A*)®2(U) and A* is the standard sim-
plex. Let BGL™ (resp. BGL/” and GL"™™) to be the simplicial sheaf obtained from
the presheaf that associates to an open set U C X* the simplicial set BGL(2(U))"
(resp. BGL(2(U),) and (GL(2(U).)/GL(2(U)))"). Using the definition of gen-
eralized cohomology for simplicial sheaves given by Brown and Gersten in [5], we

introduce the following groups

K™(9%) = H/(X*, BGL") := n,T(X*, R(BGL"))
K!"(2%) = H{(X*, BGL'?) := 1,T'(X*, R(BGL'?)) (0.0.6)
K"(Z%) = H/(X*, GL™") .= n,T(X*, R(GL™'"))

where R(BGL™) refers to the flasque resolution of the simplicial sheaf BGL" (and
similarly for R(BGL'”) and R(GL™")). The flasque resolution of a simplicial sheaf

F on X* is a simplicial sheaf R(F) endowed with a monomorphism F — R(F) which
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is a weak equivalence and a global fibration R(F) — x.
In the thesis, I show that there is a stalkwise fibration (aka “local fibration”) of

simplicial sheaves BGLT — BGL'” which determines a long exact sequence
. —— H(X* GL™") —— H%X*,BGL") —— H{(X* BGL'?) ——

Therefore, using the definitions in , we obtain a long exact sequence connecting
the groups K™ (Px+), K!"(Px+) and K% (Zx-), in exact analogy with the upper
sequence in . Moreover, we show that the homotopy sheaves of R(BGL™)
and the sheaf associated to the presheaf X* D U — BGLT(2(U)) are identical. By
patching over the Stein open subsets of X* (which form a basis), we construct the
Dennis trace D; : K™(2x-) — HH;(Zx-). Similarly, we am able to define Chern
maps chf('p and ch?® and obtain a commutative diagram analogous to for the

sheaf Zx«. The full result is summarized by the following

Theorem 0.5. There exists a local fibration of simplicial sheaves BGLT — BGL'”.
This determines a long exact sequence connecting algebraic, topological and relative
K -theories of the sheaf of differential operators on X* as well as connecting maps
D; : K" Dx.) — HH(Dx-), chl” = H'P(Dx-) — HCip1(PDx-) and chié -

KN D) — HC;_1(Dx~) which fit into the following commutative diagram

o= K (Ix) —— K[%(Zx) —— KH(Zx) — ..

[ B e

.= HC{(9x+) —— HH;11(9x+) —— HCip1(Dx+) — ...

A similar result holds true also when X* gets replaced by an algebraizable Noethe-
rian formal scheme X. In the thesis, I also show that when ¥ arises by completing

a Noetherian scheme X along an irreducible subscheme Y, the sheaves GL™, BGL
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and BGL'? are flasque, i.e. they coincide with their own flasque resolution.

Modular Hecke Algebras, Rankin-Cohen brackets and an enriched

archimedean complex

For any congruence subgroup I' C SLy(Z), Connes and Moscovici have defined in
[10] & modular Hecke algebra A(I") which is an enlargement of the classical algebra
H(I') of Hecke operators. The algebra A(I') inherits a natural action of the Hopf
algebra H; of “codimension 1 foliations”. The algebra H; was originally defined by
Connes and Moscovici in [12], in the context of Riemannian geometry, as a member
of a larger family H, (n > 1) of Hopf algebras. It is a remarkable fact that H;
acts naturally on the specially constructed algebra A(I") involving Hecke operators
and (elliptic) modular forms. This leads one to naturally introduce the concepts of
“Schwarzian derivation” and “Godbillon-Vey cocycle” in the context of modular forms
and Hecke operators. The Hopf algebra H; captures the symmetries of the modular
Hecke algebra A(T"). A(T) is, by definition, an algebra of functions on I'\Gj5 (Q)
taking values in the algebra of modular forms, i.e. in the direct limit over all levels of
the abelian groups of elliptic modular forms of all weights. The modular forms of level
I' are global sections of the tensor algebra T'(.Z(I')) of a line bundle Z(I") over the
modular curve X (I'). This suggests that the operators in H; should act on a similar
module of functions on T'\G4 (Q) taking values in a suitably defined “archimedean

complex of the modular tower with coefficients in the tensor algebra lim T'(.Z(I"))”.

As a first step of our construction, we shall consider the direct limit K®"* =
lim K%*(X(N)) of the archimedean complexes K%**(X(N)) defined by Consani in
N
[18], where the complex algebraic variety is a compactified modular curve X (N) =

['(N)\H and the modules of differential forms are tensored with elliptic modular forms
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of corresponding level and suitable weights. Elements of K%* are (finite) sums made
by terms of the form f ® w, where f is an elliptic modular form and w is a twisted
real differential on the modular curve X (N). Then, we define B***(T") to be the set
of functions

F:T\G§(Q) — K™ (0.0.7)

with finite support such that: if F(Ta) = f®@w for some a € G5 (Q), then F(Tay) =
fly ® w for any v € I'. The differentials d" and d” on the archimedean complex
K% induce differentials d' : B%*(") — BHLWHLAYT) and 4" @ BYHT) —
Bi+Li+ 1k (L),

For technical reasons, we also introduce a slight variant A7(I") of Connes-Moscovici’s

modular Hecke algebra. We define Ar(I") to be the set of functions
F:T\G(Q) — M &g R[T}] (0.0.8)

with finite support, where 7', denotes the semigroup consisting of all non negative
powers of (277)7!. As before, we require that if F(T'a) = f ® e for any a € G5 (Q),
then F'(Fay) = f|y ® € for any v € I'. Then, Ar(I") becomes an algebra under the

product

(F+G)Ta)= > (FIOB)-GTap™)B)  F,Ge Ap(). (0.0.9)
BEN\G3 (Q)

We then show that B*/*(T") is a bimodule over A(I") and moreover that B*/*(T")

carries a flat action of the Hopf algebra H; of “codimension 1 foliations”. As a Hopf
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algebra, H; is defined by generators X, Y and ¢; and commutators/coproducts

Y, X=X (X, 0n] = i1 Y, d,] = nd, [0k, 0] =0

AX)=X®R14+410X+6QY AY)=10Y+Y®1 A6)=6§61+1R 4.
(0.0.10)

H; acts on both Ap(T") and B%*(I"). The action of H; on B®*(T") is flat in the sense
that

h(F * G) = Z h(l)(F) * h(z)(G) h € H;

if F e Ap(T'), G € B¥*(T') and A(h) = ha) @ ha).

The generator X of H; acts as the Ramanujan derivation on modular forms, Y
as the grading operator and J; measures the difference X (f|a)|a™ — X(f) for some
a € G5 (Q) and an element f of the modular tower.

The definition of an action of H; on the enriched archimedean complex B*/*(T")
is motivated by a formal similarity shared by the operator X and the monodromy
operator N on the archimedean complex K /¥ and by the operator Y and the negative
Frobenius operator —® on K%* (see [16]). Note in particular that the relation
[—®, N] = N is similar to the relation [Y, X| = X.

Thereafter, we also consider a “reduced product” on Ar(I'), defined as follows.

For ', G € Ap(I'), we define

(F¥ G)a)= Y (F(8)-Glap™)B). (0.0.11)

BET\SL2(Z)

Notice that in the above formula one sums over the cosets of I' C SLy(Z) rather than
the cosets in G5 (Q) as in (0.0.9). We refer to A% (L") as to the algebra Ax(I) endowed

with the product *". Notice that the operator d; € H; measures the difference
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X (fla)|a™ = X(f), for « € G5 (Q) and an element f of the modular tower. Because
X(fla)|a™ — X(f) = 0 when a € SLy(Z), summing over the cosets of I' in SLy(Z)
as in (0.0.11)) allows one to define a “reduced” bimodule action of a smaller Hopf
algebra h; on B“*(T"). The Hopf algebra b, is obtained from H; by setting all 6, = 0
n (0.0.10). When we think of B*/* as a bimodule over bh;, we denote it by Bi7*(T).
We then show that h; has a flat action on B:7*(T") which is a bimodule over A% (T).

These results described in this section can be summarized as follows

Theorem 0.6. For any congruence subgroup I' C SLy(Z), the algebra B*(T') as in
(0.0.7) is a bimodule over the algebra Ar(I'). Moreover, the Hopf algebra Hy has a
flat action on the system (Ar(L),B*(I")), i.e. for any F' € Ar(I'), G € B*(I') and

any given h € H, one has

F * G Z h 1) >i< h(g) G) A(h) = Z h(l) & h(g).

Then BX(T') is a bimodule over the “reduced” algebra AL(I') as in (0.0.11), with the
action defined by considering cosets of T in SLo(Z), rather than in G5 (Q). The Hopf
algebra by (6, =0, Yn > 1) has a flat action on the system (AL(T"),B:(T)), i.e. for

any F € AL(T') and G € BE(I") and any given h € by, one has
F * G Z h >i< h(g) G) A(h) = Z h(l) & h(g).

In the final part of the thesis we introduce the definition of Rankin Cohen brackets
on B (T") and B*(T"). For this construction I use the work of Connes and Moscovici

[9] and the definition of a pairing defined on the archimedean complex K** in [1§].
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1 Background on Cyclic Homology and Cyclic Co-

homology

Cyclic cohomology was introduced by Connes (cf [14]) and B. Tsygan as an ana-

logue for de Rham cohomology in the case of a noncommutative algebra.

1.1 Basic Definitions

Given an algebra A over a commutative ring k, we define its Hochschild homology

HH,(A) to be the g-th homology of the complex

Ch. . A A A — 0 A A —2 s A 0 (1.1.1)

*

We shall denote the (n + 1)-the tensor power of A over k by A®"*1. In the sequence

(1.1.1)), the differential b : A" — A®" is defined as follows:

n—1
blag® a1 ® ... ® a,) = >, 00X ... ® a1 D ... D ay
i=0 (1.1.2)

+(=1)"apnao @ ... @ a1
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The differential b in (1.1.2)) may be described as the alternating sum b = """ (—1)%d;

of the maps d; : A®"T! — A®" which are defined as follows

do(CLO ® aq ® ® an) = Qpaq ® ® Qp,
di(apy®a; ® ... a,) =ag @ ... ® A1 @ ... D ay, 1<i<n-—1 (1.1.3)

dp(ag® a1 ® ... ® a,) = a4pa0 Q@ a1 @ ... @ Ay_q

The maps d; are usually referred to as the face maps. We also set v/ = Z?:_Ol(—l)idi
and note that, by construction, > = 0 as well. One also introduces another set of
maps s; : A% — A®"Hl (0 < ¢ < n, which are referred to as degeneracy operators

and they are defined as follows:

So(a @ a1 ® ... ®ap 1) = R1Ra; Q... Qa, 1

$i(ap® a1 ® ... @ ap1) =00 ® ... Qa1 01 ®a;® ... a,_
(1<i<n-2) (1.1.4)

Sp1(a®a1 ®...Q®a, 1) =R ... a, 11

Sn(CLQ RKa V... an_l) =1® ag X ... ® ap_1

The map s,, : A®" — A®"+L g called the extra degeneracy. In order to define the

cyclic bicomplex, we first introduce the cyclic operator defined as

by, o AOTHE o Al th(ap®a1 ®...®@a,) =(—1)"(a, ®ay @ ... ® a,—1) (1.1.5)

as well as

N AP A® L N =1t + 12 4t (1.1.6)

We notice that the cyclic group Z/(n+1)Z acts on A" ! through its generator t = t,,.

From the definition of ¢, in (1.1.5), it follows that ¢"*! = 1. In what follows, we will
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often omit the subscript and refer simply to the cyclic operator ¢ when there is no
danger of confusion. Sometimes, we will also denote the element ag®a; ®...®a, of the
tensor product A®™ simply by (aq, ..., a,). One can easily check that (1—t)b' = b(1—t)
and that &' N = Nb.

b - b -
1-t N 1-t
A®3 A®3 A®3 A®3
N
b - b -
1.1.7)
1—t N 1—t ( T
As2 At per (N per A®?
N
b - b -
1-t N 1-t
A &4 g A
N

Definition 1.1. (see [31, 2.1.3]) Define the bicomplex CC(A) of (1.1.7) formally as
follows: Set
CC(A),, =A% pqg>0 (1.1.8)

together with maps (for k,l € Zxq)

b -

CO(A)akgr1 — CCA)wg  CC(A)krrgrn — CCO(A)autag

1-t N

CC(A)2k11g — CC(A)kg  CC(A)ams22t01 —— CCO(A)airryg

(1.1.9)

We define the cyclic homology HC,(A) to be the q-th total homology of the bicomplex
CC(A).
HC,(A) = Hy,(Tot CC(A)) (1.1.10)

We begin by noting that the b'-columns in the bicomplex above are acyclic. If s
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denotes the extra degeneracy as defined before, it is easy to verify that

b's+ sb' = id. (1.1.11)

and hence the identity map on the b’-complex is chain homotopic to 0. Hence, the ¢’

complex is contractible.

We define the Connes boundary operator B as follows:

B: A% — A®"1 B =(1-1t)sN (1.1.12)

where s is, once again, the extra degeneracy as defined above, ¢ denotes the cyclic

operator t,, and N is, as in (I.1.6)), defined to be the sum N = 14-¢,,_+12_ +...+t""1.

From now onwards, we will assume that A is a unital k-algebra. We define the
mized complex B..(A)
By q(A) = A®LP ¢p=>0 (1.1.13)

with the two differentials

B : Bpi14(A) — Byg(A) b:B,gt1(A) — B, ,(A)

More explicitly, we have

B:A® A" — A AP (1.1.14)
B(ag, ay, ... an) = > (=1)"(1, Gpig1, o) Gn, G0, .., i) (1.1.15)
=10

n
+ Z(_l)n(z—i-l) (an—ia 17 An—it1s -5 An,y AQ, -+ an—i—l)
=0
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The following proposition will show that the cyclic homology HC,(A) of a unital

k-algebra A can also be calculated from the mixed complex Bi.(A).

Proposition 1.2. (1) For any associative and unital k-algebra A, the cyclic homology

HC,(A) can be described as the q-th total homology of the complex B.., i.e.

H,(Tot B(A)) = HC,(A) (1.1.16)

(2) Let A be a unital k-algebra and let A = A/k. If we replace each term A®"*1 in
B..(A) by A® A®" we obtain a normalized bicomplex B(A),, = A ® A1 endowed

with differentials B and b. Then, there exists a canonical isomorphism
H,(Tot B(A)) = HC,(A) (1.1.17)

Proof. See [31], 2.1.7-11]. O

From the structure of the bicomplex B(A) it is clear that we have a short exact

sequence
0 — C"(A) — Tot(B(A)) == Tot(B(A)[-1,—1]) — 0 (1.1.18)

The associated long exact sequence of homologies gives rise to the following:

Proposition 1.3. (Periodicity Sequence) For any associative and unital k-algebra
A, the homology long exact sequence associated to (1.1.18]) determines a long exact

sequence

. —— HH,(A) —— HC,(A) —— HC, ,(A) —2— HH, 1(A) —— ...

(1.1.19)
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The operator S appearing in (1.1.19) induced in homology by the map o in (1.1.18))

is referred to as the Connes periodicity operator.

The formalism of degeneracies and face maps which we have described above may
be conveniently summarized in terms of a simplicial category A. The objects of the
small category A are sets [n|, for each n > 1. The morphisms of in A are of two
kinds; face maps ¢; : [n — 1] — [n], 0 < i < n and degeneracies o; : [n + 1] — [n],
0 < j <n for each n > 1. The relations between the face maps and the degeneracies

are as follows:

0;0; = 6;0,1
0j0; = 0;0j41

dioj_q fori<j (1.1.20)
0j0i = idy;  fori=j,i=j+1

57;710-]' for i > j +1

The simplicial category A is, therefore, isomorphic to a category whose objects
are sets [n] = {0, 1,2,...,n} and whose morphisms from [m] to [n] are non decreasing

maps from {0,1,2,...,m} to {0,1,2,...,n}.

Then a simplicial object (resp. cosimplicial object) in a category € is a contravari-
ant (resp. covariant) functor F': A — %. When the functor F' is contravariant, the
images of the maps J; and o; are denoted by d; and s; respectively. If F'is a simplicial
object in an abelian category €, we can form a complex Ff = F([—k]), k < 0, with

the differential b = 3% (=1)%d; : F([k]) — F([k — 1]).

The Hochschild homology of the k-algebra A, is therefore obtained as the homology
of this complex when we define F([n]) = A®"™! taking values in the categories of k-

modules.
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The category A is subsumed in the larger cyclic category AC, which has the same
objects as A, and which, in addition has a cyclic operator 7, : [n] — [n] that satisfies
the following relations:

Tn0i = 0i_1Tp—1 for 1 <i<n and Tnlo = Oy, T];“ =1d

Tn0; = 0j—1Tp+1 for 1 S 7 S n and TnOo = O—n7—73+1
(1.1.21)

A cyclic (resp. cocylic) object in a category % is a contravariant (resp. covariant)
functor F': AC' — €. If F' is contravariant, the image of the morphism 7, is denoted
by t,. When % is an abelian category, we can form the corresponding cyclic bicomplex
(1.1.7) . The cyclic homology of a k-algebra A is, then the total homology of this
bicomplex when we define the (contravariant) functor F([n]) = A®"! taking values

in the (abelian)category of k-modules.

Definition 1.4. (see [31, 2.4.1]) Let A be an associative and unital k-algebra. We
denote the by C°(A) the algebraic dual Hom(A, k) of A. In general, we set C™"(A) =

Hom(A®™" k). We refer to C™(A) as the space of n-cochains on A.

By working with the space of cochains on A, we can dualize the bicomplex CC\.(A)
to get the bicomplex CC**(A). The bicomplex CC**(A) has vertical differentials b*
and b™* : CCP1(A) — CCPIY(A) and horizontal differentials (1 — t)* and N* :
CCPI(A) — CCPItY(A), which are the duals of the differentials in (1.1.9).

The cyclic cohomology of A is the homology of the cochain complex Tot(CC**(A)),
i.€.

HC™(A) = H™(Tot(CC,.(A))) (1.1.22)
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We say that a cochain f € C™(A) is cyclic if it satisfies the relation

flag,ay,...;a,) = (=1)" f(an, ag, ..., an_1) a; € A. (1.1.23)

Let us denote the space of cyclic cochains by C}. It may be checked that the image of
a cyclic cochain under the operator b* is still a cyclic cochain. Therefore, (C}(A), b*)

is a subcomplex of (C*(A), b*) and we denote its homology of H}(A).

If k£ contains Q, it is known (see [31, § 2.4]) the inclusion map C5(A) — C*(A)

induces an isomorphism

HY(A) =5 HC™A)  n>0

This construction, due to Connes [14], gives an alternative definition of cyclic coho-

mology. As in the homological framework, we have a periodicity sequence

Proposition 1.5. [31, S2./.4] An associative k-algebra gives rise to a long exact

sequence
. —— HH"(A) -2 HC"Y(4) —2— HC™Y(A) —— HH™'(A) -2 ..
(1.1.24)

Following [31], 1.5.9, 2.4.8], we describe the pairing between cyclic cohomology and

cyclic homology of a k-algebra A

< .. > HCO"(A) x HCy(A) — k (1.1.25)

We denote by A® = A ®; A, the enveloping algebra of A and note that C"(A) =
Hom(A®" 1 k) = Hom(A®", A*), where A* = Hom(A, k). The complex (C™(A),b*)
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may therefore be replaced by an isomorphic complex (Hom(A®" A*),3) which we

denote by (C"(A, A*), 3). We now obtain a pairing

O"(A, A*) x Cp(A) — A" @40 A (1.1.26)

by setting

(f7 (a(]a ag, '-'7an)) = f<a17 -'~>an) ® Qo

One can easily check that

< B(f),x >=< f,b(x) > feC™A A,z € Chii(A) (1.1.27)

This induces a pairing on the homologies (called Kronecker product)

<..> HH"(A) x HH,(A) — A* @4 A (1.1.28)

This pairing further extends to cyclic homology (see [31], §2.4.8.2]) and cohomology

HC™(A) x HCp(A) — A* @40 A (1.1.29)

When we compose this latter pairing (1.1.29)) with the evaluation map ev : A*®4e A —

k, ev(f ® a) = f(a), we get a pairing

HC™A) x HCy(A) — k (1.1.30)

We mention here that this pairing is not usually perfect, but it is non degenerate in
certain cases, for instance, if A = k or if k is a field and A is a k-algebra that is finite

dimensional as a k-vector space (see [31), §2.4.8]).
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1.2 The case of a topological algebra

The definitions of Hochschild and cyclic homology which we have reviewed in the
previous section may be extended to a topological algebra over a field k. We shall
be particularly interested in the case of the ring of holomorphic (resp. smooth)
differential operators over a Stein (resp. compact) manifold. In this regard, we will

need to recall some definitions.

If V' is a complex vector space, then a seminorm p on V is a map p: V — R such
that
(1) p is nonnegative, i.e. p(z) >0 for all z € V.
(2) pis linear in the sense that p(Az) = |A\|p(x) for A € C. (This implies, in particular,
that p(0) = 0).
(3) p is subadditive, i.e. p(x +y) < p(x) + p(y).

A locally convex vector space V is a vector space with a family {p,}aecs of semi-
norms defined on it. We make V into a topological space by assigning to it the
coarsest topology such that each of the seminorms p, is continuous. If the family I

of seminorms defining the topology on V is countable, we say that V is a Fréchet

space.

Definition 1.6. A locally convex algebra A over R or C has a family of seminorms
{Patacr defining the structure of a locally convex vector space on it. Additionally,

each seminorm is assumed to be submultiplicative, 1.e.

pa(f9) < pa(f)paly), f,ge A (1.2.1)

Finally, we shall need the notion of topological tensor product. If V and W are
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two topological vector spaces, with norms |.|y and ||y defined on them, a cross norm
p defined on their algebraic tensor product V' ® W is a norm satisfying the following

two conditions:
(a) p(r ®y) = |z|v|ylw for all z € V and y € W.

(b) p*(S®T) = |S|v|T|w for all linear operators S € V* and T" € W*, where p* is

the norm on the dual (V @ W)* by p.

It follows that there is a smallest cross norm on V ® W, called the injective cross

norm A\, defined to be, forx € V@ W,

AMz)= sup{(S@T)(z)|Se V", TeW* |Sly <1, |Tlw < 1}. (1.2.2)

There is also a largest cross norm, called the projective cross norm A, defined to be,

forz e VoW,

A(z) = inf{>_ |a;|v|b;|w| over all finite decompositions x = > a;b;}.

We also have a notion of algebraic tensor product in either norm, which we denote

by V @\ W and V @, W respectively.

If the spaces V' and W are locally convex, we have a family of seminorms on either
of V- and W. In that case, we can form an injective cross seminorm and a projective
cross seminorm for each pair of seminorms on V' and W. We take either all of the
injective cross seminorms to define a completion V' ®. W or all of the projective cross
seminorms to define a completion V ®, W. We also have amap V@, W — V &, W.
When the map V ®, V — V ®. V is an isomorphism, we say that V is a nuclear

space.
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Definition 1.7. A Fréchet space is a locally convex vector space such that its topology

is induced by a countable family {p;}ien of seminorms and the space is complete.

An algebra A is said to be a Fréchet algebra if it is a Fréchet space as defined above

and each of the seminorms is submultiplicative, i.e.
pi(f9) <pi(fpilg), VYV fgeA (1.2.3)

By replacing the ordinary tensor product ®; by ®,, we can define a Hochschild
complex C(A™P) and a cyclic complex T'ot(CC(A™P)). We denote their respective
homologies by HH,(A"P) and HC,(A"P) respectively. There is a morphism of com-
plexes C"(A) — C"(A*P) and Tot(CC(A)) — Tot(CC(AP)), which induces natural
morphisms

HH,(A) — HH,(A"P) HC,(A) — HC,(A™) (1.2.4)
We also have a long exact periodicity sequence in the topological context and the
morphisms of ([1.2.4)) induce a morphism of long exact sequences:

1 S B

.—HH,(A) —— HC,(A) —— HC,3(A) —— HH,1(A) — ...

l ! l l

= HH,(A?) —L s HC,(A?) —5 HC,_(At?) —Z HH,  (AfP) — ..
(1.2.5)

1.3 The case of filtered algebras

We will now describe the cyclic homology of filtered algebras. First of all, recall that
the ring of differential operators Z(X) on a manifold X has a natural filtration by

order of operator (see Appendix 1 to Chapter 3). Along with the cyclic homology of
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a topological algebra explained above, this allows us to present the description of the
Hochschild and cyclic homology of Z(X) due to Wodzicki (cf [46]). In this respect,

our principal reference is the paper [3] of Block.

Let A be an algebra over k equipped with an increasing filtration

that is exhaustive, i.e. A = UF,A and satisfies F,A - F;,A C F,,A. Form the cyclic
vector space C,(A) that computes the cyclic homology of A. Then C,(A) = A®"!

is equipped with an increasing filtration which is defined as

FC(A)= )  F,A®.QFA (1.3.2)

ko+ki+...+kn=p

Since the differentials in the cyclic bicomplex preserve the filtration, for each p,

F,C,(A) is a cyclic vector space.

Definition 1.8. (c¢f [3, 3.1]) Let A be an algebra over k. We let d(A) = inf{n €
N| HH;(A) =0 fori > n}. Then we refer to d(A) as the Hochschild dimension of A.

Block (see [3]) proves the following results:

Proposition 1.9. Let A be an algebra over k endowed with an increasing filtration

F.A asin . Then
(1) d(A) < d(gr(A)).

(2) There is an isomorphism of associated graded cyclic vector spaces
gr(F.CLA) = Cigr(A)
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(8) For l > 1, the operator S in cyclic homology induces a corresponding map

S : HCy4s(FC.A/F,1C.A) — HCi(F,C,AJF_,CA)

(4) If d(gr(A)) = n < oo, then the natural map
s an ismorphism for i > n.
Proof. See [3, Theorem 3.4] O

The above result of Block is the analogue in cyclic homology of the following well

known result of Quillen (cf. [34]) in K-theory.

Proposition 1.10. (Quillen) Let A be a ring endowed with an increasing filtration
F,A, p > 0 and such that FoA is reqular. Suppose that B = gr(A) has finite Tor
dimension as a right FoA-module and that FoA has finite Tor dimension as a right

B-module. Then, the inclusion FyA — A induces an isomorphism in K -theory;

Ki(FyA) = K, (A). (1.3.3)

Remark 1.11. The constructions described above are in the context of the algebraic
tensor product ®. It is clear that these results can be suitably reproduced when A is

a topological algebra endowed with a filtration.
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1.4 Relations with de Rham Cohomology

At the beginning of the chapter we have mentioned that cyclic homology is a noncom-

mutative analogue of de Rham cohomology. In this section, we explain the connection.

We define Q}4| .. to be the module of 1-differential forms of A over k. Let Dery(A, M)
denotes the k-module of k-linear derivations on A with values in an A-module M, i.e.

the module of k-linear maps D : A — M such that
D(ab) = D(a)b+ aD(b) Va,beA. (1.4.1)

Then it is well known that the functor Dery(A, ) from A-modules to k-modules is

represented by Qh‘ Lo L€
Deri(A, M) = Homk(Q}Mk, A) (1.4.2)

Explicitly, Qh‘ . is the module generated by all terms of the form adb, for a,b € A
subject to the relations d(ab) = d(a)b+ad(b), a,b € A and we will denote this module
simply by Q. We set

QY =Ny i>0 (1.4.3)

and define the following map
ot Cn(A) — (ap ® a1 ® ... ® a,) — apday...day, (1.4.4)

One may easily check that m, ob = 0, b being the Hochschild differential, and as such,
there is a canonical map

s HHp(A) — QY (1.4.5)
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We denote by S, the symmetric group acting by permutations on the set {1,2,...,n}.

Then o € S,, acts on C,,(A) on the left as follows:
o (A @ a1 ® ... 0 ay) = (a0 ® A1) @ ... ® Ar-1(p)) (1.4.6)
We can therefore define the so called anti-symmetrization map

en: ARN"A — C,(A) en(ap®@ay A ... Nay,) = Z sgn(o)o - (ap® a1 ® ... ® ap)
0€Sh

(1.4.7)

Proposition 1.12. For any commutative k-algebra A, the anti-symmetrization map
mduces a canonical map

e QU — HH,(A) (1.4.8)

Proof. See [31], 1.3.12]. O

Proposition 1.13. The composition m, o €, coincides with the multiplication by n!.

Consequently, if k contains Q, then QY is a direct summand of HH,(A).

Proof. See [31], 1.3.16]. O

The most important application of the above proposition is when A is a smooth
algebra. Let k be a Noetherian ring and A a commutative algebra over k which is
essentially of finite type. Suppose that Tor} (A, A) = 0 for all n > 0. Then A is said

to be smooth over k if A satisfies the following criterion:

For any pair (C,I) where C is a k-algebra and I an ideal in C with I? = 0, the

natural map Homyg(A,C) — Homg(A,C/I) is a surjection

In particular, the symmetric algebra S(V) = @,>0V®" associated to a k-module

V is an example of a smooth algebra over k. It follows that polynomial algebras
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klx1,...,xm], m > 1, are examples of smooth algebras. In the context of smooth

algebras, the following well known result applies.

Theorem 1.14. (Hochschild-Kostant-Rosenberg) Let A be a smooth algebra over k.

Then the anti-symmetrization map

e O 2 HH,(A) (1.4.9)

s an isomorphism for each n > 0.

Proof. See [31], 3.4.9]. O

In fact, HH,(A) carries the structure of a graded algebra (with a shuffle product,
see [31]) and the isomorphism (|1.4.9) is an isomorphism of graded algebras.

Now suppose that A is commutative and unital. The exterior derivative d : 2} —
QZH, n > 0, is defined by setting d(agdaidas...da,) = dagda; ...da,, and the homology

groups of the complex

d

0 09 o -2, 0 4 (1.4.10)

are said to be the de Rham cohomology groups H}»(A) of A. Then, it may be verified

that the following two squares commute.

HH,(A) —Z HH, (A Qn  —4 it
Wnl wn+1l enl en+1l (1.4.11)
qr 0L e HH,(A) —2 HH, (A
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Proposition 1.15. When the ground ring k contains Q and A is a unital and com-

mutative k-algebra, the projection map m induces a canonical morphism

HC,(A) — Q4 /dQ% @ HI?(A) e Hiz (A @ ... (1.4.12)

The anti-symmetrization map ¢, induces a map between the bicomplexes
g.: (9%,0,d) — (B(A),b, B) (1.4.13)

When A is a smooth algebra, the morphism ¢, induces an isomorphism on the ho-
mologies of the columns of the two complexes. Hence, using the spectral sequences

of a double complex, one deduces that

ndVT @ HiZ?(A) @ HipY(A) @ ... 2 HC,(A) (1.4.14)

As a matter of fact, if the ground ring k contains Q the groups HC),(A) can be
decomposed into summands, each of which admits a canonical map onto one of the
groups H'5 % (A) (or to Q7% /d¥%™"). More precisely, if A is a unital commutative ring,

the modules C,,(A), n > 0 may be decomposed into direct sums
Co(A) =CU)  CA)=CcPVUA)a...aC™A) n>1 (1.4.15)

by means of Eulerian idempotents (see [31, §4.5-4.6]). The differentials b and B com-
mute with the direct sum decomposition and hence the Hochschild complex (C,(A), b)
(resp. the mixed complex (B(A),b, B)) decomposes as a direct sum @(C@(A),b)

(resp. ®(BW(A),b, B)). We then obtain a splitting of the corresponding homology
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groups

HHy(A) = HH"(A)  HH,(A) = HHY(A) & ... HH™(A) when n > 1
(1.4.16)
HCo(A) = HC\(A)  HCL(A) = HCD(A)®...0 HC™ (A) when n > 1 (1.4.17)

which is known as the A-decomposition. The A-decomposition is sometimes referred

to as the Hodge filtration on Hochschild/Cyclic homology (see for instance, [41]).

When k contains Q, 7%, n > 0, is a direct summand of HH,(A) for each A. The
summand Q7 is actually isomorphic to H H{"(A) via the anti-symmetrization map
€n. This means that when A is a smooth algebra, ¢, : Q4 — HH,(A) being an

isomorphism, HH,” (A) =0 for each i < n.

Theorem 1.16. When A is a smooth algebra over a ring k and k contains Q, the

A-decomposition coincides with the decomposition in de Rham cohomology, i.e.

HCM (A) = Q1 /dy!

HCY(A) = HEMA)  for [n)2] <i<n (1.4.18)
HCP(A) =0 fori < [n/2]

Finally, we recall for future use (see [I4]) that the pairing between cyclic homology
and cyclic homology may also be understood in terms of differential forms. Define
an abstract cycle of degree n to be a triple (Q,d, [) where Q = Q0@ Q' @ ... ¢ Q™ is

a graded algebra over k with a differential of degree +1 and [ : Q" — k is a closed
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graded trace. In other words, the triple (€, d, [) satisfies the following conditions:

1 = (dw)w" + (—1)“w(dw’)

(1)
(2)
(3) Jwowr = (=D)lrllel [y
(4) [dw=0 forwe Q!

(1.4.19)

Given a k-algebra A, we define a cycle over A to be a triple (Q2,d, [) as above

along with a morphism p: A — Q°. The cycle is said to be reduced if

(1) The algebra €2 is generated by p(A) as a differential graded algebra.
(2) The pairing (w,w’) — [ww' is nondegenerate, i.e. if w € Q is such that [ww' =0

for all ' € Q, then w = 0.

Given any reduced n-cycle over A, we can define its character 7 : A" — [ as
T(ag® a1 ® ... R a,) = /aodal...dan (1.4.20)

Connes [I4] has shown that the character 7 thus defined is always an n-cyclic cocycle
and that, conversely, any n-cyclic cocycle over A must necessarily be of this form.
This implies that, while cyclic homology is the noncommutative analogue of de Rham
cohomology, the cyclic cohomology is a noncommutative analogue of the cohomology

of the complex of de Rham currents.

For a general noncommutative algebra A, the reduced Hochschild complex C,,(A)
itself acts as a substitute for the module of 1-forms over A. Connes and Karoubi
have defined the notion of noncommutative de Rham homology which is also directly

connected to cyclic homology. We refer to Karoubi [30] for details.
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2 Introduction to Steenbrink’s complex and

Consani’s complex

Let X be a complex manifold. We shall denote by f : X — D a map from X
to the unit disc D such that the fibres f~!(¢) are smooth for all ¢ # 0, while the
fibre f71(0) is a divisor Y with normal crossings on X (see §2.1 for the definition
of a divisor with normal crossings). We denote the complement X — Y by X*. If
D* is a universal covering of D* = D — {0}, we denote the fibre product X xp D*
by X* (X* is usually referred to as the nearby fibre or the universal fibre). Under
these assumptions, Steenbrink [37] has constructed a complex that calculates the (de
Rham) cohomology of the fibre X*. Steenbrink has shown that the cohomology of

X* carries a “limiting mixed hodge structure”.

A similar formalism has been introduced to describe the following situation: Let
K be a number field and let O denote the ring of integers of K. Let X be an
arithmetic variety, i.e. a reduced and irreducible scheme over Spec(Ok). Then, each
of the prime ideals p of the ring of integers O induces a valuation on K with the
corresponding valuation ring being the localization Ok . The fibre Xy of X over each
of these primes p is a variety over Spec(k(p)), k(p) being the residue field of p. Since
each of these valuations is nonarchimedean, we refer to the primes p as the finite

primes of Ok.

We add to this collection of nonarchimedean valuations the archimedean valuations

of Ok, given by real embeddings or pairs of conjugate complex embeddings of K and
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we refer to these archimedean valuations as the infinite primes (In general, we may
refer to an equivalence class of valuations as a “prime”). As for the nonarchimedean
fibres, we would like to describe the fibres of X over these infinite primes, i.e. the
vertical divisors of X at infinity. The complex points X (C) of X define a manifold,
and Consani [I8] has shown that the Deligne cohomology of X (C) can be described

by a complex that is analogous to Steenbrink’s complex.

In this chapter, we will describe both of these complexes and discuss their main

properties.

2.1 The Logarithmic de Rham complex

Let X be a complex manifold of dimension n endowed with a morphism f : X — D
to the unit disc D such that the fibres f~!(¢) are smooth for all ¢ # 0, while the
fibre f~1(0) is a divisor Y with normal crossings on X. The fibre Y can therefore be
written as a union of smooth irreducible divisors Y = Y;UY>U...UYy, where, for each
1 < k < N, Y, is a nonsingular subvariety of codimension 1 in X. We denote by Y ()
the union inside X of all the intersections Y; M...NY; , where 1 <14; < ... <4, < N and
we let Y® denote their disjoint union. Moreover, we shall denote by a, : y® - X

the canonical map. Note that Y® is smooth and equidimensional.

If dim(X) = n and (z1, 22, ..., 2,) is a system of local coordinates on X, we may
assume that Y is defined locally on X by the equation 2{'25%...z;* =0, (I < N), with

the equation {z; = 0} corresponding to the component Y;, for 1 <i < N.

We define the sheaf QL (log V') of 1-differentials on X with logarithmic poles along

Y to be the free Ox-module generated locally by the sections

dz1 dzo dz
— — e, —d2Zi4 1, e d2y,
21 22 21
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We denote the exterior powers APQx (logY') by Q% (logY'). The de Rham differential
extends to the modules OQF (log V), p > 0 with Q% (logY) = Ox and the definition of

the de Rham complex Q% (logY) with logarithmic poles along Y follows.

The weight filtration W on Q% (logY") is defined by

WP (logY) = Q5 (logY) A" p kel (2.1.1)

A section of WiQ¥5 (logY) can be expressed locally as

dz: dz:
a= 3 wil__ik%/\...A “i (2.1.2)

1<iy <...<ip<l n tk

where w;, ;, is a section of Qg(_k. Restrictions of the de Rham differential to the

p—k

v 1 defined as follows: If

strata Y* determine the morphisms p : Q%" — (a;).Q
the system of local coordinates is centred at the point P, then, in a neighbourhood
of P, the intersection Y;, N...NY;, is given by the equations z;, = ... = z;, = 0 and

hence {z;|j & {41, ...,1x}} form a system of local coordinates on Y;, N...NY;, . Let

Wiy..4y, = Z fj1...jp7kdzj1 VANPUVAN dszfk (213)

be a section of Qg(_k where (jy, ..., jp—&) runs over the (p—k)-tuples of {1,2, ..., n}\{i1, ..., ix}
and fjl---jp—k is a section of Ox. Then p(w;, ;) is the restriction of the sections fj1...jp_k

to the intersections Y;, N...NY;,. Set

Rla)y=" > pwi.i) (2.1.4)

1<i1 <. <<l

The map R is referred to as the Poincaré residue map.
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Theorem 2.1. The Poincaré residue map induces an isomorphism of complezes of
sheaves

R:Grl Q5 (logY) — (ak) Q%o [—K] (2.1.5)
Proof. We refer to [27]. O

Since f : X — D is a holomorphic map which is smooth on X* = X — f71(0),
one deduces an inclusion f*QL(log0) C Q(logY): we denote the quotient by
QQ/D(logY). Setting Qf;(/D(logY) = /\pQﬁqD(log Y), we can form the complex
@y p(logY’). If (t) is the local coordinate on D, suppose that t o f = zi*...z;" then

Q?(/D(log Y)p is the module with generators {%, ey dz—zll, dzii1, ..., dz, } subject to the

relation 22:1 ei% = 0. Let 0 denote the form:

l

0= f*(@) = Zei@ (2.1.6)

t 2
i=1 v

2.2 Cohomology of the universal fibre X+

With all the notations as before, we set X* = X\Y to be the complement of the
fibre over 0. With D* = D\{0}, we let D* denote the universal covering of D* and
we let X* denote the fibre product X xp D*. Then, the universal covering map
j : D* — D is defined by j(u) = exp(2miu). We denote by k : X* — X the
composition of the natural projection X* — X* with the inclusion X* — X. The

inclusion f~1(0) =Y < X is denoted by 7. One has the following Cartesian diagram:

Xt X v
l / l (2.2.1)
D -5 D {0}




Proposition 2.2. For any point s € D*, there exists an isomorphism of complexes
of sheaves on X

Oy /p(logY) ®oy Ox,|Xs — QX (2.2.2)

Proof. See [38, 7.5]. O

The following result shows that the de Rham cohomology of X* can be identified
with the hypercohomology of the complex of relative differential forms with logarith-

mic poles.

Proposition 2.3. There exist isomorphisms
HY(X*,C) = HY(Y,ikQ%.) 2 HY(Y, Qy plogY) ®o, Oy)  q€Z  (223)

Proof. See [38, 7.7-7.19] O

The form 6 = f*(%) = e dzz defined in the previous section is, by construc-
tion, a section of WiQ4(logY). Taking wedge products with the form 6 therefore
allows us to ascend levels of the weight filtration on Q% (logY’). Let .# (Y ") denote
the sheaf of ideals associated to the reduced subscheme underlying Y. The following

result will be used in the next section.

Proposition 2.4. (1) The sequence
O (log V) 2% Q3 (log Y)[1] 2% Q% (log V) [2] (2.2.4)

1s an exact sequence of compleres on X.
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(2) The following sequence of complexes of sheaves on X is exact:

0— 7(Y)Q5 (log Y) — Wolx (log ¥) 25 Gri @ (log Y)[1] 2% Gr}Y @ (log V) [2] —
(2.2.5)

Proof. See [38, 12.2-12.3]. O

In terms of the disjoint unions Y * (defined in the previous section), the form 6

may be understood as follows: For any k£ > 1, there exist k + 1 distinguished maps
01y ey Oy - YEFD  y () (2.2.6)

where ¢,, is induced, for instance, by the inclusion

Om
%Y

Y, N..Y; i

tm—1

Ny, NY, . N.NY

k41

N...Y;

Tm—1

nY;

tm+1

Nn..NY;

Tk+1

(2.2.7)

1

which embed a k + 1-“stratum” into a k- “stratum” by forgetting the corresponding

irreducible component Y; . Then, we can define

d: (a )Q{/Ue) (ak‘"rl)*QZ;?(kJrl) (2.2.8)

by setting d' = Zktl (—=1)Ptmgx . Tt is clear that d' is a differential and it may be

m=1

shown that, for w € (ax).Q%,,, , one has

Yy (k)

d(w)=—-wAn¥b (2.2.9)

By applying the Poincaré residue map (2.1.4}), we obtain an isomorphism of sheaves

(ar) 2 ) = GriY Q5 (log Y).
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We define
d": GriV 5 (log V) — Grly Q8+ (log V) (2.2.10)

to be the natural de Rham differential. Notice that, in view of the above isomorphism,

d” can be interpreted as the morphism

A" (a) 8 — (ar) Q20 (2.2.11)

2.3 Steenbrink’s complex

For nonnegative integers p and ¢, Steenbrink has defined the bicomplex of sheaves of
Ox-modules

AP = QFF T (log V) /W, (log Y) (2.3.1)

The differential d” : AP? — AP+l s induced by differentiation on the complex
% (log V) and the differential d’ : AP? — APT14 is defined by d'(w) = (—1)PwAf. Let
A" denote the total complex associated to the bicomplex (A", d’,d”). The projection

on the next level of the weight filtration defines an operator

N : AP1 — APthL N(g) =a (2.3.2)
By definition, Q_lx/D(log Y) = Q% (logY)/f*Q}(log 0) and hence we have the exact

sequence

Q4 (log ) 2% Q% (log Y) — % /p(logY) — 0 (2.3.3)
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From (2.2.4), we know that the sequence of sheaves
Q% log V) 2% Q% (logY) 2% Q% (log ) (2.3.4)
is exact. Consequently, we deduce an injection

AO QL

%/ pllogY) — Q% (log Y) (2.3.5)

Moreover, from (2) of Proposition , it follows that, for w € Q% / plogY’) we have wA
0 € WoQ% " (logY) if and only if w is a section of the submodule .# (Y"*4)Q% (log Y).
By definition, A% = Q% (log Y) /W% (log V) and hence there is an induced mor-

phism of sheaves

¢: Q% p(logY) oy Oyrea — AY (2.3.6)

which induces, in turn, a morphism of complexes
¢ . Q}—/D(].Og Y) ®OX Oyred — A (237)

Further, we define the filtrations L, W and F on A" as follows

Ly AP =Wy O (log Y) /W, 057 (log V)

WoAPT =W, 1 Q% log V) /W, (log V)
(2.3.8)
o AP if p>n

0 ifp<n

Proposition 2.5. (1) Let o> be the naive filtration on the complex ¥y p(logY) ®
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Oyrea. Then, the map of filtered complexes

61 (Qyp(l0gY) @oy Oyrea,05) — (A", F) (2.3.9)

1s a filtered quasi-isomorphism.

(2)
61 (U)p(10gY) oy Oyrea, W) — (A", F) (2.3.10)

1s a filtered quasi-isomorphism.

(8) ¢ is a quasi-isomorphism.

Proof. See [38, §13]. O]

It follows from Proposition and ([2.2.3) that the hypercohomology of the com-
plex A" computes the cohomology of the universal fibre X*. The spectral sequence
associated to the filtration L on AP? therefore induces a filtration on H"(X*,C) for

each r € Z.

We recall that if A C R is a Noetherian ring such that A®7zQ is a field, a A-mixed
Hodge structure consists of the following data:

(1) a finitely generated A-module H 4,

(2) a finite increasing filtration W on H4 ®7 Q and

(3) a finite decreasing filtration F' on Hq ®4 C such that for all p,q € Z with

ptg=n+l,

FPGrV(Hy®, C) & FIGrY (Hy©4 C) = GrW Hy @, C (2.3.11)

(using the filtration induced on each Gr!V(H, ® 4 C) by F).
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Theorem 2.6. Consider the filtration L induced on HQ(X*,(C) by the spectral se-
quence

LB = Gl JHY(XT,C) g€ (2.3.12)

Then the pair (H1(X*,Q), L) along with the triple (HY(X*,C), L, F) define a Q-mized
Hodge structure on HY(X* Q) for all q € 7Z.

Proof. See [38, 13.27]. O

The terms | B "FT of the spectral sequence associated to L can be described more

fully. Using the Poincaré residue theorem, we have the decomposition

LB =HUY,GrlA) = @ HOTTRY U € (2.3.13)
k>0,—r
We consider the terms ,;, ;""" of the spectral sequence associated to the fil-

tered complex (% (logY), W, F'). Then, using the Poincaré residue theorem, we have

isomorphisms
SETT 2 gy ) Qo [y]) = HIT(Y 0, C) (2.3.14)

The differential d; on the terms y, £, """ fits into the following commutative diagram

o By ~ Hq—f(f/(?‘)’ C)
dll _vml (2.3.15)

wE T = g (Ye-D )

where v = 37 (=1)""1(8,,). and the 4,,’s denote the inclusions of Y into

m=

YO=1. We set p0) =37 (=1)""1(6,0)".
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We introduce the following complex

Ny Hiti=2ktn(y Gk=i+1) C) if k> 0,4
Kg”k _ = (2.3.16)
0 otherwise

Summing over k produces the following complex

Ky =P K" (2.3.17)

kEZ

We notice that the Poincaré residue map determines isomorphisms

~

Res : By hetr 2, goman (2.3.18)

The differentials on the bicomplex K§* coincide with the two differentials on the

spectral sequence ; F;
d. Ké,j,k N Kg+1,j+1,k+1 d" Ké,j,k N Kg+1,j+1,k+1 (2.3.19)
Moreover the map N on Kg™ is induced by
N K§F — Kokt (2.3.20)

Here, we can check that Res™'d; = (__A6) and Res 'd{ = —(). Hence, it follows
that

di=p di=—y N=1Id (2.3.21)

in terms of the cohomologies of the Y, ie. on the other side of the Poincaré

residue isomorphism. We will denote the morphisms d} and d simply by d' and d”
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respectively. Finally, we recall the following important result:

Theorem 2.7. If the variety YV is Kahler, then

(1) ng carries a Q-Hodge structure of weight 7 +1i — n.

2) The morphism N : K&/ — K5279(=1) is a morphism of Hodge structures.
( P S s P 9

(8) For alli >0, N induces an isomorphism
N K" — K§(—i) (2.3.22)

of Hodge structures.

4) The primitive part of K2 is K_i’j’o, i.e.
s s
K" = Ker(N"Y) N Kg" (2.3.23)

Proof. See [28, 2.9].

2.4 Cohomology of the fibre at infinity: Consani’s complex

In Arakelov geometry, the fibre at archimedean infinity is a manifold X of dimension
n > 0, say, over C or R. Consani [18] has defined a bicomplex (K, d’,d") with a
monodromy type map N that is analogous to Steenbrink’s complex described in the

last section.

We denote by (Q%"+Q%")g(p) the abelian group of real differentials of type (a, b)+

(b,a) on X along with the p-th Hodge-Tate twist, i.e.

(O + ) = @rV=TP(OF + ) pel (24.1)
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For all 7, 5, k € Z, we define the term

@ (O + O () i k= max{0,i}
Ki,j,k _ a%abl(zgl;:kzjl (242)

0 otherwise

We denote by 0 and 0 the usual partial differential operators on any Q‘;(’-b. Then one

introduces the following maps:

d - ik Lk d=0+9
d" . Kbk — KLtk d" =i(d —0) (2.4.3)
N : KWk — Kit20k+1 N(a) = (27i) a

We remark that d” should be considered as composed with a projection onto its range.

We will also maintain the notation
d=d +d" (2.4.4)

For i,j € Z, we write K% = Dz K®* and for a fixed index r, we let K" =
D, K 3. Consider the bicomplex (K", d’,d") as well as its associated total com-

plex (K", d).
Note that [N,d'] = [N,d"] = 0 where [a, b] = ab — ba.

Let p € Z>(. Recall that the real Deligne-Beilinson cohomology of X¢ is the

hypercohomology of the complex
R(p)p : R(p) = Q% — Q% — .. = Q%1 =0 (2.4.5)
i.e. we define HL(X/C,R(p)) = HY(X,R(p)p). If X is defined over R, we can still
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form the complex R(p)p above. In this case, the complex R(p)p carries a complex

conjugation which we refer to as F.,. We refer to the invariants under conjugation

F, as the real Deligne-Beilinson cohomology, i.e.

Hp(X g, R(p)) = HY(X, R(p)p) =" (2.4.6)

Let (X', d%) and (Y, d%) denote two complexes and suppose that f = (f*: X" — Y7)
is a morphism between them. Then the complex (X*+Y "1 (di + f)+di ') is referred

to as the cone of f.

Theorem 2.8. Let p be a nonnegative integer. Then, the complex Cone(N : K972P4~1 —
Ka=%+24=1) (4 € 7)) is quasi-isomorphic to the complex (Ch(p),dp), defined as fol-

lows

la=b|<2p—q—1

( B Q§5b> (p—1) ifqg<2p—1
R
Ch(p) = (2.4.7)
<aiq§w><m ifq>2p
\ R

la—b|<q—2p

with differentials, which for a € Ch(p) are defined as;

d"(a) ifqg<2p—1
dp =% 2m/—=1d'd"(a) ifq=2p (2.4.8)
d'(a) if ¢>2p

The homology of the complex, in each degree q, computes the real Deligne cohomology

group of X,c. Taking F invariants of the homology gives us Hp(X r,R(p)).

Proof. See [18, §4] or [16, §2.19]. ]
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3 The Steenbrink complex and the Cyclic Homol-

ogy of the Sheaf of differential operators

Let X be a complex manifold along with a map f : X — D to the unit disc D.
Suppose that the fibres f~!(¢) are smooth for all ¢ # 0, while the fibre f~1(0) is a
divisor Y with normal crossings on X. We denote the complement X —Y by X*. Let

D* be a universal covering for D* = D — {0}. Denote the fibre product X xp D* by

X
As discussed in the previous chapter, Steenbrink (cf. [37], [38]) has shown that the

cohomology H *(f( *, C) can be computed by as the hypercohomology of the bicomplex

AP? p > 0, defined as

AP = QFF T (log V) /W, (log V) (3.0.9)

Furthermore, there exists a monodromy operator N, of bidegree (1,—1) on A**, de-

fined as the projection

N : AP = Q2 (log YV /W, 05  (log Y) — (3.0.10)

VT (log Y)Wy 51 (log ¥) = APHa!

In this chapter, we consider the complex of nearby cycles as defined in [22], or more

precisely, a resolution ¥** of the nearby cycles complex, which computes the coho-
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d//T d// dll

w209 (log V) —4 w1 (log V) —£> 1202 (log V)

K K (3.0.14)

u' Q% (logY) — 400! Y(logY)

\ .

u?Q5% (log V)

Figure 1: The bicomplex **

mology of X*. The bicomplex ¢** is defined as follows

PP =Cu? @ Q% P(logY)  p>0 (3.0.11)

along with differentials

dW@w) =p '@ Aw d'Wew) =1’ ®dw) (3.0.12)

where d is the exterior differential and § = f*(dt/t) is the pullback of the logarithmic

form dt/t on D as defined in (2.1.6) in Section 2.1. In [28], Guillén and Navarro
Aznar define a map p : Y™ — A** of bicomplexes that induces a quasi-isomorphism

of complexes. The bicomplex 1** supports an operator (monodromy) defined as

N’ @ w) = puP~w (3.0.13)

The map N does not commute with p, but N o u and po N are, in fact, homotopy

equivalent (see [28], 2.5]).

In this chapter, we show (see Section 3.2, Corollary that the (hyper)cohomology
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of the columns of the nearby cycles complex 1** is isomorphic to the Hochschild ho-
mology H H,.(Zx~) of the sheaf Zx- of differential operators on X*. This is defined to
be the hypercohomology of the sheafification of the hoschschild complexes associated
to the ring of differential operators Z(U) for each open U in X*. This construction
is reviewed in Appendix 1. By a result of Wodzicki (see [46] or Proposition A.
), we know that if U is a Stein manifold of dimension n over C, then the Hochschild

and cyclic homologies of the ring Z(U) are determined by the de Rham cohomology

of U as
HH,(2(U)) = H3(U) (3.0.15)
HC,(2(U)) = HX (U) @ HZ " (U) & . .. (3.0.16)

Also, we have the long exact periodicity sequence of Connes (see [31), 2.2.1]):

. —— HH(2(U)) —— HC,(2(U)) -2 HC, ,(2(U)) —2— ...

(3.0.17)
connecting the Hochschild and cyclic homologies of Z(U). Using the fact that every
point on X* has a fundamental system of neighbourhoods that are Stein, we will
establish similar isomorphisms (in Proposition A.7 as well as a corresponding

long exact sequence periodicity sequence for the sheaf of differential operators Zx-.

Remark 3.1. Since the complexes used in defining the Hochschild and cyclic ho-
mology are not bounded below, the notion of hypercohomology is not defined in the
classical sense. Here we use the notion of hypercohomology obtained by writing an

unbounded (below) complex as a limit of its “good” truncations.

Furthermore, we show in Corollary that the filtration Fj, j > 0 by columns

on the total complex T'ot(¢v*), i.e. ((F/Tot(¢™))" =@, —y,>_; ¥, d +d") of the
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bicomplex ¢** coincides with the kernel filtration F;Tot(¢**) = Ker(N7), j > 0 on
™. These filtrations are bounded below (i.e. FoTot(¢**) =0, FjTot(y™*) = 0) and
exhaustive (i.e. Tot(™) = UjsoFj9™, Tot(v*™) = Uj»oF ™ ). Corresponding to
the filtration /] by columns on Tot(¢**), we have a converging spectral sequence in

hypercohomology
B S B R = B X EPAY) (3.018)

We will show in Section 3.2 that H**~(F)/F, _,) = HH,(Zx-). In particular, this im-
plies that the hypercohomology of the graded pieces of the filtration Fji* = Ker(N7),

j >0, compute the Hochschild homology of Zx-.

We construct the cyclic complex for Zx+ and the periodicity long exact sequence
associated to it. In Proposition [3.12] we show that the periodicity operator S ap-
pearing in the cyclic homology of Zx- coincides with the operator N acting on the

complex ™.

In Chapter 4, following Connes and Karoubi [13], we shall define the algebraic,
topological and relative K-theory groups of the sheaf Zx+ and show that there exists
a long exact sequence of these K-theory groups that maps to the periodicity sequence

in the cyclic homology of Zx-.

3.1 The complex of nearby cycles and de Rham cohomology

Let D = {z € C||z| < 1} be the unit disc, D* = D — {0} and X be an algebraic
variety with a proper morphism f : X — D. We suppose that each of the fibres
X; = f7(t), t # 0 is nonsingular and of same dimension, while Y = f~1{0} is a

divisor with normal crossings on X. Let D* be the universal cover of D*, the map
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P : D* — D being given by p/(u) = ™. Denote by D = D* U {0} the space

obtained from D* by adjoining a point 0 such that
(1) D* is open in D.
(2) p: D — D extends the map p' : D* — D* and p(0) = 0.

(3) The system p~!(U), where U runs through all the neighbourhoods of 0 in D, forms

a fundamental system of neighbourhoods of 0 in D.

Set
X=XxpD X' =X-Y=XxpD* X' =X"xpD*'=X-Y (3.1.1)

With these definitions, we have the commutative diagram

al )| /| (3.1.2)

cartesian above the diagram

S
S

{0y —
idl p

{0} —

(_

pfl (3.1.3)

o
3

Let us denote by Z the category of sheaves of sets on D whose restriction to D*
is locally constant. If Y is any topological space, we can consider the collection of
sheaves Y x &, i.e. the category of sheaves of sets on Y x D whose restriction to D lies

in . This category of sheaves Y x & admits the following alternative descriptions

(cf 22, 1.2.4])

(1) Y x Z is the category of sheaves (of sets) F' on Y x & such that D* can be covered
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by open sets U such that F|Y x U is the inverse image of a sheaf on Y.

(2) For t € D*, Y x & is the category of triples (Fy, F}, ) such that

(a) Fp is a sheaf on Y.

(b) F} is a sheaf on Y, provided with an action of m; (D*, ).

(¢) a: Fy — F; is a morphism of sheaves, the image of which is contained in the
set of invariants of F} under the action of 7 (D*,t), i.e. Im(a) C (F,)™(P"),
(3) Y x Z is the category of triples (Fy, F}), &) such that

(a) Fp is a sheaf on Y.

(b) F), is a functor from the category of universal coverings of D* to sheaves on Y.
The category of universal coverings of D*, consists of a single object, say, for
instance, the upper half plane H, while the morphisms are the automorphisms of this
space that reduce to identity under the projection to D*, denoted by Autp«(H). As
such, an action of w(D*,t) = Autp~(H) on objects in a category € may be encoded

as a functor from the category of universal coverings to €.

(c) a: Fy — F, is a morphism of functors, where F{, denotes the constant functor

having value Fjp.

We also need to consider a category of sheaves Y x Z* for which we have three

equivalent definitions (cf [22] 1.2.4])

(1)’ The topos of sheaves F' on Y x D* such that D* can be covered by open sets U

such that the restriction F|Y x U is the inverse image of a sheaf on Y.
(2)’ For t € D*, the topos of sheaves F; on Y, provided with an action of m (D*,t).

(3)" The topos of functors from the category of universal coverings of D* to the

category of sheaves on Y.
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Let F be a sheaf on X. In the language of (3) above, we describe a functor

VU : (Sheaves on X ) — (Sheaves on Y x 2) (3.1.4)

as

V(F) = (" F5.((jp) F), o) (3.1.5)

where i* denotes the inverse image functor (and not the pullback!) and « is the

adjunction morphism

a:i*F =i"p'F — 5, ((ip))F) = 1", p*F (3.1.6)

Similarly, given a sheaf F* on X*, in the language of (3)’ above, we define a functor

U, : (Sheaves on X*) — (Sheaves on Y x Z%) (3.1.7)

as

W, (F") = P50 F) (3.8)

We are interested in their derived functors

RV : DY (X) — DT (Y x 9)

R, : D*(X*) — D*(Y x Z%) (3.1.9)

The functor RW, above is referred to as the functor of nearby cycles.

We now apply this to the de Rham cohomology. Denote by %, the de Rham com-
plex of holomorphic differential forms on X*. By the holomorphic Poincaré lemma,

(Q2%.,d) forms a resolution of the constant sheaf C on X*, which, moreover, is j,-
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acyclic. Denote by DT (X,C) the (bounded below) derived category of sheaves of

finite dimensional C-vector spaces on X. Then we have an isomorphism of complexes
3% — Rj.C (3.1.10)

in DT (X,C).

Proposition 3.2. Let V be a complex local system on X*. The quasi-isomorphism

V 5 Q% (V) (which is a consequence of Poincaré lemma) induces a quasi-isomorphism
7G5 (V) = RU,(V) (3.1.11)

Proof. See [22], 4.4] O

We therefore have a quasi-isomorphism

"5 Q%. — RV, (C) (3.1.12)
By abuse of notation, we shall still denote by f the restriction f : X* — D*. Let

F be a sheaf of f*Op--modules on X* and let I denote the inverse image on X*.

We choose a holomorphic local coordinate z : D — C, with 2(0) = 0 and on the
universal cover D*, we define the function u = log(z) such that exp(u) = z. We can
set

2% = exp(au) = exp(alog(z))

The action of 7 (D*) on the universal covering D* extends to the space X* = X x p D*
and hence to all locally constant sheaves on X*. Hence, the group m1(D*) acts on

H(X*, F) and let T' denote the positive generator for the group m;(D*).
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Definition 3.3. An element x € H(X* F) is said to be finitely determined if the
elements {T%(x)Yicz generate a finite dimensional subspace (over C) of HO(X*, F).
Moreover, we will say that x is finitely determined unipotent (resp. finitely de-

termined quasi-unipotent ) if there exists an integer A (resp. integers A and B) such

that (T — 1)A(z) =0 (resp. (TP —1)4(x) =0).

Define N = 1‘;% on the space of finitely determined quasi-unipotent sections x €

H°(X*, F) by the finite sum
L~ (1-T)
N(zr) = — - d.1
(z) 2m nZ>O n v (3:.1.13)

Now suppose that the sheaf F' on X* is actually the restriction of a sheaf F' on X
(which we also denote by F'). Further, suppose that the sheaf F' on X is coherent
and its restriction to X* is locally free. Under these additional hypotheses, we define
WPH(F) (vesp. Wy(F), resp. W(F)) to be the subsheaf of i*j.(F') consisting
of sections that are finitely determined (resp. finitely determined unipotent, resp.

finitely determined quasi-unipotent).

i

., for any given 7. Then, we have a

In particular, consider the case where F' = ()

natural morphism of complexes
U (Qxe) = i*5.0%. — RY,(C) (3.1.14)

induced by the morphism in Proposition [3.2l Then, Deligne proves the following

theorem (see [22, Theorem 4.13]):

Proposition 3.4. The natural morphism

W () — RY,(C) (3.1.15)
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1S a quasi-isomorphism.
Combining this with the isomorphism
5. Q% — R, (C) (3.1.16)
of Proposition [3.2] we obtain quasi-isomorphisms
5%, 5 RY,(C) «— U(Q%.) (3.1.17)
Moreover, the sheaves QfX, are j,-acyclic resolution of C ¢+ and hence it follows,
HP (X, .%.) ~ HP(X*,C) (3.1.18)
The functor i* being exact, we have
HP (Y, .Q%.) ~ HP(X*,C) (3.1.19)

and hence all three complexes E*]*Q} RW¥,(C) and W (Q%.) compute the coho-

mology of X*.

In [38, Section 13], Steenbrink has defined the complex
AP = Cupyy ) @c Q% (log V) /W, Qx (log YV)PHat! (3.1.20)

along with the maps

d : Ar1 — APtLa J'(y RQw) =u Q0N w
(tpr) @) = tppr (3.1.21)

d" - AP1 — APatl d”(u[p+1] ® w) = U] ® dw
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where we denote, following [28],
ul! = P /p! up = (1) Hp— D"

It follows from the theory developed by Deligne [22] and Steenbrink [3§], that this
complex is, in fact, a resolution of the nearby cycles complex. The monodromy on

Steenbrink’s complex has the explicit description
N : AP1 — Aptha-l (3.1.22)

defined as

N(u[erl] X w) = Up42) @ W (3.1.23)

Also, [N, d'] = [N,d"] = 0. We recall that the maps are as indicated in the following

diagram :

X 21X vy

l fl l (3.1.24)

D - D {0}

where D* is a universal cover for the punctured disc D* with the map p : D* — D*
given by p(u) = e*. Further, we have X* = f~!1(D*). If ¢ is a chosen uniform

coordinate for D, we set 8 = f*(dt/t).

Following [28, 2.2], let us define the following complex of sheaves on X, which is

yet another resolution of the nearby cycles complex.

Y*(C) = Clu] ®c Qi (logY) = Y Cu” @¢ Vy(logY) (3.1.25)

p>0
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extending the exterior differential by d(u®1) = 1®6. Let Ry*(C) be the the complex
of nearby cycles, defined as Ry*(F) = i*Ry,j*F for a sheaf F on X.

Then the double complex ¢**(C) defined by

P(C) P =Cuf @c Q" (logY)  p>0 (3.1.26)

with the differentials

d : p(C) P4 — (C) P d'(wP @w) = (puF ' @ Aw)
d": p(C) ™1 — H(C) Pt " (wP @ w) = (uf @ dw)

(3.1.27)

is a resolution of the complex ¥*(C). On ¢*(C), the momodromy is expressed by the
operator,

T : *(C) — 4*(C) (3.1.28)

given by
T @w) = (u+2mi)P Qu (3.1.29)

If we let N = logT/2mi as before, we note that N has the following description on
¥ (C)
NuPow) =uPVow p>0 (3.1.30)

By abuse of notation, we shall often refer to ¢** itself as the nearby cycles complex.

Proposition 3.5. (see [22, Section 4]) There is an isomorphism of hypercohomologies

H* (Y, ¢*(C)) ~ H*(Y,Ry*(C)) = H*(X*,C)

Proof. We have mentioned that ¢**(C) is a resolution of the nearby cycles complex
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d//T d// dll

w209 (log V) —4 w1 (log V) —£> 1202 (log V)

\\QQ\ \\QQ\ (3.1.31)

u' Q% (logY) — 400! Y(logY)

\\Qi\d

u?Q5% (log V)

Figure 2: The bicomplex **

and hence it induces the isomorphism H*(Y,¢*(C)) ~ H*(Y, R¢*(C)). The second

part of the statement has already been proved above. O

Proposition 3.6. (see [28, (2.5)]) The morphism p : *(C) — A* defined by

p(ul? @ w,) = ! Tr70 (3.1.32)

(—1)|w0|u[1] ®O0ANwy ifp=20

log T

is a quasi-isomorphism of complezes. Further, if N = =&

, where T" is the monodromy
operator (T may be assumed to be unipotent by making an adequate transformation
2+ V), the morphisms N oy and po N are homotopic. The homotopy is induced

by the map h of bidegree (0, —1) defined as

hulP @ w,) = ! Fp#0 (3.1.33)

(=Dl @wy ifp=0

Proof. 1t is clear that [u,d"] = [u,d'] = 0 and hence p induces a morphism of com-
plexes. The proof that p is actually a quasi-isomorphism may be found in [33].

Further, we note that hod” +d"oh=0and Nou—puoN =hod +d oh, whence
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h defines a homotopy from N o p to o N. [

As mentioned above, the maps N and g commute only up to homotopy. Consider
the subcomplex Ker(N)* of ¢*(C) and the subcomplex Im(N)* of A*. The weight
filtration W on Q% (log Y') (see chapter 2) may be extended to ¢*(C). Following [38];

on the terms APY we have two filtrations W and L, given by

W, AP? = Cuppy1) @c Wiip 1 QT (log V) /W, 055 (log V) (3.1.34)

L, AP = Cuppy1) @c Wipap Q% 7 (log V) /W05 (log V)

It is important to note that the differentials d’ and d” respect the latter filtration

L (usually called the monodromy filtration) and that we have

GriA* =~ @ Cupesr] ®c GrYop 125 (logY) (3.1.35)

k>0,—r

Using the Poincaré residue map described in the previous chapter, the right hand side
is isomorphic to

L 1
GTT AT ®k207—rQ +

E'3
yr+2k+1 [

—r — 2k — 1] (3.1.36)

where the residue map is extended by Res(up11] @ w) = Resyqopi1(w).

Theorem 3.7. Denote the monodromy on ¢** by Ny and the corresponding operator
on A** by Na. Consider the complexes (Ker(Ny)*,d") and (Coker(N4)*,d"). Then,

we have
(Ker(Ny)*,d")/Wo(Ker(Ny)*,d") = (Coker(N4)*,d")[—1] (3.1.37)

where Wo(Ker(Ny)*,d") the subcomplex of (Ker(Ny)*,d") of terms of weight 0.
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Proof. The map Ny acts by Nw(u[p] ® w) = ulP"1 ® w and hence it is clear that
the kernel of Ny consists of the terms ul” ® w, which form the column ¢%. Hence
Ker(Ny)' = Cu’Qy(logY).

Similarly, since Ny acts as Na(up) ® w) = ujpi1] ®@w, the cokernel of N4 consists of
the terms u) ® w which form the column A% = Cupyy ® Q4 (log V) /WoQ4 ™ (log V).

Hence, it follows that

(Ker(Ny)*,d")/Wo(Ker(Ny)*,d") = (Cu’ @ Q% (log V) /W% (log V), d") —
(3.1.38)
(Cu’@Q% log Y) /Wi (log V), d")[—1] = (A%, d")[~1] = (Coker(NA)*,d")[—1]
(3.1.39)
O

3.2 The complex Ker(N)* and the Hochschild Complex

As recalled in Section 3.1, the bicomplex 1**(C) is a resolution of the nearby cycles

complex. The monodromy N, which is given by N = lgi ;TF, acts on 1**(C) as follows;

given ulP! @ w € ¢P4(C), we have

NPl @w)= @l Tow) ey Pe(C) p>0

Moreover, it is easy to check that N : ¢pP9(C) — ¢p~PT1471(C) commutes with the

differentials d’ and d" of ¢**(C), i.e.,

IN,d] = [N,d"] =0
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Therefore, we can consider the subcomplex of T'ot(¢**(C)) given by (Ker(N),d +
d"), which we shall denote by Ker(N)*. We consider the increasing filtration Fj
on Tot(¢**(C)) by subcomplexes Fj(Tot(y**(C))) = Ker(N¥)*, k > 0 and the
graded pieces F 1/ F), = Ker(N*"1)*/Ker(N¥)*. Note that the filtration is bounded
below, i.e. Fy(Tot(y**(C))) = 0 and that it is exhaustive, i.e. Tot(¢*(C)) =

Ur>oF1(Tot (¢ (C))).

Proposition 3.8. Let Zx« denote the sheaf of differential operators on X* as defined

in Appendiz 1. Then, there are canonical isomorphisms

HH,(Zx-) — H*""9(Ker(N)*) (3.2.1)

where HH,(Px+) denotes the Hochschild homology of the sheaf of differential opera-

tors on X* as defined in Appendiz 1.

Proof. Since N(ulP! @ w) = (ulP~Y @ w), ulP! ® w lies in Ker(N)* if and only if p = 0.
Hence, we have

Ker(N)* = ¢"*(C) (3.2.2)

From the description of the terms 1%*, the complex Ker(N)* can now be written as

Ker(N)' = Cu’ ® Q% (logY) (3.2.3)

Let j : X* — X denote the open immersion. From [23] 3.1.8], we know that there is

a quasi-isomorphism of filtered complexes

(5 (log V), W) — (U (log V), 7) — (4%, T) (3.2.4)

where W is the weight filtration on the de Rham complex with logarithmic poles
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and 7 is the canonical filtration (see [23, 3.1.7] for details). Both W and 7 are finite
filtrations (on each term of the complex) and hence we have a quasi-isomorphism of

complexes and an isomorphism on hypercohomologies

H* (Ker(N)*) 5 H* (% (log V) = H* (X, j. Q%) (3.2.5)

Every point in X* has a fundamental system of neighbourhoods that are Stein.
Hence, for any analytic coherent sheaf F on X*, we have R'j,F = 0 for i > 0. Hence
the de Rham complex on X* is a resolution of the constant sheaf C on X* by a

complex of sheaves that are j,. acyclic. This implies that (see [23, 3.1.7.1])

H*(X*,C) = H"(X*, Q%) < H" (X, 7.0%.) (3.2.6)

From Theorem A[3.17, we obtain

HH,(Zx-) — H* 7 9(X*,Qx-) (3.2.7)

Hence it follows that
HH,(Zx-) — H* 9(Ker(N)*) (3.2.8)
O

Corollary 3.9. The filtration by columns on Tot(¢V**) coincides with the filtration by
F;(Tot(y**(C))) = Ker(N?)*, j > 0 and moreover, the Hochschild homology of Px-

can be computed as (for k> 0)

HH(Dx+) 2 W 91(Ker(N*)* /Ker(N*)*) 2 H** U(griTot(y*))  (3.2.9)
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where griy**(C) denote the graded pieces corresponding to the filtration of 1**(C) by

columnes.

Proof. For any k > 0, we have that Fy(Tot(v**(C))) = Ker(N*)* comprises the

terms P4 where p > —k + 1. Consequently, we have

Ker(N*™)* | Ker(N¥)* = o~ F (3.2.10)

We see that Ker(N*) consists of all terms of Tot(1)**) that come from columns 0,
1,...,k. Therefore F} coincides with the filtration by columns on T'ot(1)**) and, using
Proposition [3.8, we have

HH,(Px-) = H" (Ker(N*™)* ) Ker(N*)*) = H*"~(griy*) (3.2.11)

3.3 The Connes periodicity operator and the monodromy

operator

In the previous section, we have seen that the graded pieces of the filtration on
Tot(v**) by F;Tot(y*(C)) = Ker(N7), j > 0 compute the Hochschild homology of
PDx~. Furthermore, we have shown in Corollary that the filtration by Ker(N7),
j > 0 coincides with the filtration by columns of ¢**. This yields an increasing
filtration on the associated total complex 1*, which, moreover, bounded below and

exhaustive. Consequently, we have a spectral sequence in hypercohomology

HHy(Zx+) = E; P20 = P 9(y7) (3.3.1)
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We will now define a triple complex BC*™™ by “vertically stacking” copies of the
bi-complexes **(C) in a certain way. Then, a “column” of the triple complex is a
bicomplex BCP** obtained by fixing the first index. The “column” BCP** therefore
consists of a column from each copy of ¢** that has been stacked to form the triple

complex BCP**.

In Theorem3.10}, we shall show that each of the “columns” BCP** is quasi-isomorphic
to the complex computing cyclic homology of Zx+. This is a counterpart to Corollary
3-9] where we showed that the columns of ¢**(C) are quasi-isomorphic to Hochschild

complexes for Px-.

The ¢**(C) complexes stacked vertically to form the complex BC*™* induce a mon-

Pkk

odromy operator N on BC*™ and hence on each column BCP**. We have just men-

tioned that the column BCP** is quasi-isomorphic to the cyclic homology complex of
Dx~. Therefore the hypercohomology of each column BCP** carries a periodicity oper-
ator S. We will also show in Theorem that, in this formulation, the monodromy

operator N coincides with the Connes periodicity operator S in each column BCP**.

Finally, in Theorem [3.11} we show that the filtration by columns BCP** on the total
complex Tot(BC*™") yields a spectral sequence converging to the hypercohomology of
BC™* whose Fj-terms are cyclic homologies of Zx+. This is a counterpart to (3.3.1))

above.

Consider the following triple complex of sheaves;

BCPOT — ¢p+r,q72r —Cu?P"Q® Qg(ﬂ’_r(log Y) p,q, 7 €Z,p+r <0 (3.3.2)

along with maps
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d : BCPe" — Berther duw @w)=pu? ' @0 Aw (333)
d" . BCP4T — Berath d"(uP @w) =uP ® dw

(Recall here the definition of 0, given immediately after Pmposition

where the morphisms are understood as composed with the projection onto their
image. The third differential of the triple complex, i.e. the map from BCP?" —
BCP%"+1 is taken to be 0. This is supposed to reflect the fact that the cyclic homology
of Px« splits as a direct sum of Hochschild homologies of Zx«. In general one would
expect only a filtration on the cyclic homology, determined by the Hochschild to Cyclic
spectral sequence. The monodromy on the complex ¥** extends to a monodromy

operator on BC*™™ defined as

N : BCP4" — Bepthalr Nul@w)=u""Vow (3.3.4)

For any fixed p € Z, the bicomplex BCP** may be described explicitly as in the
diagram (3.3.5]).

While dealing with Hochschild homology of Zx+ in Section 3.2, we filtered the
complex ?%(C) by its columns fixing the value of p. We will now deal with one

“column” of the triple complex BCP%" at a time, again by considering the terms in

BCP®" with a fixed value of p.

Theorem 3.10. (a) For each fixed p € Z, the bicomplex BCP™* computes the cyclic

homology of Px~, i.e., there is a quasi-isomorphism of complezes:

Tot(CC(Px-)) —> Tot(BCP**)[2n].
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BCP:—2p,—p
——N—
r=—p: Cu’Q% (logY) ——

o
BCP:—2p—1,—p—1

r=-p—1: Cu'Q% (logY) AN Cu'Q(logy) ——
[s Js
BCPs —2p—2,—p—2

———
=-—p—2: Cu’Q%(logY) —T ., cu2q! Y(logY) T, Cu? 3(logY) —

/

(3. 3. 5)
Figure 3: The bicomplex BCP**
and hence a canonical isomorphism:
HCW(Dx+) 2 W F(Tot(BCP**)) k€N, n=dim(X*) (3.3.6)
where the total complex Tot(BCP™*) is described by
Tot(BCP™*) = € BCr" = P Cu Q¢ (logY) (3.3.7)

q+r=—p+i q+r=—p+lI

(b) Using the isomorphism in (3.3.6)), the monodromy N on the complex BC*™** co

incides with the periodicity operator S on the cyclic homology of Px~, i.e.

N H2k(Tot (BCP**)) = HCW(Dx-) —— (3.3.8)

HCy_o(Dx-) = HH+2(Tot(BCP*))

Proof. (a) Notice that each of the rows with d” differentials in the diagram for BCP**
is simply the logarithmic de Rham complex (% (logY’),d”) (upto a shift). We know

from before (see for instance, the proof of Proposition , that this logarithmic de
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Rham complex computes the de Rham cohomology of X*. Hence, if we take the total

complex Tot(BCP**), it follows that
H*"*(Tot(BCP**)) = HyH(X*) @ Hp " (X" &@ . ..
But, from Theorem A[3.17]in Appendix 1, we know that
HCW(Zx+) 2 HFF(X*) @ HEF2(X) @ ... (3.3.9)

The isomorphism H?"*(Tot(BC***)) & HCy(Zx-~) is canonical because, on the one
hand, the rows of BC”** with d’-differentials are logarithmic de Rham complexes and
hence are canonically isomorphic to de Rham complex on X*. Hence, we have a

quasi-isomorphism of complexes

Tot(BCP*) = é % (log Y)[2k] 25 é 0% [2K] (3.3.10)

It now follows from the proof of Theorem A J3.17|that the cyclic complex T'ot(CC(ZPx~))
is quasi-isomorphic to a shift of the right hand side of (3.3.10]), i.e.

Tot(CC(PDx-)) L5 (@ Q. [%]) 2n] L5 Tot(BCP**)[2n]  (n = dim(X*))

(3.3.11)

(b) From the definition of the operator N, it follows that N(BCP**) = BCP**|0, 1, 1].
Hence,

B (N (BCP™)) = B (Tot(BCP*)) (3:3.12)
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Therefore, the operator N coincides with the projection
HEH(X) @ HERH? @ HEH(X) - — HEH? @ HEhH ()

The operator S can be identified with the same projection, as we show in Corollary

A[3.18in Appendix 1. n

Theorem 3.11. Let BC* denote the total complex associated to the triple complex
BC™*. Let F}, k € Z denote the filtration induced on the total complex BC* by

“columns” BCP*™* | i.e.

FlBC* = ( @ B dvd+ d”’) (3.3.13)

qtr=—pt*p=>—k

There is a converging spectral sequence in hypercohomology
EyPPT = P (E) /L) = HPTY(BCY) (3.3.14)
The Ei-terms are, moreover, canonically isomorphic to cyclic homologies of Dx~, i.e
HC,(Px-) = By PP (3.3.15)

Proof. For each fixed p € 7Z, the bicomplexes BCP** form the graded pieces of a
“filtration by columns” on the triple complex BC**. Hence, the complexes Tot(BCP**)

form the graded pieces of a filtration on the total complex BC*, i.e.
FJE, | = Tot(BC"™) (3.3.16)

Further, this filtration is bounded below and exhaustive. From Theorem [3.10] above,
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we know that

HCW(Dx-) 2 W™ *(Tot(BCP**)) k€N (3.3.17)

From the spectral sequence associated to the filtration by Tot(BC***), p € Z, we get

HC,(Zx-) = ByP?" 1 = H*"1(BC*) (3.3.18)

Finally, we have

Proposition 3.12. We have the following commutative diagram of long exact se-

quences 1n which the vertical maps are 1somorphisms.

I N

. — H**(Ker(N)*) —— H> *(Tot(BC"™)) —— H* *+2(Tot(BC***)) — ...

| | |

Proof. The isomorphism H?"*(Ker(N)*) & HH,(Px-) was proved in Proposition
in Section 3.2 while the isomorphisms H2?" *(Tot(BC"*)) = HC.(Px~) and
H2"=#+2(Tot (BCP**)) = HCy_o(Px+) follow from Theorem [3.10[a) above. The mor-
phisms S and N have been identified in Theorem [3.10[b). The lower sequence in the
diagram above has been shown to be long exact in Corollary A3.18 in Appendix 1.

This proves the result.

Appendix 1: Cyclic Homology of the Ring of Differential Operators

A manifold U is said to be Stein if the following conditions hold:
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(1) U is holomorphically convez, i.e., for every compact subset K of U, the holomor-

phic convex hull K of K:
K={z€U|[|f(2)| <sup|f| ¥ f € OU)}

is a compact subset of U. Here O(U) denotes the ring of holomorphic functions on

U.

(2) U is holomorphically separated, i.e. given two points z # y in U, there exists a

holomorphic function f € O(U) such that
f(@) # f(y)

(3) For every point x € U, there exist holomorphic functions fi,...,f, in O(U) forming

a local coordinate system at x.

In fact, the key property of Stein manifolds is that if F is an analytic quasi-coherent
sheaf on a Stein manifold U, then H*(U,F) = 0 for all i > 0. In the GAGA set of
analogies of manifolds with algebraic varieties, Stein manifolds correspond to affine

varieties.

Let us denote by Z(U) the ring of holomorphic differential operators on a Stein
manifold U. If (z1, 29, ..., 2,) is a system of holomorphic local coordinates for U

(dimcU = n), then the ring Z(U) consists of all finite sums of terms of the form

0o 0 0
aZil 8% o 82%

fi

where [ = {iy < iy < ... <4} C {1,2,..,n} and f; € O(U). Henceforth, we

shall implicitly assume that the spaces H,(U), HH.(2(U)) and HC.(2(U)) are

76



finite dimensional. The Hochschild and cyclic homologies of Z(U) (considered as a
C-algebra), as determined in [46] (as also for the ring of differential operators on an

affine variety), are described as follows:

Proposition A. 3.13. (see [{6, Theorem 3]) If U is a Stein manifold and dim(U) =

n, then

(1) HC(2(U)) =~ Hy "(U) @ Hyy “*(U) @ Hy "™(U) @ ...

(3.3.19)
(2) HH,(2(U)) ~ Hag "(U)

In particular, the analogous result holds for the ring of algebraic differential oper-

ators on an affine variety.

Proof. The ring Z(U) has a natural filtration by order of the differential opera-
tor. The filtration gives us a spectral sequence £, associated to the mixed complex
Tot(B..(2(U))) that converges to HC,(Z(U)). This spectral sequence E} is a
priori located in the region p > 0 and p+q > 0. Wodzicki[46] shows that the E} =0

(r >1)ifeitherp>1and ¢ >norif p>1and p+q> 2n. For p =0, we get
Eéq = Hc(lIR(U) (q Z n)

Since the columns of the mixed complex B,.(Z(U)) compute the Hochschild homology
of 2(U), we can use the spectral sequence associated to the filtration of B,.(Z2(U))
by columns to reduce the proof of statement (1) to the proof of (2) above. The terms

Ej, show that

for ¢ > 2n — 1 whence it follows from [40, Lemma 6] that the long exact periodicity
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sequence splits into short exact sequences
0 —— HH,(2(U)) —— HC,(2(U)) —2= HC, »(2(U)) —— 0

Finally, if 'E], denotes the spectral sequence associated to the filtration on the
Hochschild complex of 2(U), 'E}, degenerates at the E*-term, i.e. 'E2 = 0 un-

less ¢ = n and the differential / dlqu corresponds to the de Rham differential. Then,
HH(2(U)) ~ 'Ej_,,, = Hyz "(U)

]

In Proposition AJ3.13|above, the ring Z(U) is considered as a topological algebra.
Therefore, in the complexes defining the Hochschild and cyclic homologies of 2(U), it
should be understood that the tensor product ®c¢ has been replaced by the projective

topological tensor product @, c.

The isomorphism in Proposition AJ3.13] above is canonical and functorial with
respect to embeddings of codimension zero, i.e. with respect to embeddings of the
form U < V with dim(U) = dim(V) (since the expressions H,p *(U) involve the
dimension n of the manifold U, the isomorphism HH,(2(U)) ~ H;y *(U) cannot
be functorial with respect to an embedding U — V', unless U and V have the same

dimension).

In the notation of Section 3.1, we have a proper morphism f : X — D, X being an
algebraic variety and D being the open unit disc. If Y = f~1({0}) is the (closed) fibre
over over {0}, we have set X* = X — Y. Since X* is open in X, any x € X* has a
fundamental system of neighbourhoods that are Stein. We can therefore form a basis

of X* say {U, }ier, such that each U; is Stein. Since all open sets U; and their finite
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intersections have the same topological dimension and are also Stein open sets, the
functoriality of the isomorphisms HH,(2(U), 2(U)) ~ Hin *(U) can be employed

to obtain an isomorphism in hypercohomology.

The following lemma will be useful both in this as well as in later chapters. If F
and G are two sheaves on a manifold W, we know that, in general, isomorphisms ¢y :
F(U) — G(U) on the open sets U C W do not imply the existence of an isomorphism
(or even a morphism) of sheaves ¢ : F — G. However, if the isomorphisms ¢y are

functorial, in a way to be made precise in the following lemma, this is true.

Lemma A. 3.14. (a) Let F and G be two separated presheaves (of sets or abelian
groups) on a topological space W, such that W has a basis consisting of open sets

{Uqs}aca and there exist isomorphisms (of sets, or abelian groups resp.)

Yo : F(Uy) — G(U,)

which are (contravariantly) functorial with respect to inclusions of the open sets U,

a € A. Then, there exists an isomorphism ¢ : F — G of their sheafifications.

(b) Let F and G be two presheaves (of sets or abelian groups) on a topological
space W, such that W has a basis consisting of open sets {Uy}aca and there exist

isomorphisms (of sets, or abelian groups resp.)

Yo : F(Us) — G(Us)

which are (contravariantly) functorial with respect to inclusions of the open sets U,,

a € A. Then, there exist morphisms

Yo F*(Ua) — G°(Ua)
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which are contravariantly functorial with respect to inclusions of open sets U,, a € A,

where F*° and G° refer to the separated presheaves associated to F and G respectively.

Proof. (a) Choose an open set U C W such that F(U) # ¢ and consider s € F(U).
There exists a collection of open sets {U;}ier covering U such that [ C A, i.e. the
U; are elements of the basis and s € F(U) corresponds to sections s; € F(U;) of
s € F(U) and their images t; = p;(s;) € G(U;).

For any two 7, j € I, consider a collection of basis open sets {Vj;3}sep,, covering
U; N U;. Denote by s;; (resp. s;;g) the restriction of s; to U; N U, (resp. to each Vj;g).
Denote by t;; and t}; (vesp. t;;s and t;;5) the restriction of t; and ¢; to U; N Uj (resp.
Vija) respectively. The morphisms ¢, are functorial with respect to inclusions of the
sets of the basis. From the inclusion V;;z — U;, we get ¢;;s(sij3) = tijp and from the
inclusion Vijg — Uj, we get ©i5(sij) = ti;s-

Let igw: : GW') — G(W’) be the morphism of presheaves due to sheafification of

G on an open set W' C W. Since t;;5 = t;,5, it follows that,

iqu, (ti)|Vijs = iav,s (tijs) = iav,s(tis) = tau, (i) Vigs

and hence it follows that

iy, (t)|Uij = icu, (tiy) = iau,; (t;) = i, (t;)|Us

From this it follows that the collection i¢ g, (t;) € G(U;) gives a well defined element

t € G(U). We define @y (s) =t € G(U). It is clear that ¢ is an isomorphism.

Finally, suppose that F(U) = ¢. If G(U) = ¢ as well, there is nothing to prove.
However, if G(U) # ¢, we can find sections t, € G(U,), U, being open sets of

the basis; such that, for any o, 3 € A with U,,Us C U, t, and tz have the same
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restriction to a collection of basis open sets covering the intersection U, N Ug. Then,
using the isomorphisms ;! : G(U,) — F(U,) and their functoriality with respect
to inclusions of basis open sets, we can obtain sections s, € F(U,) such that, for
any o, 3 € A with U,,Uz C U, s, and sg have the same restriction to a collection of
basis open sets covering the intersection U, N Ug. The sections s, can now be glued

together to give a section s € F(U) and hence F(U) # ¢.

Of course, if F and G are presheaves of abelian groups (as they will be in all our
applications), the identity 0 is always a section over any open set and hence F (U) # ¢
for all U.

(b) Take any open set Uz with 3 € A. Suppose that s and ¢ are two sections of F(Up)
that are identified in F*(Ug). Then, since {U,}aca is a basis for W, there exists a
cover {U;}ierca of Ug such that s|U; = t|U; for each i € I. Consider the sections

ws(s), ps(t) € G(Ug). We have commutative diagrams

F(Us) —— G(Up)
l l (3.3.20)
F(U,) —— G(Uy)

for each i € I, whence it follows that wg(s)|U; = ¢s(t)|U; for each i € I. Hence, pg(s)
and pg(t) coincide in G*(Us). Hence, the morphisms ¢, : F(U,) — G(U,) for all a €
A descend to morphisms ¢ : F*(U,) — G*(U,). That the ¢? are contravariantly

functorial with respect to inclusions of open sets in {U, }4eca is clear. O

Corollary A. 3.15. Let F and G be two presheaves (of sets or abelian groups) on

a topological space W, such that W has a basis consisting of open sets {Uy}aca and
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there exist isomorphisms (of sets, or abelian groups resp.)

Yot F(Us) — G(Us)

which are (contravariantly) functorial with respect to inclusions of the open sets U,,

o € A. Then, there exists an isomorphism ¢ : F — G of their sheafifications.

Proof. This is clear from Lemma A [3.14] above. O

Denote by Zx« the sheaf of differential operators on X*, i.e. Zx+ is the sheaf

associated to the presheaf U — Z(U) for every open set U C X*.

Definition A. 3.16. Let C"(Zx+) and B..(%9x-) denote the sheafification of the
complezes defining the Hochschild and cyclic homologies of 2(U) (for each open U C
X*) resp. The Hochschild and cyclic homology of Px+ are defined to be the respective

hypercohomlogies, 1i.e

HH,(Zx-) = H *(C"(Px-)) HC.(Zx-) = H *(Tot(B,.(Zx-)))

Once again, we recall here that the complexes C"(Zy+) and Tot(B..(Zx+)) are
unbounded below and therefore the hypercohomology groups are defined as in Weibel

2.

Theorem A. 3.17. Let X* be a locally Stein complex manifold and let Px~ be the

sheaf of differential operators on X*. Then, there are isomorphisms

(1) HC(Zx-) ~ Hix “(X*) @ Hip (X" @ Hop (XM @ ...
(2) HHy(Zx-) ~ Hyp 9(X™)
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Proof. Let HH.(Zx+) and HC.(Zx~) denote the respective total homology sheaves
associated to the complexes C"(Zx-) and B..(Zx+) as defined in Definition AJ3.16]
For each open set V' C X*, the de Rham complex is the hypercohomology of the

complex of sheaves with de Rham differential:
0— Q) — QO — ...

where Q! denotes as usual the sheaf of holomorphic differential forms of degree i on
V. When V is Stein, the sheaves (2}, are coherent and the higher cohomologies vanish
and hence the hypercohomology can be calculated by taking the homology of the
complex of global sections. Let H* denote the cohomology presheaf of the complex
of sheaves

0— Q% — Q% — ...

and let H* denote the cohomology sheaf associated to H*.

Consider the basis {U; };c; of X* such that each U; is Stein. Then, using the func-
toriality of the isomorphisms in Proposition A3.13| (for embeddings of codimension

0), we deduce the existence of isomorphisms f;
fi - HH(2(U;)) — H*"~4(U;)

Since the intersections of Stein manifolds are Stein, the morphisms f; also satisfy

fi u;nU; — fj

A 3.14]) we obtain an isomorphism of sheaves

vinu;- Since the Stein open sets form a basis, by applying Lemma

HH (Dx-) = HZ
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We conclude, using the hypercohomology spectral sequence for the Hochschild ho-
mology, that
EY = HY(X*,HH,) = HH, ,(Dx~)

For the de Rham complex, we use the hypercohomology spectral sequence to conclude

Hp(X*,HHq) L) HP(X*,Hwhq) —_ E§,2nfq = Hg;%ranq(X*)

By applying the Poincaré lemma, we deduce that the sheaf H?"~¢ is non zero only
when ¢ = 2n and hence H'H, is non zero only when ¢ = 2n as well. Hence both

spectral sequences are degenerate and we obtain isomorphisms

HP(X* HMon) — HHzp(Px-)  HP(XT,HY) = Hjp(X7)

and hence we have

H oy p(Zx+) — Hip(X7)

This proves (2).

To prove (1), we proceed as follows: We recall the bicomplex CC(Z(U)) that
defines cyclic homology from Definition for each open set U in X*. The odd num-
bered columns of CC(Z(U)), i.e. those with “V/-differentials” are chain homotopic
to 0. The even numbered columns of CC(Z(U)), i.e., those with “b-differentials”

compute the Hochschild homology of Z(U).

From [6] and [7] we know that the Hochschild complex of the sheaf of differential
operators Py is quasi-isomorphic to C[2n] (the constant sheaf C shifted 2n-places,
where n = dim(U)). Since the periodicity operator is defined by dropping the first

two columns of CC(Z(U)), i.e. one b-column (computing Hochschild homology) and
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one b'-column (which is chain homotopic to 0), it follows that (the total complex of)

the sheafification of CC(Z(U)) is quasi-isomorphic to
C2nj]®eC2n+2] & ...

and that the periodicity operator acts by dropping the first summand C[2n]. Hence,

we have the isomorphism of hypercohomologies

HCy(Px+) = Hyy *(X*) @ Hyp "™ (X") @ Hyp ™ (X" @ ...

Corollary A. 3.18. There exists a long exact sequence
> HH(Dx-) — HCy(Dx+) > HCy o(Dx) — ...
The periodicity operator
S:HC(Zx+) — HCyo(PDx~)

acts by dropping the summand HH,(Px-) = Hyw 9(X).

Proof. We have the short exact sequence of complexes of sheaves
0 — CMPx+) — Tot(B.(Zx-)) — Tot(B..(Zx-))[2] — 0

The long exact periodicity sequence now follows from the fact that hypercohomology
is a hyperderived functor. The last statement follows from the proof of Proposition

A3.17 in which we showed that the sheafification of the double complex CC(2(U))
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is quasi-isomorphic to C[2n] @& C[2n + 2] & ... and that the periodicity operator acts

by dropping the first summand C[2n]. O
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4 Consani’s complex and the Cyclic Cohomology

of the ring of differential operators

The formalism of nearby cycles associated to an algebraic degeneration over a disc
can be extended to the case of the reduced and irreducible fibre at infinity of an arith-
metic variety. In 2.3, we described a complex K%* that is used to make explicit the
E-terms of the spectral sequence associated to the L-filtration on Steenbrink’s com-
plex that converges to the cohomology of the universal fibre X*. We also described
an endomorphism N : K¢ — Kit23k+1 Thereafter, in Chapter 3, we considered a
resolution ¢**(C) of the nearby cycles complex (which is quasi-isomorphic to Steen-
brink’s complex); we identified the homology of the graded pieces of filtration induced
on the former by the kernel of N7, j > 0 with the Hochschild homology of the sheaf of
differential operators on X* and finally showed that, the endomorphism N induced on

the cohomology can be identified with the periodicity operator S in cyclic homology.

Consani, in her PhD. thesis (see [18],[19]), introduced a complex K** again with
monodromy N that is the “archimedean” analogue of the Steenbrink complex at
archimedean infinity. In this new setup, the complex (or real) points of an arith-
metic variety over a number field play the role of the nearby fibre over infinity. The
complex points of the nearby fibre at infinity form a smooth complex manifold X (C)
of dimension, say n over C. The manifold X (C) may also be extended from R, i.e.
there exists a real manifold of dimension n X (R) such that X(C) = X(R) ®g C. The

images of N7, j > 0 are direct summands of K* = &, ;—. K™, with K% = @, K",
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In this chapter, we show that the homology of the graded pieces of the filtration
defined by them correspond naturally to Hochschild cohomology of the ring of differ-
ential operators Z(X) on X. Thereafter, we construct a complex that computes the
cyclic cohomology of Z(X). This complex is, in fact, a deck of Hochschild complexes.
Thereafter, we show that the endomorphism N on the hypercohomology corresponds

to the periodicity operator S in cyclic cohomology.

We understand this “interchange” of roles between the framework of cyclic homol-
ogy and that of cyclic cohomology between the two chapters as a natural consequence
of the fact that that the K**’s appearing in Consani’s complex are an analogue of
the graded pieces of the L-filtration on Steenbrink’s complex A*, which appears as
the target of the quasi-isomorphism p : 9*(C) — A* in Proposition Then, the
interchange between the kernel and the cokernel of N appearing on ¢*(C) and N ap-
pearing on A* which was already made explicit in Corollary [3.7, will be understood as
an interchange between cyclic homology and cyclic cohomology. Therefore, in section
4 of this chapter, we will construct a complex ¢*™* which is the analogue of the nearby
cycles complex ¢** at archimedian infinity. Correspondingly, we will assemble the
graded pieces K“* to form a complex B** which replaces the Steenbrink complex
A** of Proposition [3.6| and also a morphism of complexes p : ¢* — B*. Both The
complexes ¢ and B** are equipped with an endomorphism /N, and, as in Proposition

[3.6 1o N is chain homotopic to the operator N o p.

4.1 Consani’s complex

Let X be a smooth compact manifold of dimension m over C or R. If X is defined
over R, then we let X(C) denote the complex manifold X(C) = X ®g C. Then, in

either case, dimc(X(C)) = m and, by abuse of notation, we will continue to refer to
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X (C) simply as X, whenever X is defined over R. We let Q& denote the module
of real differentials on X, i.e. the direct sum @, ,_,,(Q** + Q). We denote the
direct sums (%" + Q%)= by Q%’R. We have the following setup (see [18, Section 4]):

For all 4, 5, k € Z, we define

G?b Q;&?R (2H=1) k> max{0,4}
K% =S b jm Jamb|<2k—i (4.1.1)
0 otherwise

where the term Qﬁ(’f’R(r) refers to real differentials of type (a,b) multiplied by a factor
of (2mi)". We refer to the number r in Q?g{’R(T) as the (Tate)twist of the real differential

forms.

We will now define the maps d’, d” and N as follows. Denote by 9 and 0 the usual

partial differential operators on Q%’R. We define

d': KWk — gt d =049
d// . Ki,j,k N Ki+1,j+1,k d// _ Z(a . 5) (4_1.2)
N : Kok — [i+20k+1 N(a) = (27i)'a

We remark that d” is be considered as composed with a projection onto its range.
We will also maintain

d=d +d' (4.1.3)

For i,j € Z, write K" = @, _, K*"*. We will consider the bicomplex (K", d’,d")
and the associated total complex K* = @, ;_, K*. It is easy to check that [d', N| =
[d", N] = 0. Therefore, we can form bicomplexes Ker(N)™, Coker(N)* and Cone(N)**.
Following the definition given in Section 2.4, the complex Cone(N) = K* & K*[—1]

endowed with the differential D(a,b) = (da, Na — db). Following [18], we introduce
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(for ¢ > 0):

Ker(d: K74 — K4-2pFLa-m+l)

0
gTQpH (X) Im(d Ka-2p—lg—m—-1 _, Kq—2p,q— m)
. Ker(d: Ker(N)i=2a=m —, Ker(N)i—2p+ha-m+l)
grsz (Y) = . —2p—1,qg—m—1 “opg—m
Im(d: Ker(N)a—2r—1a — Ker(N)i—2pa—m)
Ker(d: Coker(N)1—2pa—m — Coker(N )1 2rtla—m+1
griy 1L () = B ) (N) )

Im(d : Coker(N)1=2»—1a—m=1 — Coker(N)a—2p.a—m)

Ker(d : Cone(N)1=%4=m — Cone(N )4~ 2p+La—m+l)

q
97’2pH (X*) = Im(d : Cone(N)a=2»=La=m=1 _, Cone(N)a—2pa—m)

(4.1.4)

Following, [16, Section 2.3], we define HY(X*) = HY(K"), HY(Y) = HY(Ker(N)),
HY(X) = HY(Coker(N) ) and H1(X*) = H9(Cone(N)"). Clearly, we have the de-

compositions

HY(X*) = @,ep 9y HU(X*) HUY) = D,y griy H(Y)

(4.1.5)
HY(X) = @pez 9r5, HY (X)) HUXY) = D,z gy, H(X™)
We also recall the following exact sequences (see |16, Corollary 2.13]):
q=2p:
0— griy HI(X") — grly HY(X*) —=grl || HY(X*) —=0
(4.1.6)

q<2(p—1):

00— grif HI(X*) —> grify ) HY(X*) — griy HY(X*) —0

Following Remark 2.14 of [16], we note that the short exact sequence for g > 2p, is

actually split exact.
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4.2 The de Rham complex and the Ring of differential oper-

ators

Given X as above, we can consider X as a smooth compact C-manifold X" of
dimension n, which we shall continue to denote by X. Let 2(X) denote the ring of

C differential operators on X. We have the following result of Wodzicki [46].

Proposition 4.1. If X is a compact complex manifold of dimension n, the cyclic
homology of the ring 2(X) of C*-differential operators on X decomposes canonically

as:

HCy(2(X)) ~ Hypy (X)) Han (X)) @P HI (X)) P - (4.2.1)
The Hochschild homology of 2(X) is given by
HH(9(X), 9(X)) ~ H2(X) (122)

Moreover, the isomorphisms are functorial with respect to embeddings of codimension

ZEero.

Now, suppose that (C",d;) and (D", dy) are two complexes of C-modules and let
f:C"— D be a morphism of complexes (of degree 0). We assume that each of the
modules C- and D is provided with a natural conjugation (denoted x — z¢ for z
belonging to any C™ or D™) compatible with complex conjugation, i.e. (ax)® = az®
for any a € C and z belonging to any C™ or D" and let Cy and Dj denote the

R-submodule of C- and D- resp. of elements fixed under this conjugation.

Assume that the differentials d;, i = 1,2 commute with the conjugation and so do
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the maps f;, ¢ € Z of the morphism f : C" — D'. This means we have the equalities:

di(2) = di()*  fi(z®) = fi(x)° (4.2.3)

Then, we have two new complexes (Cy,d;) and (Dg,ds) and an induced morphism
connecting them, which we also denote by f : (Cg,d1) — (Dg,d2). Finally, we set
H*(Cy) = H*(Cy, dy) and similarly for (Dg, ds).

Lemma 4.2. (1) If f. : H*(C") — H*(D") is a monomorphism, then so is f. :
H*(Cg) — H*(Dg).

(2) If each f. : H*(C") — H*(D-) is an epimorphism, then so is f. : H*(Cy) —
H*(Dy).

Proof. (1) Let z; € Cg be a cycle such that f,(z1) = 0 in H*(Dg). As such, there
exists y» € D' such that da(y2) = fu(21). Since f, : H*(C") — H™(D') is a
monomorphism, there exists y; € C"~! such that d;(y;) = 2. Then, di((y1+v§)/2) =

z1 and hence z; is a boundary in Cg.

(2) Choose a cycle zo € Dg. Since f, : H"(C") — H™(D) is an epimorphism, there
exists a cycle z; € C™ and a boundary by, € D" such that f,(z1) + by = 2. Hence,
(21 +25)/2) + (by + 15) /2 = 25 and the class of (21 + 27)/2 in H"(Cy) maps to the
class of zo in H"(Dg).

Lemma 4.3. Let (E',dy) be an exact sequence of C-modules where each module E™,

m € Z 1s equipped with a conjugation x — x¢ compatible with the complex conjugation
and with the differential dy, i.e. dy(z°) = (dy(x))¢. Then, the sequence (Eg,d,), where

dy denotes the induced differential, is also exact.
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Proof. This fact may be checked directly as in the proof of the lemma above. Alter-
natively, the follows from the fact that the sequence (E-, d;) is exact if and only if it
is quasi-isomorphic to the zero complex. Then, applying Lemma it follows that

the complex (Ef,d;) is also quasi-isomorphic to zero.

Lemma 4.4. Let (C-,dy) be a complex of C-modules where each module C™, m € 7Z
15 equipped with a conjugation x +— x¢ compatible with the complexr conjugation and
with the differential dy, (i.e. di(z°) = (di(z))¢). Then, the homology groups H*(C")
carry a conjugation compatible with complex conjugation. Let H*(C")g denote the

submodule of H*(C") invariant under this conjugation. Then:

H*(Cy) ~ H*(C)z. (4.2.4)

Proof. Let d7* : C™ — C™% (m € Z) be the differential. If z € C™ is such that

d7'(z) = 0, we define the conjugate of its class in homology by

(z+ Im(d’ln_l))c =2+ Im(d’ln_l)

This class is well defined since d"~! is compatible with the conjugation z — 2°. Let

w € CF' (hence w = w°) be such that di*(w) = 0. Then define the homomorphism:

Gm  H™(Cg) — H™(C)e  dm(w +Im(dy"™")) = w+ Im(d"™") € H™(C)r
(4.2.5)

Suppose that ¢,,(w + Im(d*"")) = 0. Then w = d*'(x) for some x € C™ L.

But then w = w® = di"'(z¢) and hence w = d7"'((z + 2¢)/2). However, since
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(z +2°)/2 € Cg~" we obtain w + Im(dy" ') = 0 in H™(Cy). This proves that ¢, is
one one.

We now choose z + Im(d]" ') € H™(C")g such that (z + Im(d]* ') = z +
Im(d}™"). Then, there exists x € C™ ! such that z — 2¢ = d* !(x). Consider
w=z—d" Yz/2) =2~ (2 — 2°)/2 = (2 + 2°)/2. Hence w® = w and it is clear that
Gp(w + Im(d")) = z + Im(d*"). This proves that ¢,, is also onto and hence an

isomorphism.

]

The above formalism applies to the complexes defining the cyclic homology HC,(Z(X))
of the ring 2(X) of C*°-differential operators on X and the de Rham cohomology of
X. We shall denote the homologies of the subcomplexes fixed under conjugation by
HC.(2(X))r and H},(X)g respectively. We shall refer to HC.(Z(X))r as the real
cyclic homology of Z(X), while we shall refer to Hj,(X)r as the real de Rham co-
homology. By defining a similar conjugation on the complex defining the Hochschild
homology of Z(X), we can define the real Hochschild homology of 2(X), which we
will denote by HH,.(2(X))g.

Note moreover, that, if M is a C-module equipped with a complex conjugation m —
m¢ for all m € M, compatible with complex conjugation, there is a conjugation

f— fe¢for f € Hom(M,C) which is

fé(m) = f(me) m e M, f e Hom(M,C) (4.2.6)

It is easy to check that

flam) = f((am)) = f(am®) = af(m®) = af(m)  a€C (4.2.7)
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In particular, we will apply this to the modules Hom(HCy(2(X),C).

Proposition 4.5. If X has dimension n, we have canonical isomorphisms of C-vector

spaces:

HC(2(X))r ~ Hyp "(X)e @P Hap (X)) @ HI; (X )@, (4238)

HH(2(X), 2(X))s ~ H2Y (X )z (4.2.9)

Proof. From Proposition [4.1], we have canonical isomorphisms:
HH(2(X),2(X)) ~ Hjp (X) (4.2.10)

The groups HH,(Z(X)) are obtained from the Hochschild complex of the ring
2(X) and this complex carries a natural conjugation. The complex that com-
putes de Rham cohomology also carries a natural conjugation and the map be-
tween the Hochschild complex and the de rham complex is compatible with this
conjugation. Hence from the lemmae above, and the canonical and functorial iso-
morphisms HH,(2(X)) ~ H,py ‘(X), we have an isomorphism of their invariants
HH,(2(X), 2(X))r ~ H;y %(X)g. This proves the second isomorphism in the
proposition.

Again, for cyclic homology, from Proposition 4.1, we have the canonical isomor-

phism

HCy(2(X)) ~ Hyp (X)@P Han “P(X)P HI (X)) P - (4.2.11)

The bicomplex CC(Z(X)) that is used to compute cyclic homology also carries a nat-

ural conjugation, which is compatible with the conjugation on the de Rham complex.
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Hence, we have the isomorphism

HC(2(X))n ~ Hyp "(X)e @P Hon “P(X)e @ H (X P .. (4212)
0

We now consider the cohomological viewpoint. Given an algebra A over a commu-
tative ring k, recall from Section 1.1 that there exists a Kronecker product pairing

between Hochschild homology and cohomology
<..>HHYA) x HH (A) — A" Q@4 A — k (4.2.13)

where A€ is the enveloping algebra A ®j, A% of A and A* = Hom(A, k). This product

can be extended to the cyclic theory and it induces a pairing (see [31, § 2.4.8])
<. .>pc: HCY(A) x HC,(A) — k (4.2.14)
This means that one obtains a natural map
HCY(A) — Hom(HC,(A), k) (4.2.15)

On the other hand, the Poincare duality isomorphism for the compact manifold X
gives us:

Hom(H}7%(X),C) — HI(X) VYg¢>0 (4.2.16)

Proposition 4.6. (a) There is a commutative diagram of long exact sequences
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— HO™2(9(X)) BN HC(9(X)) — HH™™(9(X)) —

J l l
(

— Hom(HC\pno(9(X)),C) —— Hom(HCyn(P(X)),C) —— Hom(HH,n(2(X)),C) —

| y |

— HIA(X) o HZA(X) @ ... _5, H.(X)oH(X)®... — Hi(X) —
)

(b) By conjugating and taking invariants, the vertical maps in the diagram above give

us morphisms:

HCH™(P(X))r — Hip(X)e ® Hip (X)z @ ...

(4.2.18)
HHT™(P(X))r — Hap(X)r
Further, we have a long exact periodicity sequence
= HOM A P(X))g —— HC™(P(X))p —— HHH™(D(X))g — ...
(4.2.19)

Proof. Since the pairing of HCY and HC, extends the pairing on Hochschild ho-
mology, the natural morphisms induced by the (not necessarily perfect) pairings:
HC"(2(X)) — Hom(HCy1n(2(X)),C)and HHT™(2(X)) — Hom(HH,1,(2(X)),C)

commute with the maps in the periodicity sequence. The isomorphisms

Hom(HH,4,(2(X),C) — Hom(H}z(X),C) — Hi,(X) (4.2.20)

follow from Poincare duality. This proves (a). For (b), we consider a sample of a
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vertical column in the diagram above:
HHY(2(X)) — Hom(HH,(2(X)),C) — Hip(X)

All three homology modules HHI™(2(X)), Hom(HH+,(2(X)),C) and Hj,(X)
carry a natural conjugation we consider the sequence of induced maps between the

invariants:
HH™™(9(X))™" — Hom(HHyyn(2(X)),C)* ™ — Hyjp(X)

By applying Lemmal[t.4] it follows that HH(2(X))*~" =~ HH(2(X))r and Hjp(X )= =

Hi.(X)r. Therefore, we have morphisms
HH™™(9(X))r — HIz(X)r (4.2.21)

and so also for the other vertical columns. Finally, the fact that the complex

= HCO"2(P(X))g —— HCT"™(P(X))a —— HHT"(Z(X))g — ...
(4.2.22)
is exact follows from Lemma [4.3] This proves (b). O
Remark: Note that if A is a C-algebra, the pairing
HCYA) x HC,(A) — C (4.2.23)

is perfect only in a few special cases. For instance, if A is also a finite dimensional

vector space over C, the pairing is perfect.
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Lemma 4.7. For any givent € Z and k > 0 and j € Z, the projection p;k : Q{;"ﬁ —

K=Yk induces a map of complezes (where t' = 2t —n/2),
pfk,k; . (Q;lk;-n/?, _dc) N (K*_t/’*’k, d//) (4224)

Proof. We note that if 7 —t' > k, then the target of pz- 111 18 always zero and there is
nothing to prove. Therefore, we may suppose that j — ' < k. In order to check that
the projections pik induce a map of complexes, it suffices to show that, for x # 0,
S Qﬂ;nﬂ, if pf,(r) = 0, then p’,, ;(d°(x)) = 0. For sake of convenience, we can
assume that x lies in some (Q*" + Q"*)g where a +b = j +n/2. Then, if p’, () = 0,
we must have |a — b| > 2k — 4, where ¢ = j —t' = j — 2t + n/2. On the other
hand, if p},, ,(d°(z)) # 0, it must follow that |a —b] — 1 < 2k — 4 — 1, which is a

contradiction. ]

For each fixed value of the Tate twist ¢ € Z, we define the following bicomplex
(Kf*,d',d") as
KP? = Ry~ 97t @ KPrartatta <0, >0 (4.2.25)

where t' = 2t — n/2. We introduce the differentials:

A KDY — KPT d (uggg) ® (270)'w) = ujgyg) ® (2m0)4(0 + O)w (4.2.26)

A" KPT— KPP @y ® (2m0)'w) = ey @ (20)1(0 — O)w

The monodromy N acts on (K;*,d’,d") as follows:

N :KP'— KPFMY Ny ® (2m0)'w) = uggrg ® (2m0) w (4.2.27)
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Figure 4: The bicomplex K;*

In fact, we shall also consider powers of N; for any [/ > 0, we have maps

t+1+1

t

Nl N G TN K:-H,*-i-l

t41

By convention, it is understood that N° refers to the identity map.

(4.2.29)

(4.2.28)

For each fixed [ > 0, we consider the complexes Im(N")* and Im(N')* both of

which are subcomplexes of K;* as well as the corresponding graded piece, i.e. the

quotient (Im(N')/Im(N"1))*.

Proposition 4.8. For each fizred | € Z>y and for each fized value t € Z of the Tate

twist, there are natural maps connecting the real Hochschild cohomology of 2(X) to

the homology of the quotient complexes (Im(N')/Im(N'1))*,

HH™™(2(X))g — H**((Im(N')/Im(N"1))")

Proof. We let t' = 2t — n/2. Then, by definition, we have the map N:

N @ KV, = Ry~ 7! @ KPavtatt' 120 _, Ry=0-2 g gptat2ptatt +2q+1
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N(upgy ® (2m1)'w) = g @ (2mi) " 'w (4.2.32)

If Kprat2ptatt’+2.a+l £ (0 then p+ g+ 2 < ¢+ 1 and hence p 4+ ¢ < ¢. Thus,
Krraortatt'+2)a £ () is a preimage for KPtat2rtatt’+2.a+1 ypless g+ 1 = 0. It follows
that the cokernel of N consists solely of the terms K° = Ru~! @ KPP0 whereas

the image of N consists of the terms K} with ¢ > 0.

From these considerations, we deduce that the graded pieces Im(N')/Im(N'*1),

(I > 0) have the following description
(Im(NY) /Im(N"*Y))* = K} (4.2.33)
By applying Lemma we obtain morphisms
Dot (R, —d?) — (K202 ) = (K772 ") (4.2.34)

By composing with the maps of Proposition 4.6] we get a morphism of homologies

HH®"(P(X))g —— HY(X)g M
(4.2.35)
HT2H((Im(N") /Tm(N"1))%)
O
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4.3 The Connes periodicity operator and the monodromy

operator

We recall the definition of the bicomplexes (K, d’,d"), t € Z, which were introduced
in Section 4.2 in (4.2.25) as a modified version of Consani’s complex (K** d' = 9 +
0,d" =i(0— 0)). For any t € Z and n = dim(X), we set

KPP =Ru="! @ KPtaptatt'q p<0,¢>0 (4.3.1)

where ¢’ = 2t — n. The differentials on K;* are described by the maps:

& KPT— KPT @ gy @ w) = e © (270)1(0 + O)w

’ (4.3.2)
d" . kP — gPta d"(Ug1] @ W) = Upg1) @ (2mi)"i(0 — O)w
The operator N on K} acts as follows:
N :KP9— KPP Ny ® (27m0)'w) = gy © (2m) " 'w (4.3.3)

In Proposition we have studied the relation between the homology of the graded
pieces Im(N')/Im(N"1)) and the Hochschild cohomology of the ring 2(X). This
leads to the following two conclusions:

(1) The filtration on the complex K;* by rows coincides with the filtration by the
images Im(N'), 1 > 0.

(2) The spectral sequence associated to either of these filtrations converges to the
total homology of K;*. The E;-terms of this spectral sequence are homologies of the
complexes Im(N')/Im(N"1). It follows from Proposition [4.§ that there exist natural

morphisms from the Hochschild cohomology of Z(X) to the homology of the graded
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pieces.

We will now define a complex which carries a filtration with the property that the
cyclic homology of Z(X) maps to the homology of its associated graded pieces. We

introduce the following complex ; for p, q,r € Z let K*** be

KPP = Rufgypyyy @ KPHOFmPHan—ratr ) <0 g+7 >0 (4.3.4)

with differentials (here the twist t = —r)

d : Kpar — Cpatlr d (Ufgiri1) @ (271) W) = Ujgirio) @ (2m)1 (0 + O)w

dr s P s KPR @ (g ® (271) W) = g @ (27)(0 — D)w
(4.3.5)

The third differential KP4" — KP4 +1 is taken to be zero. The operator N is described

on this complex as

N @ Kpaer — jepthaertl N (ujgiri1) @ (2m0)'w) = Ufgirig @ (270)'w  (4.3.6)

Proposition 4.9. For each fixred q € 7Z, there are natural maps from the cyclic

cohomology of the ring 2(X) to the homology of the bicomplex K*7*

HC™( (X)) — HI(K*) >0 (4.3.7)

which are induced by the projections of Lemma [4.7.

Proof. For a fixed ¢ € Z, we know from Lemma [4.7, that the complex K*** is a
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quotient of the following complex (where d° = i(0 — 9))

LN T o A To S R

OT 0 0 (4.3.8)

_ —de _ _
u ) —— u Ty —— w0 —— w0 ——

o o] 0 0

_ 7dC _ 7dC _ 7dC _ _
uIQ?R—>UJ1Q%&—>U1§2]%§—>u1Q%—>u19ﬁ§—>...

The bicomplex Q3 [u™!]

where the projections p.;! of Lemma [4.7| map the lowest row of Q5 [u~!] to the terms
KC*%~% (note that we impose r + ¢ > 0). For sake of convenience, we shall denote
this bicomplex by Q#[u~!]. The j-th total homology of the bicomplex Q% [u~'] is

therefore given by the direct sum
H(QFu™)) = Hp(X)e @ H?(X)e @ ... (4.3.9)
Hence we have the following composition of maps: we have maps

HCH(D(X)) —— Hip(X)p & HIZAH (X)) @ ... — HI(KCH) (4.3.10)

The first map in (4.3.10) comes from Proposition while the second follows from
the fact that K*?* is a quotient of QF [u™].

]

In what follows, we shall continue to use Q5 [u~!] to denote the bicomplex of

(438).
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Proposition 4.10. For any q € Z, the periodicity operator S appearing on the cyclic
cohomology of 2(X) (see Proposition can be identified with the monodromy oper-
ator N appearing on the complex K*7* | in other words, for any j € Z andn = dim(X),

we have a commutative diagram

HOH2(9(X)) —2 HCHP(X)) —— HH™(D(X))

l l l (4.3.11)

N

HI72(JCrax) — HI(KC*) —— HI(Coker(N)*)

Proof. Consider the bicomplex Q5 [u™!] of (4.3.8)). For sake of convenience, we intro-

duce a map N on Q% [u~'] that acts as

N(u[qH] X w) = U[g+2) R w (4.3.12)

Notice that N lies above the monodromy operator N on K***, since the latter is a

quotient of Q% [u~!]. Furthermore, we note that N is injective on Q*[u~"].

We therefore have a short exact sequence of bicomplexes

0 — QuuY-1,-1 2 Q¥u] —— Coker(N)* —— 0 (4.3.13)
which gives rise to a long exact sequence of associated homologies

L — HP2(Op ) S B [uY]) —— (4.3.14)

H?(Coker(N)*) — ...

The isomorphisms in Proposition 4.5|are canonical and hence the periodicity operator
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on HCV*" (9 (X)) acts by dropping the top summand as follows:

HCIt(P(X)) —— Hi(X)® HZ(X)e H (X))@ ...
sl pl (4.3.15)
HCH2(9(X)) —— HIZ2 (X))o HH (X))@ ..

where the horizontal arrows are the morphisms of Proposition[t.7 Combining (4.3.15))

with the fact that K** is a quotient of Q%*[u~!] and considering the maps HC' ™" (2(X)) —

H(K*7*) described in Proposition we have the commutative diagram

HOH2(9(X)) —2— HC#*"(P(X)) —— HH*™(9(X))

J l l (4.3.16)

i ey N Hi(K) —— HI(Coker(N)¥)

4.4 An analogue of the complex of nearby cycles at archimedean

infinity

In this section, our objective is to define a complex ¢** endowed with an operator
N that is in direct analogy to the complex of nearby cycles ¢¥** of Section 3.1. Let
X be a compact manifold defined over C or R. Again, if X has total dimension n,

dimc(X(C)) =n/2.

The idea is as follows: in the notation of Section 2.3, we recall from ([2.3.13) and
(2.3.16) the terms ng’j’k defined by Steenbrink; For any i, j, k € Z;
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LB = HI(Y, GrPA) = @y, HOTTTHY T, C)

. Hi+j—2k+n/2(}~/(2k—i+1), C) if k> O,Z (44]_)
KJ*t = B
0 otherwise
We have also seen that the Kfq’j’k denote the homologies of the graded pieces of

the L-filtration on Steenbrink’s complex A**. Proposition [3.6] states that there is a

quasi-isomorphism g : ¥* — A*.

This suggests that the terms K%#* appearing in Consani’s complex (4.1.2]) may be
assembled, in place of the terms ng’j’k, to define a complex B** that plays the role,

at archimedean infinity, of Steenbrink complex A**

AP? = Cupyy @ O (log V) /W05 (logY)  p>0 (4.4.2)

Similarly, we will assemble the terms K%/* to form a complex ¢** that plays the role,

in this context, of the nearby cycles complex.

Both complexes ¢** and B** are equipped with an operator N and we will show that
there exists a morphism p : ¢™* — B** of bicomplexes which is compatible with NV

upto homotopy, in other words, o N — N o pu is homotopic to 0.

From and , we know that the Kfq’j * are direct summands of the E-
term of the spectral sequence associated to the Picard Lefschetz filtration (also called
the L-filtration in the previous chapter) on A**. This spectral sequence converges to
the hypercohomology of A**. Therefore, by considering appropriate direct sums of
the terms K*7* we shall construct a bicomplex B** that plays the role of A** in the

archimedean setup.

For easy comparison, we present the complexes ¥** and A™ side by side in the
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following diagram. Notice that, along each row with d’-differentials, the terms on

the ** side differ from the terms on the A**

side only in that the differentials of

weight “at most p” have been removed by considering the quotient A? = Cuppyq) ®

Q§(+q+1(10g Y)/Wpr)’jqﬂ(log Y). Hence, the associated graded object Gr!Ve** of A**

is a direct summand of the associated graded object GrWa** of 1**.

(e 15

I

u%Q% (logY)

d//T

| I

— d’ _
w103 (log V) /Wy ——— u=2Q% (logY)/W1

d//T d//T

d’

w10 (log V) —L— w00l (logY) | — | u Q% (logY)/Wo —L— w203 (logY) /W1
d// d// d/l
b, I
uOQ(})((logY) uflﬁﬁ((logY)/Wo — u*ZQE((logY)/Wl
Table 4.1

The connecting map p between the nearby cycles complex ¢)** and Steenbrink’s com-

plex A** is simply the composite of the differential d’ with alternating signs with the

projection over the terms of weight > 0. If we apply the weight filtration to both

of these complexes and consider the associated graded objects, then, using the iso-

morphism from Poincaré lemma ((Gr’ Q% (logY') — Q% [—k]) as in the notation of

Chapter 3) we obtain
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¢** /// A**

I

d’

I I I

d’ 4

d’ ¢ 2 1 0 2 1 0
—— 9,89, —— 2,00, 000 05,1005, 005, —— 95, 05, O,

d//T

2

d//T d//T d,,T

d’

d _-< 5
Q())"/o - Q%‘zo S 9(3)71 Q%’zl ® Q%z - Q%’/2 @ 9%3
d”T d//T d//T
d/
—_— d’
Q(;'/O Q?‘/l - Q?}Q
Table 4.2

Table 4.2 shows clearly how the graded object associated to A** is constructed from

graded object associated to ¢** by the summands of top degree. We now incorporate

the same idea to define an object that plays the role of ¢** at archimedian infinity.

The definition of the K** is as in (4.1.2). Fix any initial 4, j,k € Z (the natural

choice would be i = 0, j = —n/2 and k = 0, where n is the total dimension of X).

We define, then, the bicomplex

©(i, 4, k)™ =

Rul”l @ E}I?Kiﬂf?)p%l,ﬁqu,kfp (if g >p>0)
1=0
a—p -
=Rull @ P D Q¥ + Q) ("/2% +p+ l)

=0 |a—b|<2k—it+p—q+1,
a+b=j+g—p+n/2,a<b

0 (otherwise)
(4.4.3)

For sake of convenience, we will denote the bicomplex ¢(i, 7, k)** by ¢**. Then =P

consists of sums of terms of the form uPl®(2mi)'w, where (27i)tw € Ki+i-3p=2Lita—pk-p,

0 <1 < q— p (from which, by definition of K4=3r=2ita—pk=p it follows that
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t= <% +p+ l) ). On the bicomplex ¢**, we introduce the two differentials:

d o™l — Pt Jd'(yPl @ (2mi)w) = uP N @ (270)1(0 + 0)w

B (4.4.4)
d": pP9 — pPatl d"(ulPl @ (2mi)tw) = ulfl @ (274)4i(0 — O)w
and the operator
N : o P4 — pPtla-l Nl @ 2ri)w) = uPV @ (2mi) (4.4.5)
For the same fixed values 7, 7, k, we define the “Steenbrink Complex” B** as
Rufpfl ® éKz#erqulel,j+p+q+1,k+p+1 if P > 0
B(i, j, k)P = 1=0 (4.4.6)

0 otherwise

For sake of convenience, we will denote B(i, 7, k)** simply by B**. On the bicomplex

B** we introduce the differentials

d' BM = By ® (270)w) = g ® (270)H(0 + B)w

B (4.4.7)
d’ . Br — Bratl d"(Ups1) @ (2m0)'w) = upy) @ (2m8)i(0 — O)w
and the operator
N : B" — BPHt N(upiq @ (2mi)'w) = upig ® (2m0) 'w (4.4.8)
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To illustrate the analogy, compare the following tables with Table 4.2: (Compare
Table 4.3(1) to the left side of Table 4.2 and Table 4.3(2) to the right side of Table
4.2)

©(t,j, k)™

Ki—4a.k—2 d Ki—LitLh=1 gy fri=3.j+1k—1 d Ki+204+2k @ [(hi+2k q [i—2+2.k

I
d// T d// T

022
d/

I
—-1,1
e~ L
dl/T
K bdk
|
0,0

Table 4.3(1)

B(i, j, k)™

K303 041 gy L3k gy [i-1i43 k41 d KA ART2 @y 254 k42 gy [ k2

d// T d// T

KiH2042k+1 gy fhj+2k+1 d KH3043k+2 gy FCiA1j+3k+2
d//T d//T
KL+ 1L+ & Ki+20+2,k+2
BLIaO B|1|,0

Table 4.3(2)
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Proposition 4.11. Consider the morphism u : ¢* — B* defined as

—1)lluy i)t Nw if p=
p(ulP! @ (2mi)iw) = (F1)" iy ® (i) (0 +0)w ifp=0 (4.4.9)

0 ifp#0

Then, the morphisms o N and N o u are homotopic, by means of the homotopy
h: @™ — B** of bidegree (0,—1) defined by

h(ulP! @ (2mi)tw) = ! Fp70 (4.4.10)

(—D)luy ® 2ri)~'w ifp=0

Proof. The following diagram describes the setup.

d/
(00 k., Roo B0 N

d// d// dl/
11 d 01 K o1 _d 1,1
ot — Y — B ——— B ———
d//l d// d// d// (4-4-11)
22 _ d 12 d 02 M 02 _d 1,2
Sof k) _ Sof b _ QD b _ B 3y _ B 3y _ .

The maps d’ and d” describe the differentials of the bicomplexes ¢** and B**, the map
w induces a morphism of bicomplexes. This means that, while the (d',d”) squares

anti-commute, the (u, d”) squares commute. For any (ul”) ® (27i)'w) in ¢*?, we have
d"h(ul” ® (2mi)'w) = d"((—1)“luy @ 27i) " 'w) = (=1) ¥y @ (27i) 1d" (w)

hd" (u” @ (2mi)tw) = h(ul® @ (2mi)td" (w)) = (=1)14"@lyy @ (27mi)1d" (W)
(4.4.12)
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It follows that d” o h+ hod” = 0.
Now, note that given any ¢~ 7% the morphism g is zero (by definition) unless

*

p = 0. Hence N oy — p o N is non-trivial only on terms ¢~1* and ¢%*. Given

ul! @ (2mi)tw; € o™ and ul ® (27i) wy € Y0771, we get

(Nop—poN)(u”® (21i) wy + ul ® (27i)'w:)
= (—1)lug @ (2mi)" 1D + O)wp — (1)1 luyy @ (270)11(0 + O)wy (4.4.13)

= (d oh+hod)(u” @ (2mi)" wy + ul @ (27i)twy)

Therefore the morphisms N o i and o N are homotopic.
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5 The Connes-Karoubi exact sequence of K-theories

In Chapter 3, we have shown that the periodicity operator S appearing in the
cyclic homology of the sheaf Zx- of differential operators can be identified with the
monodromy operator /N as in theory of the nearby cycles complex. In Chapter 4, we
have shown that the periodicity operator S appearing in the cyclic cohomology of the
ring of differential operators Z(X) on a compact complex manifold X corresponds to
the operator N on Consani’s complex. Thereafter, we developed this idea to define
an analogue of the nearby cycles complex at Archimedean infinity, endowed with an

operator N.

One also knows that the periodicity long exact sequence in cyclic homology (see
(1.1.19)) for a locally convex algebra A can be lifted to a long exact sequence of

K-theory groups of A (see Connes & Karoubi [13])

Kin(d) —— KZ(A) — K94) —— K(4) — K7(4)

J/Di+1 J/Ch7;+1 J{chfﬂl lDI J/Chi

Here K49(A) (resp. KP(A), K'®(A)) denotes the algebraic (resp. topological, rela-
tive) K-theory groups of A. The map D; is the Dennis trace while ch;7, : K% (A) —
HC;1(A) and chiel : KI¥(A) — HC;_1(A) are the corresponding Chern maps. For
the construction and properties of the Chern maps, we refer to [13]. For the construc-

tion of the Dennis trace map, see [31, §8.4.3].
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It is well known that, if X is a compact manifold, the ring Z(X) of differential
operators on X is a locally convex algebra. By taking hypercohomologies, when X is a
locally Stein space, we have considered the cyclic homology of the sheaf of differential
operators Zx in Chapter 3. In this chapter we will define K theory groups (algebraic,
topological and relative) for the sheaf of differential operators Zx and prove that they
fit into a long exact sequence similar to the one described above. Then, we will define
the corresponding Chern maps ch;%, : K;%(Zx) — HCip1(Zx), chiet : KI*(Dx) —
HC; 1(Zx) and also a Dennis trace map D; : Kflg(@X) — HH;(Zx) connecting the
K-theory long exact sequence to the periodicity sequence. In doing so, we will use
the definition of generalized sheaf cohomology for simplicial sheaves due to Brown

and Gersten [5].

5.1 Preliminaries from Algebraic Topology

From Chapter 1, we recall that a simplicial set is a contravariant functor X from the

simplicial category A to the category of sets, i.e.
X : A% — (Sets) [n] — X([n]) (5.1.1)

Recall that the category A consists of objects [n] = {0,1,2,...,n}, n > 1, a morphism
[m] — [n] being an order increasing map {0,1,2,....,m} — {0,1,2,...,n}.The sets
X([n]) are denoted by X,,. Hence, given a morphism ¢ : [m] — [n] in A, we have a
map

o Xy — Xom (5.1.2)
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The standard n-simplex, denoted A", is the representable functor
A" := Homa(_,[n]) : A — (Sets) (5.1.3)

and hence a simplicial set whose k-simplices are the elements of the set Homa ([k], [n])

for any k& € N. Hence, given ¢ : [m] — [n] in A, there is a morphism of functors
G.: AT — A" Homa([k], [m]) — Homa([k], [n]) for each k € N (5.1.4)
The geometric realization of A™ is the geometric n-simplex

A" = {(xg, 21, ..., Ty) eRn+1|Z%: 1, z; > 0} (5.1.5)

1=0

The geometric realization of the simplicial set X, denoted |X|, is defined as the

quotient of the disjoint union

[ x. x A (5.1.6)
n=1

by the relations

(,0:(y)) = (¢*(x),y) for any x € X,,, y € A™ and any ¢ : [m] — [n] in category A
(5.1.7)
For a given simplicial set X, we denote by m;(X) the i¢-th homotopy group of its

geometric realization | X|.

Given a category C, we can define a simplicial set NC, whose n-th simplex is the

set of all diagrams in C of the form

Xo— X1 — ... — X, (5.1.8)
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The i-th face (resp. i-th degeneracy) of this simplex is defined by deleting the object
X; (resp. replacing the object X; by the identity 1 : X; — X;). We refer to NC
as the nerve of the category C. If we treat a group G as a category consisting of a
single object *, the morphisms of which are elements of G (with composition defined
by multiplication), the nerve of this category is denoted by BG. The geometric

realization of BG is also called the classifying space of G.

Recall that a group N is said to be perfect if it equals its own commutator subgroup,
i.e. [N,N] = N. Suppose that a connected topological space X is such that its
fundamental group m1(X) is perfect. Then Quillen’s +-construction attaches to the
space X, a collection of 2-cells and 3-cells to form a new space X, such that there

exists an inclusion i : X — X so that 7 (X*) = 1 and
iv: Ho(X,Z) — H.(X",7Z) (5.1.9)

is an isomorphism. Furthermore, the space X has the following universal property:
if f: X — Y is a morphism of topological spaces such that f,(m(X)) = 1, then the

morphism f factors uniquely through X,

Now, suppose that X is a connected CW-complex and let N be a perfect normal
subgroup of 71(X). Then, we can consider a covering space Xy of X with m (Xy) =
N and apply the +-construction above to the space Xy to define X; Finally, we let

X denote the pushout N
XN — X

l l (5.1.10)

)?X, — X7
Then, it follows from van Kampen’s theorem, that 71 (X*) = m;(X)/N. The space

X also has the universal property that a morphism f : X — Y of topological spaces
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such that f.(N) =1 factors through X*.

It is important to note that the +-construction is not canonical and therefore may

not always be functorial for all choices of X .

5.2 Definitions and Exact Sequences

If A is an algebra over C, we define the group GL(A) to be the direct limit of the
general linear groups

GL(A) = lim GLy(A)

The algebraic K theory of A (as defined by Quillen in [34]) is given by
K%(A) = m,(BGL(A)T)  n>0 (5.2.1)

Here BG'L(A) denotes the classifying space of GL(A) considered as a discrete group.
Then m (BGL(A)) = GL(A). We recall here that the normal subgroup E(A) of

GL(A), generated by elementary matrices, is perfect and that
[GL(A), GL(A)] = [E(A), E(A)] = E(A) (5.2.2)

Then BGL(A)" is the + construction of Quillen with respect to E(A), which is a
perfect normal subgroup of GL(A) = m(BGL(A)). For our purposes, it is important
to ensure that the construction BGL(A)" is functorial. We will therefore assume

that BGL(A)" is defined as the pushout

BE(Z) —— BE(Z)*

l l (5.2.3)

BGL(A) —— BGL(A)*
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This setup uses the canonical morphism Z — A for all (unital) rings. It also follows
directly from this construction that the 4-construction commutes with the direct
limit.

Furthermore, suppose that A has a topological structure, for instance, A is a Banach
algebra (or more generally, a locally convex algebra). Then, one can associate to A
a simplicial ring A, such that A, = C®°(A")®A. Here C®°(A") refers to the set of
C*-functions on geometric n-simplex A" and & is the completed tensor product (see
Section 1.2 for details). This leads to a simplicial group GL(A,) and an inclusion
GL(A) = GL(Ay) — GL(A,). The continuous inclusion of groups of CW type gives

a sequence of homotopy fibrations (see [30), §6.12])
GL(A) — GL(A,) — GL(A,)/GL(A) —>— BGL(A) — BGL(4,)  (5.2.4)
Here 6 is defined on the simplices o of dimension n by the formula
0(c) = (a1, ..., ) where a; = 5(i — 1)6(i),0<i<n (5.2.5)

where & is the class of an element 0 € GL(A,,)/GL(A). By applying the + construc-

tion of Quillen to the last three spaces above, we have a homotopy fibration
(GL(A,)/GL(A))* — BGL(A)" — BGL(A,)* = BGL(A,) (5.2.6)

The last equality in the diagram above follows from the fact that m,(BGL(A.)) =

Tn—1(GL(A,)). By definition,

K'P(A) = 1, 1(GL(A,)) = mp( BGL(A,)) (5.2.7)
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We define the relative K-theory K'“(A) to be
K(A) == m((GL(AL) /GL(A)T) (5.2.8)

We have the following long exact sequence of K theories/homotopy groups corre-

sponding to the fibration ({5.2.6]).

—— m,((GL(A.)/GL(A))") —— m,(BGL(A)T) —— m,(BGL(A.,)") ——

| | I
K (A) K3'9(A) KP(A)

(5.2.9)
In [I3, §3.7] it is shown that one can define Chern characters ch;?y : K% (A) —
HC; 1 (A) and chi® : Kr°'(A) — HC;_1(A) such that, along with the Dennis trace
D; : K,(A) — H;(A, A), the long exact sequence of homotopy groups lifts the peri-

odicity long exact sequence for the algebra A

Kin(A) —— K#H(A) —— KYA) —— K(4) —— K”(4)

(2

J{Dile J{Chi-‘—l J/ch:d J{DI J/Chi

(5.2.10)

Our objective is to carry out the same construction in sheaf hypercohomology,
where we work with the sheaf of differential operators Zx on X and finally, for the
structure sheaf of an algebraizable Noetherian formal scheme. In the next section, we
review the definition of generalized sheaf cohomology due to Brown and Gersten (see
[5]). We use this theory to define the K-theories of the sheaf of differential operators
and construct the analogous long exact sequence involving algebraic, topological and

relative K-theory. Finally, we define Chern maps from the terms in this long exact
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sequence to the periodicity sequence for the cyclic homology of Zx.

5.3 Simplicial Sheaves and Generalized Sheaf Cohomology

Let X be a topological space. A simplicial sheaf on X is a sheaf of simplicial sets on
X in other words, it is a simplicial object in the category of sheaves on X. If K is
a simplicial sheaf, we denote by I'(U, K) the simplicial set of sections of K over an

open set U in X.

A map of f: FF — F’ of simplicial sheaves on X induces a morphism on stalks,

which are simplicial sets. Hence for each x € X, we have a morphism

for By — Fi

of simplicial sets. The map f is said to be a weak equivalence if the morphism on
stalks induces a weak equivalence of simplicial sets, in other words, for each z € X,

the maps

mo(f2) + mo(Fr) — mo(Fp() Ti(fo) : mi(Fre) — mi(Ff(,y) fori>0

are isomorphisms of groups for ¢ > 0 and isomorphisms of sets for ¢ = 0. Here the
homotopy groups of a simplicial set refer to the homotopy groups of its geometric

realization.

A map p: E; — E, of simplicial sets is said to be a Kan fibration if it satisfies the
following property: Given a collection of n + 1 n-simplices xg, ..., Tr_1, Thi1, ---, Tnil
of Ey which satisfy the compatibility condition d;z; = dj_1x;, i < j, i # k, j # k (the

d; being the face maps of the respective simplicial sets) and for every n+ 1 simplex y
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of Fj such that d;y = p(z;), there exists an n + 1-simplex x of E; such that d;z = x;
for each ¢ and p(x) = y. Kan fibrations admit the following alternative description :

Given a commutative square
An,k - El

lz’ l” (5.3.1)
A 2 F
in which A" is the standard n-simplex and A™F is the union of all faces but the k-th
face of A", there exists a lift g : A™ — FE; that makes the diagram commutative.
Suppose that p : E; — FE, is a Kan fibration and that Fy has only one 0-simplex .

Then F = p~'(x) is the fibre of the map p and we have a long exact sequence
— Ty (F) = my(E1) — mg(Er) — mg_1(F) — ... (5.3.2)

A map p: E — B of simplicial sheavs is said to be a global fibration if for open sets
U C V the map

(I'(Vip),res)
_—

(V. E) (V. B) xrw.s T(U, E) (5.3.3)

of simplicial sets is a Kan fibration. If we take U = ¢, it means that I'(V, F) —
['(V, B) is a Kan fibration for any open set V. A monomorphism of simplicial sheaves
is said to be a cofibration. Together with the notions of weak equiavalence, cofibration
and global fibration defined above, the category S(X) of simplicial sheaves on X is a

model category in the sense of Quillen [35].

The simplicial sheaf x defined by I'(U, %) = x is a final object in the above category.
Accordingly, an object K of S(X) is said to be flasque if the unique morphism K — x

is a global fibration. By the properties of a model category, given any object L of
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S(X), the map L — x factors as

L —— R(L) —2 « (5.3.4)

where i is a trivial cofibration (i.e. a cofibration as well as a weak equivalence) and p
is a global fibration. The sheaf R(L) along with the morphism ¢ : L — R(L) is said

to be a flasque resolution of L.

Remark 5.1. The association L — R(L) defines a functor on S(X), known as the
fibrant replacement functor. This follows from the fact that the factorization of the
map L — * into the composition L — R(L) — x is functorial. We also note that the
existence of functorial factorizations is not part of the original definition of a model

category by Quillen, but is now commonly assumed.

If K is a simplicial sheaf on X and i : K — R(K) is a flasque resolution of K,
we define RI'(X, K) to be I'(X, R(K)). The generalized sheaf cohomology of K, as

defined by Brown and Gersten (see [5, Section 2]) is
HI(X, K) = 7_y(RT(X, K)) = 7_(T(X, R(K))) (53.5)

If Y C X is a closed subset, or, more generally, if ® is a family of supports, we can
similarly define RT'y (X, K) and RI'¢(X, K). The generalized sheaf cohomology with

supports is now defined as

HY(X,K) = 7_y(RTe(X, K)) (5.3.6)

Further, given a simplicial sheaf K, we define the g-th homotopy sheaf 7, K to be

the sheaf associated to the presheaf U — 7, (I'(U, K)). We conclude this section with
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the Brown spectral sequence.

Proposition 5.2. (Brown Spectral Sequence) If X is a scheme and K is a simplicial

sheaf on X, we have a spectral sequence

EP? = HY(X,7_,(K)) = H""(X, K) (5.3.7)

More generally, if ® is a family of supports on X, we have a spectral sequence

EP = HI(X, 7_,(K)) = Ho(X, K) (5.3.8)

Proof. See [4] and [5]. O

5.4 The exact sequence of K-theories for the sheaf Zx

Let X be a complex manifold of dimension n. For any open subset U of X, let Z(U)
denote the ring of holomorphic differential operators on U. If (21, ..., 2,) is a system
of holomorphic local coordinates at a point p in U, any element of 2(U) can be

expressed locally as a finite sum

> 20 9 (5.4.1)

0z, 0z, 0z
I={i1<iz<...<ip}C{1,2,....,n} e k

where each f; is a holomorphic function on U. Furthermore, if U is Stein(or, more
generally, holomorphically convex), it is well known (see [24], for instance) that the
ring of holomorphic functions on U is a Fréchet algebra. Therefore, if U is Stein, the
ring of differential operators Z(U) on U is a locally convex algebra and we can define

on it the projective topological tensor product ®,.
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Hence, applying the results (5.2.9)) and ([5.2.10)) to the locally convex algebra Z(U);

there are well defined maps from the algebraic, topological and relative K-theories of
2(U) into its Hochschild and cyclic homologies that are compatible with the period-

icity sequence.

In this section, we shall first obtain an analogous Connes-Karoubi long exact se-
quence for the sheaf of differential operators Zx on the manifold X. The proof of
the existence and properties of this sequence will involve the notion of generalized
sheaf cohomology described in Section 5.3. Finally, using the fact that the manifold
X has a basis consisting of Stein open sets, we will obtain Chern maps and a Dennis

trace map that are compatible with the periodicity sequence in cyclic homology as in

(5.2.10).

Definition 5.3. Choose an open set U contained in X and consider the ring 2(U).
Then 2(U) is a topological ring and we can consider the simplicial ring 2(U). defined
as:

2(U), = C*(A"@2(U) (5.4.2)

A™ being the standard n-simplex. Denote by BGL (resp. BGL') the sheaf associ-
ated to the presheaf that takes the open set U to BGL(Z(U)) (resp. BGL(Z(U)x)).

The inclusion GL(2(U)) = GL(2(U)y) — GL(Z(U).) induces a (Kan) fibration
BGL(2(U)) — BGL(2(U).) of simplicial sets. We will show that these morphisms
induce a local fibration of simplicial presheaves, i.e. morphisms of presheaves that are

fibrations on each stalk.

Proposition 5.4. There is a local fibration of presheaves

(U — BGL*(2(U))) — (U — BGL(2(U))) (5.4.3)
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Here (U — BGL(2(U))") refers to the presheaf that associates the simplicial set
BGL(2(U))" to every open set U in X and (U — BGL™"(2(U))) refers to the

presheaf that associates the simplicial set BGL(Z(U).) to every open set U of X.

Proof. For any open set U, we know that
BGL(2(U)) — BGL(2(U).) (5.4.4)

is a fibration. For any point p € X, we consider the rings %, = lim 2(U,) and

Up
Dy = lim C®(A*)®P(U,), where U, varies over all open sets of X containing p.
Up
Then, we have an injection
GL(2,) — GL(Z,.) (5.4.5)

As in (5.2.6)), this gives a sequence of fibrations

GL(2,) — GL(2,.) — GL(2,,)/GL(2,) —— BGL(2,) — BGL(Z,.) (5.4.6)

Since m(BGL(Zy.)) = mo(GL(Zp.)) = 0, it follows (see [I]) that applying the

Quillen plus construction preserves the fibration, i.e. we have a fibration

(GL(2,.)/GL(2,))t —— BGL(2,)* —— BGL(%,.) (5.4.7)

Definition 5.5. Let Z denote the constant sheaf on X given by Z. Denote by PDx

the sheafification of the presheaf that associates any open set U in X to the ring of
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differential operators P(U). We define the algebraic K -theory of Px to be

K% (9x) = H™(X,Z x BGL™) (5.4.8)

Consider the sheaf [ BGLT, BGL')] associated to the presheaf defined by the homo-
topy fibres U +— [Zx BGL(2(U))", Zx BGL(Z(U).)] which is identical to the sheafifi-
cation of the presheaf that associates the simplicial set [ BGL(2(U)"), BGL(2(U).)] =
(GL(2(U))./GL(2(U)))* to any open set U in X. We shall also denote this sheaf
by GL™ .

Let the sheaf associated to the presheaf U — (GL(2(U))./GL(2(U))) be denoted

GL™. We define the topological and relative K theories of Px to be

KP(9x) = H™(X,Z x BGL'"?)  KI'*(9x) = H™™(X,GL"™") (5.4.9)

Proposition 5.6. There is a long exact sequence of K-theory groups
S KN 9x) — KY9(9x) — K"(2x) — K (Zx) — ... (5.4.10)
Proof. From Proposition [5.4] we have a local fibration of presheaves
(U — BGL™(2(U))) — (U — BGL""(2(U)))

Since local fibrations are defined stalkwise, sheafification preserves local fibrations

and hence we have a local fibration of the associated sheaves

GL™" — BGL" — BGL” (5.4.11)
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Therefore, we have a local fibration of sheaves
GL™ — Z x BGL" — Z x BGL/” (5.4.12)
Using [4, Theorem 7], the local fibration ([5.4.12)) gives rise to a long exact sequence
- — H™(X,GL™) - H™(X,Z x BGL™) — (5.4.13)

H™(X,Z x BGL'?) — H™™ (X, GL™") — ...

By Definition [5.5, K%9(2x) = H™™(X,Z x BGL"), K(2x) = H™(X,Z x
BGL?) and K™ (2x) = H™(X,GL"™") and hence the required long exact se-

quence ([5.4.10)) is a restatement of ((5.4.13)). O

5.5 Chern characters and Dennis Trace

As mentioned in Section 5.2, for a locally convex Algebra A, we have Chern maps
chi? « K (A) — HCiyq(A) and chi® . KI°'(A) — HC;_1(A) and the Dennis trace

D; : KM(A) — HH;(A) which fit into a commutative diagram of long exact sequences

Ki(A) —— KBA) — KI) —— K(4) — K7(4)

J/DH—l lchi_‘q J{Ch:d lDl J/Chi

We shall now prove the same result for the K-theory groups (algebraic, topological

and relative) of the sheaf Zx of differential operators on X described in Section 5.4.
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Definition 5.7. Consider the sheafification (C?(Px),b) of the presheaf of complexes
that associates to an open set U in X the Hochschild complex (CP(2(U)),b) of the
ring 2(U). Define the Hochschild homology HH,(Zx) of the sheaf Px to be the

(—q)-th hypercohomology of the complex

HHy(Zx) = H((CL(Zx),0)) (5.5.1)

Similarly, we consider the sheafification (BC.(Zx),b) of the presheaf of complezes
that associates to an open set U in X the “mized complex” (BC.(2(U)),b) of the
ring 2(U), whose homology is the cyclic homology of the ring Z(U). Define the
cyclic homology HCy(Zx) of the sheaf Px to be the (—q)-th hypercohomology of the

complex

HC,(Zx) = H((BC.(Zx), b)) (5.5.2)

From the Definition and general properties of hypercohomology, it follows (see
[42, (0.4)]) that there is a periodicity long exact sequence analogous to ((1.1.19) in-
volving HH,(Zx) and HCy(Zx).

. —— HH,(Zx) —— HC,(Zx) —— HC, 5(7x) —2— ... (5.53)

Once again, we note that the definition of hypercohomology used in Definition [5.7

is the one used in Chapter 3.

We shall now construct the Dennis trace map D; : K"(2x) — HH;(ZPx) as

well as the Chern maps ch?, : K;%(Zx) — HCi1(Zx) and chi® : K[®(Px) —
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HC;_1(Zx). We start with the Dennis trace. By Definition ,

K™(9x) = H(X,Z x BGL™") (5.5.4)

Let us denote by RBGL™ the flasque resolution of BGL™. Then, by definition,
the morphism RBGL™ — x* is a global fibration and we have a weak equivalence

ir : BGLT — RBGL™.

From Definition [5.5] and (5.3.5)), we have

K™(2y) = H(X,Z x RBGL") = 1,(I(X, Z x RBGL")) (5.5.5)
On the other hand, for each i, consider the three presheaves .Z4?, Z%9 and .Z49 on
X defined as
FRU) =@ x BELNOWY)  FEU) =mIU.ZxBCLY)
FU(U) = n(D(U,Z x RBGL™)
for any open set U in X. There are obvious morphisms of presheaves
gzglg Jo egg'alg Ji g;glg (557)

0 il 12

The presheaf defined by (U +— BGL(Z x 2(U))*) for each open set U in X and its

sheafification Z x BGL™ have isomorphic stalks and hence j, induces an isomorphism

—_~

of stalks of .Z4Y and .Z%9. Hence, the corresponding sheafifications .Z4? and .Z3

I ! . . : :
of Z¢ and Z7 respectively, i.e. we have an isomorphism of sheaves

Jo: Tl =, gols (5.5.8)

130



The morphism 7; is induced by the inclusion ig : Z x BGLT — Z x RBGL™ which is
a weak equivalence of simplicial sheaves and hence a weak equivalence of their stalks.
Hence the stalks of .Z4Y and .Z%¢ are isomorphic and we have an isomorphism of

sheaves

—_~— —_~—
~

Ji yﬁlg — L%%lg (5.5.9)

Let us denote the common sheafification of Z5?, .Z2¢ and .Z4 by Z™. On each
Stein open set U, we have, by definition, K™(2(U)) = m(BGLT(2(U)) and there-

fore, a Dennis trace map
D; : K™(9(U)) = m(BGLY(2(U)) — HH;(2(U)) (5.5.10)

Since X has a basis consisting of Stein open sets, if HH;(Zx) denotes the sheaf
associated to the presheaf U — HH;(2(U)), the map D;, at each Stein open set,

gives us a morphism of sheaves (as in the result of Lemma A , also denoted by

—_~—

D FY = FY — HH(Px)

(at the presheaf level, on U open in X, we compose the map m;(Z x BGLT(2(U))) —
({0} x BGLT(2(U))) with the Dennis trace).

The morphism %" — HH;(Zx) of sheaves induces a morphism of global sections

['(X,.Z™) — I'(X, HH:(Zx)) and, by abuse of notation, we still denote this induced

)

morphism

(X, Z™) - T'(X, HH:(Zx)) (5.5.11)

)
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by D;. Since .7 is also the sheafification of .Z%?, we have a morphism

K™(9x) = m(0(X,Z x RBGLY)) = (X, .Z%9) — T'(X, M) — T(X, HH;(Zx))

(5.5.12)
Finally, the Hochschild homology H H;(Zx) being defined as the hypercohomology
of the complex (C}(Zx),b) (notation as in Definition [5.7)), we have a morphism from
I'X,HH;(Zx)) to HH;,(Zx). We compose this sequence of maps to obtain the
Dennis trace

D; : KM"(2x) — HH;(Zx) (5.5.13)

(still denoted by D;). Using an identical process, for each i, we can construct the
presheaves .Z5?, F\® and FZ5¥ (resp. Fpt, FLe and Zi') and their common

)

sheafification ﬁf‘)p (resp. Z7). Once again, using the fact that X has a basis

consisting of Stein open sets, we can define the Chern maps

B+ KU (F) — HCoa( ) (5.5.14)
Ch;el . KIEZ(-@X) — HC’i,l(.@)()

Proposition 5.8. There is a commutative diagram of long exact sequences

L= K (9x) —— K{5(Zx) —— K(Zx) — ...

lchf"‘l lDi lch?” (5.5.15)
. HCZ(@)(> —_— HHi—i—l(@X) —_— HOZ'+1(@)(> — ...

Proof. The periodicity long exact sequence for Zx follows from the definition of cyclic
homology for the sheaf Zx as mentioned in ((5.5.3]). We already know that the maps
chi® chi®t and D; are compatible with the maps in the long exact sequence on each

open set U in X. Since the Chern maps and the Dennis trace in the above setup have
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been obtained by patching over all such open sets, the diagram is commutative. [

5.6 The long exact sequence for formal schemes

The constructions described in the previous sections may also be carried out for the
structure sheaves of formal schemes. Furthermore, in the setting of formal schemes,
(where we use Zariski topologies instead of complex topology), we show that the sheaf

BGL is flasque, i.e. is its own flasque resolution.

Definition 5.9. (see [29, I1.9]) A Noetherian formal scheme is a locally ringed space
(X, O0g) which can be covered by a finite open cover {W;} such that for each i, the
pair (U;, Ogly,) is isomorphic, as a locally ringed space, to the completion X of a
Noetherian scheme X along a closed subscheme Y. An affine (Noetherian) formal
scheme X is obtained by completing a single Noetherian scheme X along a closed

subscheme Y.

If X is a Noetherian scheme and we complete X along itself, we get X = X thus
the category of Noetherian formal schemes includes all Noetherian schemes. Note
that if the Noetherian scheme X is completed along a subscheme Y, then the sheaf of
rings Oy is supported on Y. Choose an open set U in X and consider the ring Og(U).
By definition, Og(U) is the completion lim Ox(U)/Z{(U) where Zy is the sheaf of

n>1

ideals corresponding to the subscheme Y. The completed ring Og(U) is therefore a

Banach algebra.

Note that when V' is an open set in X such that V' C X — Y, we have Og(V') = 0.
For any N > 1, let us set GL,(Og(V)) =1 and GL(O¢(V)) = 1.
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For each N, let BGL}, and BGLY” denote the sheaves on X asssociated to
the presheaves U — BGLy(Og(U))t and U — BGLN(Og(U).) respectively. Here
Ox(U), refers to the simplicial ring C®(A*)®O(U) obtained from the Banach al-
gebra Og(U) as in Section 5.2. Further, denote by BGL' and BGL'” the sheaves

associated to the presheaves

U BGLY(Og(U)) U BGL(Og(U),)

respectively, for any open set U in X. Again, it is understood that if U C X — Y,
then GL(O¢(U).) = 1. We have:

Proposition 5.10. (1)There is a global fibration of presheaves

(U= BGL(Ox(U))) — (U — BGL(Ox(U).))

Here (U — BGL(Ox(U))) refers to the presheaf that associates the simplicial set
BGL(O%(U))) to every open set U in X and (U — BGL(Og(U).)) refers to the

presheaf that associates the simplicial set BGL(Ox(U),) to every open set U of X.

(2) The morphism of sheaves

BGL" — BGL'”

s a local fibration.

Proof. (1) Let U and V' be open sets in X such that V. C U. When V € X — Y, we

proceed as follows: The restriction map from Og(U) to Og(V) induces restrictions
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GL(Og(U)) - GL(O%(V)), GL(O¢(U).) — GL(O¢(V).) and a pullback square

GL(Og(U)s) XaLog(v),) GL(Z(V)) —— GL(Oxg(V))

l l (5.6.1)

GL(Og(U),) — GL(Og(V).)

Since GL(Og(U)) — GL(Og(U),) is an injection, it follows that we must have an

injection of GL(Ox(U)) into the pullback:
GL(Og(U)) — GL(Ox(U).) Xcrogv).) GL(Ox(V)) (5.6.2)

and hence induces a Kan fibration on classifying spaces. Applying the classifying

space functor, we see that
BGL(Ox(U)) —— BGL(Ox(U).) Xparog(v).,) BGL(Ox(V)) (5.6.3)

is a Kan fibration.

When VC X —Y but U € X — Y, we have to check that
BGL(Og(U)) — BGL(O%(U).)

is a fibration, which follows directly from . Finally, when U C X — Y, we must

show that * — x is a fibration, which is trivial.

(2) Choose a point p in X. If p € Y, then the stalks of both sheaves at p are just x

and * — * is a fibration. If p € Y, then we consider the local ring O , = lim Ox(U,)
Up

and the simplicial ring Oy ,, = lim C*°(A*)&0%(U,) where U, varies over all open

Up
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sets in X containing p. Then, we have an injection

GL(Og’p) — GL(Ox,p*) (5.6.4)

As in (5.2.4)), this leads to a fibration

BGL(Og,) — BGL(Og,,) (5.6.5)

Since m (BGL(Ox,,)) is trivial, we can apply plus construction and still have a
fibration

BGL(Og,)* — BGL(O%,,) (5.6.6)

Therefore, by definition, we have a local fibration of the sheafifications BGLT —
BGL™"*.
]

We shall now define the algebraic, topological and relative K theories of a formal
scheme and show that they are related by a long exact sequence analogous to the one

in Proposition [5.6]

Definition 5.11. Let Z denote the constant sheaf on Y given by Z. The algebraic

K-theory of X is defined to be

K™(¥) = H™(X,Z x BGL™)

Consider the sheafification [BGLT BGL'”] of the presheaf which associates to an
open set U in X the homotopy fibre U +— [Zx BGL(Og(U)"),Zx BGL(O¢(U).)]. The
homotopy fibre is identical to the presheaf U — [BGL(Og(U)"), BGL(O¢(U).)] We

shall also denote this sheaf by GL™" and use GL™ to denote the sheafification of the
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presheaf which associates to an open set U in X the set — [BGL(Og(U)), BGL(Ox(U).)].

We define the topological and relative K theories of ¥ to be

K (%) = H"(X,Z x BGL'")  K!*/(¥) = H"(X, GL™") (5.6.7)

Proposition 5.12. There is a long exact sequence of K-theory groups
s KTN(E) — KY9(%) — K'P(¥) — K™ (8) — ... (5.6.8)

Proof. The proof is identical to that of Proposition [5.6]
[l

In the case of formal schemes, however, we will also show that the presheaves BG L,

BGL"P and GL"™ are flasque.

Lemma 5.13. Let R be a Noetherian integral domain and suppose that p is a prime
tdeal. Choose some g € R — p Then, the natural map from R= lim R/p" to f%g =

lim R,/p} is an injection.

Proof. The elements of R are, by definition, sequences of the form (r1,72,...) where,
for positive integers i > j, 7; = r; (mod p’). Suppose that the sequence (rqy,7s,...)
maps to the zero sequence in Rg. Then, for each r;, we must have r; € p;. Since R is

an integral domain, this means that we have an z; € p’ and a power g* such that

gkiri =x,; € p' for each i

Since p' is a primary ideal, r; ¢ p’ would imply that some power of g* lies in p’. This

is impossible since g ¢ p. Hence, each r; € p' and the map is injective. O
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Lemma 5.14. Let X be a topological space and suppose that FF — E — B be a
fibration sequence of simplicial presheaves on X, with E and B both flasque. Then

the fibre F is also a flasque presheaf.

Proof. Let V C U be nonempty open sets in X. Consider the following fibre squares

l l l l (5.6.9)

E(U) —— B(U) E(V) — B(V)

Since the restrictions E(U) — E(V) and B(U) — B(V') are Kan fibrations (E and
B being flasque), we have to show that the morphism between their fibre products,
i.e. the morphism F(U) — F(V) is also a Kan fibration. This is proved as follows:
Recall that, by definition, a Kan fibration, is that which has a right lifting property
with respect to monomorphisms of simplicial sets that are also weak equivalences
(also called trivial cofibrations), i.e. E' — B’ is a Kan fibration, if given any trivial

cofibration X — Y of simplicial sets, and a commutative square of morphisms

X — F

l l (5.6.10)

Y — B

there exists a ‘lift’, i.e. a morphism Y — E’ that fits into the commutative diagram.

Suppose, therefore that we have the following commutative digram, with a trivial

cofibration X — Y:
X —— F(U)

l (5.6.11)
BV

Then, by composing with the maps F(U) — E(U) and F(U) — B(U), we get the
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commutative diagrams

X —— B(U) X —— B(U)
l l l l (5.6.12)
Y —— E(V) Y —— B(V)

Since the maps E(U) — E(V) and B(U) — B(V) are fibrations, we have ‘lifts’ in
both the squares of (5.6.12). These lifts give maps from Y to E(U) and # that agree
on B(U). Since F(U) is a pullback, we have a map Y — F(U) that makes the digram
commutative. Hence, F'(U) — F(V) is a Kan fibration.

When we consider V' = ¢, then E(V) = B(V) = % and E(U) and B(U) are Kan

complexes. Once again, from the fibre square

FU) — x
(5.6.13)
E(U) —— B(U)

it follows that F'(U) is a Kan complex. This shows that the presheaf F' is flasque. [

Proposition 5.15. Let (¥, Ox) be the algebraic formal scheme obtained by completing
a Noetherian integral scheme X along an irreducible integral subschmeme (of positive
codimension) Y. The simplicial presheaves BGL, BGL'™" and GL™ are flasque in
the category of simplicial sheaves, in other words, the maps BGL — x, BGL* — x

and GL™ — % are global fibrations of presheaves.

Proof. By definition, a simplicial sheaf F is flasque if and only if
(1) F(U) — F(V) is a Kan fibration for each V C U and,

(2) Each simplicial set F(U) is a Kan complex, i.e. F(U) — * is a Kan fibration.
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Let V' C U be two open sets in X. Since Y is an irreducible subscheme, Y is given
locally by a prime ideal. Therefore, from Lemma above, it follows that the map
Og(U) — O%(V) is an injection. Therefore, the maps GL(O¢(U)) — GL(Ox(V))
and

GL(Og(U).) — GL(Ox(V).)

are also injections. The injections induce a Kan fibration of classifying spaces and

hence,
BGL(O%(U)) — BGL(O%(V)) BGL(O¢(U),) — BGL(Og(V).)

are Kan fibrations. Further, it is well known for any group G, the simplicial set BG is a
Kan complex, which implies that the simplicial sets BGL(Og(U)) and BGL(O¢(U).)
are Kan complexes. This proves that both the presheaves BGL and BGL'” are

flasque.

The fact that the presheaf U — GL(Og(U).)/GL(Og), which is the fibre of
BGL — BGL', is flasque follows from Lemma [5.14] This finishes the proof. [

Finally, using the same exact proof as that of Proposition [5.8] we have the following

long exact sequences:

Proposition 5.16. There is a commutative diagram of long exact sequences:

v K1 (X)) —— KM% —— K% (%) — ...

lchgel lDi lchf"p (5.6.14)

Proof. As in the proof of Proposition we have to construct the maps D;, chfap and

chrel

7 )

which is achieved by the same construction as in Section 5.5. The rest of this
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proof is also identical to that of Proposition [5.8|
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6 Modular Hecke Algebras, Rankin Cohen Brack-

ets and an Enriched Archimedean Complex

For a congruence subgroup I' = T'(N) of SLy(Z), we can consider the modu-
lar curve X (I') = I'\H* where H* denotes the union of the upper half plane H =
{z € C | Im(z) > 0 } with the rational points on the real line. It is well known that
the modular curve X (I') is a compact Riemann surface. For any compact Riemann

surface X, Consani’s complex K%“* (see Chapter 4) becomes (for i, j, k € Z)

a,b b,a i—1 . .
@agb,a+b:j+1,|afb|§2k—i(QX + QY )r (1%) if k > max{0,i}

0 otherwise

K"H(X) =

(6.0.15)
with differentials @’ and d” and total differential d = d’ + d” as defined in (4.1.2). In
Theorem [2.8 we have recalled how the complex K%9*(X) can be used to compute the
real Deligne cohomology of X. When we choose X = X (N), i.e. the N-th modular
curve X (N) = T'(N)\H we shall consider the corresponding complexes K***(X (N)).
We tensor the terms K***(X(NN)) by modular forms of level I'(N) and appropriate
weight and consider their direct limit K*** over all N > 1, which we refer to as the

“enriched archimedean complex” K}**.

For any fixed congruence subgroup I' C SLs(Z), we consider the module of func-

tions on I'\ G5 (Q) of finite support taking values in the enriched archimedean complex
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K** and satisfying a suitable “covariance condition” (see Definition . This mod-
ule, which we denote by B“**(T"), is our main object of study. In Proposition ,
we show that B“*(T") is a bimodule over an algebra Ap(T), which is a slight variant
of Connes-Moscovici’s modular Hecke algebra A(T")(see Section 6.1 for definitions).
Following [10], we know that the Hopf algebra H; of “codimension one foliations” of
Connes-Moscovici acts on the modular Hecke algebra A(I"). We then show that the
action of the same Hopf algebra H; determines an action on the module B***(T") and
that the action of H; on the system (Az(T'), B®*(I")) is “fat” in a sense to be made

precise in Definition [6.12]

We also consider a smaller Hopf algebra h; that is obtained from H; by setting
some of the generators of H; equal to zero. We then define a “reduced version” of
the algebra Ap(I') on which b, acts and denote this new algebra by A%(I"). We also
have a counterpart of B%*(T) in this framework which we denote by B:9*(T"). Once
again, we show that B%*(T") is a bimodule over A%(T"). The smaller Hopf algebra b,
acts on B49*(T') and the action of h; on the system (A% (T), B2*(T)) is “Hat” (see

Proposition [6.16]).

Finally, in Section 6.3, we define Rankin Cohen brackets on the modules B**(T).
These Rankin Cohen pairings combine the Rankin Cohen pairings defined by Connes

and Moscovici [9] with the pairings on the archimedean complex defined by Consani

in [18].
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6.1 Hecke Algebras and Hecke Correspondences

Throughout, we will assume I' C SLy(Z) is a congruence subgroup I' = T'(N) for

some integer N > 1. Recall that the congruence subgroup I'(V) is defined as

I(N) ={a € SLy(Z) 1 a = b (mod N)} (6.1.1)
01

We will sometimes denote this group by I'j;. For any a € GLJ(Q), consider the
double coset Tal as a subset of GL] (Q). Any left coset I'8 of T' in SLy(Z) that has
nonempty intersection with I'al" is contained in it. Hence, the double coset I'al’ may
be written as a (disjoint) union of left cosets; in other words, there exist finitely many

a; € GL3(Q), 1 <i <k, such that
k
Fol' = | Ja,T (6.1.2)
i—1

Consider an orbit I'z for some z € H for the action of I' on the upper half plane
H={zeC|Im(z) >0}. Then I'z is an element of the (compact) modular curve
X(T') = I'\H*, where H* denotes the union HUQ of the upper half plane H with the
rational points on the real line. Then the coset I'al' induces a “multi valued map”
on X(I') by mapping the orbit I'z to the set of orbits {I'a;z}. This notion may be

described precisely in terms of a correspondence, known as the Hecke correspondence.

For a € GL3(Q), consider, therefore, the group I'y = I' N o 'T'a. There is a
natural surjection p : I',\H* = X (I',) — X (I") = T'\H* and also a well defined map
a: X(I'y) — X(I') defined by sending the orbit I',z to 'az. Hence, we obtain a

diagram:
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P/ 2 (6.1.3)

We recall that a correspondence from an algebraic scheme X to a scheme Y is
a subscheme Z of X x Y that is dominant over X by means of the projection p; :
X xY — X onto the first coordinate. If f: X — Y is any morphism of schemes, its
graph I'y = {(z, f(z)) e X xY | x € X} C X xY is a correspondence from X to Y.

The set of correspondences from X to Y is denoted by Cor(X,Y’). In the diagram

(6.1.3), the image of X (I',) under the map
pXa

X(Ta) 249 X(T') x X(T)

gives us a correspondence from X (I') to itself. We refer to this construction as the

Hecke correspondence T'(I'al') or simply T'(c). For 3 € GL$ (Q), we set

TP) T(a) = Zk:FﬁaiF Fal' = @ a; I (6.1.4)

=1

The C-algebra generated by these operators T'(a), a € GLj(Q) is the Hecke

Algebra relative to the curve X(I') and is denoted by H(T).

Remark 6.1. For three algebraic schemes X, Y and Z, we can compose f €

Cor(X,Y) and g € Cor(Y, Z) to define the correspondence

go [ =pxz0xy(f) Pyz(9)) € Cor(X,2) (6.1.5)
where pxy : X XY x Z — X x Y denotes the natural projection (and similarly for

145



pyz and pxz) where - denotes the product of cycles in X x Y x Z. However, note that
the product of cycles is defined only up to an equivalence. Hence the right hand side
of is defined only up to equivalence. It is therefore advantageous to use the
explicit cycle given by to define the product of correspondences T'(f3) - T'(«).
The equivalence class of the explicit cycle given by for the product T'(5) - T'(«x)

agrees with the general definition for the product T'(3) - T'(«) given by the method of

615).
a b
If v = € GL3(Q), and f : H — C is a holomorphic function, we define
c d
Fla(2) = det()* F2)js(2)F where jy(2) = (2 +d) 2 (6.1.6)

Definition 6.2. Let ' = T'(IN) be a congruence subgroup and let k be any nonnegative

integer. Suppose that f :H — C is a function satisfying the following properties
(1) f is holomorphic.

(2) flar(2)y = f(2) for ally €T,

(3) Let q = ¥/ and define fr : {q € C|0 < |q| < 1} — C by setting

fola) = FNI2BY) (6.1.7)

271

(well defined due to (2) ). Then fo can be continued holomorphically at ¢ = 0.

We say that f is a modular form of weight 2k and level T' = I'(N). Moreover, if

foo(0) =0, we say that f is cuspidal.
The space of modular (resp. cuspidal) forms of level I' and weight 2k is denoted
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by My (T) (resp. MY, (T)) and we set

M) = P Max(I)  MO(T) = P My,(I) (6.1.8)

k>0 k>0

If N’ is amultiple of N, we have a morphism M(I'(N)) — M(I'(N")) (resp. M*(T'(N)) —
MO(T(N"))) . We define M (resp. M?) to be the direct limit

M =1lim M(T(N))  M"=lim M°(T(N)) (6.1.9)

In [10], Connes and Moscovici have introduced the algebra A(I") of Hecke operator
forms of level I" along with a natural embedding H(I") < A(T") of the usual algebra

of Hecke operators H(T").

Definition 6.3. A Hecke operator form of level I' is a function

F:T\GL; (Q) — M law— F, e M (6.1.10)
with finite support and satisfying the covariance condition

F,v=F,, VaeGL;(Q) vyeT (6.1.11)
The Hecke operator form is said to be cuspidal if

F,e M VaedGL;(Q) (6.1.12)

The Hecke operator forms of level I" form an algebra A(I") under the product

(F'«F?)o= > Fl-Flloy F'F*e AT) (6.1.13)

Qo] =
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where a1, ay € GL3(Q). Now, H(T') may be thought of as the algebra of functions

from the set of double cosets of I" to C having finite support. Then H(I") embeds into
A(T) as

jiHI) = AT)  j(h)e=h({Tal) ac GL(Q) (6.1.14)

The cuspidal Hecke operators form an ideal in A(T"), which we denote by A°(T"). Also,

we note that M(T") has the structure of an A(T")-module given by

Fxf= Y Fo flo (6.1.15)

a€l\GL} (Q)

for F € A(T), f € M(T). M°(T) is a submodule of M(T) and the ideal A°(T") takes
all elements in M(T) to M%(T). Finally, if N’ is a multiple of N, there exist natural

morphisms
FIN'NY : AD(N)) — AN F(M', M) s HT(N)) — H(T(VY) (6.1.16)
and we can form the direct limit algebras

A=lim AT(N))  H =lim H(T(N)) (6.1.17)

Finally, we recall the definition of the Hopf algebra H; of Connes and Moscovici
that acts on the algebra A(I"). This Hopf algebra H; belongs to the family of algebras
{H,}n>1 defined by Connes and Moscovici in [I2], where it is interpreted as the
“Hopf algebra of codimension one foliations”. The Hopf algebra H; is the universal

enveloping algebra of the Lie algebra £, with generators X, Y, d,,, n > 1, satisfying
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the relations

along with the coproducts

AX)=X®1+10X+60Y AY)=Y®1+1QY

(6.1.19)
A0) =01 ®@1+1®4
and the antipode
S(Y)=-Y S(X)=-X+00Y S(6) = =6 (6.1.20)
For any f € My, the operator X is defined as
X(f) = o (S f — (1/6)F (105 ) Y (F) (6.1.21)
- 2mi \dz dz V08 o

where Y is the grading operator Y (f) = % f and A(z) is the modular discriminant
A(Z) — (271_)12(] H(l _ qn)24 q= 627riz (6122)
n=1

which is a modular form of weight 12 and level I'(1) = SLy(Z). It may be checked

that X defines an operator X : My — Mj,o. We set

X(f) = (2mi) - X () (6.1.23)

Moreover, the operator X (and hence X) determines a derivation, called the Ramanu-

jan derivation. Now, given F' € A(T"), H; acts on A(T) as follows; for a € G5 (Q)

149



X(F)o=X(F,) Y(Fla=Y(F) 6(F)a=pia-F (6.1.24)

where 1, = (1/12mi)L (log %'CY). Note that p, measures the difference

pa Y (f) = X(f) = X(flra™") e (6.1.25)

whence it follows directly that p, = 0 for all @ € SLy(Z). For sake of convenience,

set

flo = (27m0) - e YV a € G3(Q) (6.1.26)

Remark: Notice that while the operators X and Y can be directly defined on a
modular form f € M, the operators 9,, n > 1 cannot. The definition of d; only
makes sense when we apply it to a function from the set of cosets I'\G5 (Q) to M.
Since p, = 0 for all @ € SLy(Z), the operator d§; (and hence the operators 9,
inductively defined by the relation [X,d,] = d,,4+1) vanishes whenever we use a coset
representative ' with o € SLy(Z). It also follows that the algebra A(I") carries a
Hopf action of the finitely generated Hopf algebra by, i.e. the universal enveloping
algebra of the Lie Algebra with two generators X, Y, with relation [Y, X] = X and

coproducts derived from H; by setting all 4,, = 0.
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6.2 The Enriched Archimedean complex with Hopf action

Let X(N), N > 1 denote the N-th modular curve, which is the compactification of

['(N)\H. Now define

1,j a a 1 +] — 1
K= @ Mimen @ ey (M)

1>i—j—1 a<b,atb=j+1,la—b|<2k—i
(6.2.1)
We define the two differentials, given f ® w € Kf\}j’k, we set

d: Kyt — KW (few) e fodw
N N (fow) () (6.2.2)

d" - K]i\’,j’k _ Kﬁl,ﬁ#l,k (f ®w) s f ® d”(w)
For any integers N, N’ > 1, we have the projection maps p : X(NN') — X(N). We
can define morphisms:

144 —i

1+j—i
a,b b,a
2 ) = Mu(Twn )DLy (v Hx v )R (T>

(6.2.3)

Ml(FN)®(Q§<’IEN)+QI;’(a(N))R (

by tensoring pullback maps p* on differential forms with the inclusions M;(I'y) —

M;(Txn). Define K% to be the direct limit of this system

Ki* = lim K" (6.2.4)

N

Definition 6.4. For a congruence subgroup T C SLy(Z), define B»(T') to be the set

of all functions of finite support

F:T\G§(Q) — K&k (6.2.5)
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satisfying the following covariance condition: If Fo, = > " fi ® w, € KLI*, then

en

For =Y fily®w) (6.2.6)
=1

where F, denotes the function F evaluated on the coset Ta for some a € G5 (Q).
Again, we can make B**(T') into a complex by defining differentials
d . BWHE(T) — BitLitLet(T) d(F), =d(F,) (6.2.7)
d" . BbHF() — BHLIHLET) d"(F)o =d"(Fy)
Set BH(I') = @ BY*(T) and B*(T) = @;y;=.B (). This gives us a complex
(B*(I"),d" +d").

For sake of simplicity, we shall frequently use the expression f, ® w, to denote the

sum F, = Zle fi ® w;.

Our next step is to define an algebra A7 (I") which is a variant of the modular hecke
algebra A(I"). We will show that B*(I") is a module over A7(I") and that H; acts on
both A7(I") and B*(I") and that the action is well behaved (or “flat”) in a sense we
will make precise in Definition [6.12] First, we consider the multiplicative semigroup
consisting of all non negative powers of (2ri)~! in C and denote this semigroup by
T.. Then R[T] denotes the free R-module over 7', considered as a “semigroup ring”

(See Remark for an explanation of why we restrict ourselves to this semigroup).

Definition 6.5. Let I' C SLy(Z) be a congruence subgroup. Denote by Ar(I') the set

of all functions of finite support

F:T\GS(Q) — M @g R[T] (6.2.8)
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satisfying the following covariance condition: If G, = > ", g ® €;, then, for any
yel,

Gory =Y aly®e (6.2.9)
=1

For simplicity, we will forgo the summation signs and write the sum G, = > " | G ®¢
simply as go ® 4. Also, we define the submodule A%(T) of all functions in Ap(T)

whose values lie in the cuspidal part M°® @ R[T,].

Proposition 6.6. (1) Ap(I') is an associative algebra: Given F,F' € Ap(I'), with

F,=f,®¢, and G, = f, @ ¢, for all p € G3(Q), the product structure is given by:

(F * F/)a = Z (fﬂ ’ f(;ﬁ—1|6) & 8/38/Oéﬂ71 (6210)

BET\GF (Q)

(2) The Hopf Algebra Hy acts on Ap(I') as follows:

X(F)a=X(fa)® @2mi) ey  Y(F)a=Y(fs) ®eq
51<F)a = fla* fa ® (27”)_1504

(6.2.11)

Moreover, the action of Hy on Ar(T) is flat in the sense that, given F,F' € Ap(T)
and h € Hy, with A(h) =" hay ® hg), we have

h(F*F') =Y ha)(F)* h)(F') (6.2.12)

Proof. (1) We consider the module M ®R[T;] and the following maps: given f € M,

e € R[T,] and p € G5 (Q), we let

Vige : MO R[T}] — M@ R[TY] ffee—f-foe
T,: MOR[T, — MORT,] [ @ flooe

(6.2.13)
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We choose v € I', it now follows:

(F*F')ya =2 geri (/8 frap118) ® €545
= +@) V1s2e © Tp(f0p-1 ® €5
2 gen\a; @ Visee © Ta( 7 g1 /7 1) 6210
= Y ser\at (@ Vsse © To(fog-1 ® el 1)

= (FxF'),

For any 3 € G5 (Q), it follows that:

(Frs- f‘;ﬂ*l“f*l hB) @ 6756/@&%*1 = Vfpweys © T’Yﬂ(félﬁflf)/71 ® 5/04371%1)
= wf@@éfﬁ © T’W © T’Y_l(fo,lﬁ—l & 8:15_1) (6.2.15)

= (f5 - fog—118) ®epe 51

Hence the expression for (F'x F”), is independent of the choice of coset representatives

(. Finally, we check the covariance condition:

(F'*F)ay = Zﬂer\G;(Q)(fﬁ : féwﬂ—l\ﬁ) ® €ﬂ5,¢wﬁ—1
= ZaeF\G;(Q)(fM ~Sas-1107) © EsyEq 5 (6 =07)
= Zaer\G;(Q) djf&“/@sé'v © TM(fc/wfl ® 5;571)

= 2senvat @ o - fas-) |y © esgfs1

(2) We check this on the generators. The Lie Algebra relations [Y, X| = X, [V, 1] =
and [0x,0;] = 0V k,l € N may be checked directly as in Proposition below. We
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check the coproduct relations. Choose F, F’ € Ar(I'). Then

X(F*Fa = Z,@er\cg(@) X(fs- flg11B) @ (2m’)‘1gﬁg’aﬁ,1

= Zﬂer\cg(@ X(fﬁ) : f&g—dﬁ ® (2m')‘1555;ﬁ_1

+ ZBEF\G;(@) Is- X(fégq 18) ® (27Ti)’1555’aﬁ,1

= (X(F)* F')o + Zﬁer\cg(@)(fﬁ X ( rg-1)0) ® (2mi) lepel 5

- Zﬁer\ag(@)(fﬁ(ﬁﬁ* Y (fi5-1))18) ® (27ri)*1555’aﬁ,1
= (X(F) % F')o + (F % X(F"))a
+ 3 servat @ fis - f8) - Y (fog-1)I8 ® (2mi) ~tepel 500
(as fig-15 = 0 = fig-1|B + fip)

= (X(F) * F')o + (F % X(F'))a + (0:1(F) * Y(F"))a
(6.2.17)

It can be easily checked that both Y and §; are derivations on the algebra Ay (T") and

hence the action of H; on Ar(I') is flat.

Corollary 6.7. (1) A%(T') is an ideal in A7 (L), which we shall refer to as the cuspidal

ideal.

(2) The cuspidal ideal A%(T') is invariant under the action of H;.

Proof. (1) follows directly from the definition of the product. From [I0], we know
that X preserves cuspidal modular forms. From the expression of the action of X on

A7(T), it is clear that the H; preserves A%(T).

Proposition 6.8. Let I be a congruence subgroup of SLy(Z) and let G € A(T),
F € B*T). Let Go = go @ €4 for any a € G5 (Q). Let F € B"H*T) for some
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i,j,k € Z and let F, = f, @w,. Then, we have a module action of A(T') on B*(T') as

(G Fla= Y. (Gs- fap-11B) ® pwap (6.2.18)
BET\G3 (Q)

where the right hand side of (6.2.18) belongs to the sum B“*(T') @ B2 (T ¢
B4R HT) @ ... (It is understood that if the summand B3 (T vanish, the

corresponding term on the right hand side is taken to be zero).

Proof. We consider the tensor product M ® Qp, where (7 is the direct limit of the

sum of all twisted real differentials, i.e.
2 = lim (5w T W)= O R[TY] (6.2.19)

For any o € G5 (Q) and any function g ® ¢ € M ® R[T], we define functions

cMRIQ - MO Qwrg- f®ew
(L) T T f g-f (6.2.20)
T, MQRQSQr - MQQr fRwr fla®w
To prove that the module action is well defined, we check that, for v € T,
(G*F)ya = Zﬁer\G;(Q) (98 * frap—118) ® €gwsap—1
= ZBEF\G;(Q) Vgsees © Tp(frap-1 @ Wyap-1) (6.2.21)

= 2561“\(;;(@) Vgooes © Tp(fap—1 ® Wap-1)

- ZﬁEF\G;(Q) gs - faﬁ*l |ﬁ ® EpWaps-1 = (G * F)a
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This action is also independent of the choice of coset representatives (3, i.e.

(9y8 - fas191170) ® Eypwap-1y1 = (95 fap-19-1|70) @ €gwap-1y1
= Ygpees © Trp(fap-19-1 ® Wap-11-1)
= Vgazes © Ty 0 Tt (fap—1 @ Wap—1) (6.2.22)
= Ygs0es © Tp(fap-1 @ wag-1)

=095 - fap-1]8 ® €pwas

Finally, we check the covariance condition, for v € T',

(G Flay = EﬁeF\G;(Q) (98 * farp—1|8 ® epwayp-1)
- Zaer\ag(@) (gsy * fas-1107 ® €5yWas-1) (B =07)
= Zaer\cg(@) ¢g5q®€67(fa5*1 |67 ® Was-1)

=D serct (@98 * fas—110)|7 ® was—

Note that the product lies entirely in the direct sum B“*(T') @ B2 1T @ .. .

i.e. the direct sum is infinite in one direction only. This is because multiplication by

an element of Az(I") cannot increase the twist. O

Remark 6.9. By looking at the proof of Proposition |6.8, we can see why the semi-
group Ty consisting of all non-negative powers of (2mi)~' in Definition instead

of the full cyclic group of all powers of (2mi)~!.

If we were to allow multiplication
by negative powers of (2mi)~', say, for instance, by (2mi), we could define a map
Bk () — B2 YT, Unfortunately, however, such a map does not commute

with differentials d’ and d". Hence, we exclude negative powers of (2mi)~ and con-

sider only the semigroup T .

Now, we will define an action of the Lie Algebra £, as defined in Section 6.1, on the

terms B"/(T"). This action extends to an action of the universal enveloping algebra
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on B“(T).
Proposition 6.10. B*(I") is a module over the universal enveloping algebra of the
Lie algebra £4.
Proof. Let F € B**(T') and a € G5 (Q). We define the following operators
X : BWK(T) — B2 X(F)y = X(fa) @ (27m1) 'wa

Y : BE(D) — BWET)  Y(F)g =Y (fa) @ wa (6.2.24)
0y s BH(I) — BH2IAT)  61(F)a = fia fo® (270) " wa

where F,, = f, ® w,. We obtain

YX(F)a=Y(X(fa) ® (270) " wa

X(Y(fa)) ® (2m1) s

(6.2.25)
XY (F)a

and hence it follows that [V, X] = X. Similarly, we can check that [Y,d;] = ;. The
action of the operators d,, for n > 1 is determined by the relation [X, d,] = d,41. Note

that the relation
0n(Fa) =Y X" Njia) - fo ® (2mi) "w, € BRI (6.2.26)
holds for n = 1. If (6.2.26]) holds for n, then

5n+1 (F>a

X0n(F)o — 0o X (F)a
XX (i) - fo © (200) 00) — (X0 (fa) - X (f2) @ (2mi) )
Xn(ﬂa) “Ja® (27”)7”71('%4

(6.2.27)
which proves the result for all n, by induction. From the expression, it is now obvious

that [0k, ;] = 0 for all k,l € N. Hence B*(I") is a module over the universal enveloping
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algebra of £;. [

Remark Note that the operator X of Proposition [6.10]is a “composite” of the mon-
odromy operator N on the archimedean complex and the Ramanujan derivation X on
modular forms. The definiton of the operator Y reflects both the grading operator on
modular forms and —® on the archimedean complex (® being the Frobenius), which
is defined to be ®(z) = (=) for x € K™*, where the K**’s are the terms of the
original archimedean complex we worked with in Chapter 4. One can check that the
operators ® and N on Consani’s complex satisfy the relation [-®, N] = N, which
leads to the comparison with the commutator relation [Y, X] = X for operators X

and Y on modular forms as explained above.

Corollary 6.11. The action of the operators X, Y and 6,,, n > 1 commutes with the
differentials d' and d".

Proof. Take F € B®k(T') with F,, = f, ® w, for a € G5 (Q). Then

(dX(F))o =d(X(F)a) = X(fa) @ 2m) " 'd (wa) = X(d'(F))s € BF2IHT)
(6.2.28)

and the same commutation relation holds for Y and 9, n > 1.

Definition 6.12. Let M be a module over an algebra A. Suppose that ‘H is a Hopf

algebra acting on both A and M. Then the action of H on A is said to be flat if

h(alaQ) = Z h(1)<a1)h(2) (CLQ) A(h) = Z h(l) X h(g) Vhe H, ai, Qs € A

159



The action of H on the system (A, M) is said to be flat if

h(am) =Y hm(a)he(m)  A(h) =Y hay®he VheH,acAmeM
(6.2.29)

In Proposition we have already shown that the Hopf algebra H; acts on B*(T").
We know from Proposition that the Hopf algebra H; has a flat action on the
Hecke algebra A7(I") and we proved in Proposition [6.8| that B*(I") is a module over
Ar(T'). We will now show that the action of H; on the system (A7(I"),B*(I")) is flat,
following Definition [6.12]

Proposition 6.13. The action of Hy on the system (Ar(I'),B*(I")) is flat.

Proof. Choose F' € B®"*(T') and let G € Ap(T). Let F, = fo Qw, and G, = g4 @ €4
for a € G (Q). By definition,

X(GxF)a= > X(gs- fas—118) ® (2mi) 'epwap— € @ BFHH(T) (6.2.30)
BET\G (Q) =1

Since X is a derivation on M, the right hand side of (6.2.30) is equal to

Y X(98) fagr1B02m) Mepwapit Y (95X (Fap118)®(2m0) " epwagt
BET\G3 (Q) BET\G3 (Q)
(6.2.31)

= (X(G) * Fla+ X perar 0)(98 - X (fag—1)|8) ® (2mi) " epwap
- Z,@er\cg((@) (95 - (fig—1 - Y (fap-1))|B) ® (271) ' epwap—
=(X(G)*x F)y+ (G*x X(F))q
+ 2 pervar (s 95) - Y (fap-1)18) ® (2mi) tegwap—
=(X(GQ)*F)g+ (Gx X(F))o+ (61(G) * Y (F))a
(6.2.32)
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The result follows easily for the coproducts A(Y) =Y ® 1 +1® Y and A(d) =

01 ®1+1® 0.

Corollary 6.14. (1) Ar(T') also acts on the right of B*(T") as follows; For G € Ap(T")

and F € BY* with G, = g,®¢,, F, = f, ®@w, for any p € GF(Q),

(FxGla= Y (fo-gap-1|B8) ® wpeas— (6.2.33)
a€l\G7 (Q)

(2) The right module structure of B*(I') over Ar(I') is also flat with respect to the
action of Hy, i.e. for any h € Hy, F € B*(I") and G € Ap(I"), we have

WEF«G) =Y hay(F)xhe(G) if  Ah) = ha)®hg (6.2.34)

Proof. Tt can be checked directly that both expressions are well defined and that the

action of the Hopf algebra is flat. O

It follows that B*(I") is actually a bimodule over Ar(I'). We will use this fact in the

next section.

Finally, we show that, by “restricting” the product on A7 (I") as defined in Proposition
, we can define an action of the smaller Hopf algebra b; (i.e. the universal envelop-
ing algebra of the Lie algebra [; with two generators X, Y satisfying [V, X| = X, and
with coproducts A(X) =1 X +X®1land AY)=1Y +Y ®1) on Ap(T).
Further, we can make B*(I") into a module over Ay (I') in a way such that h; has a

flat action on the system (A7 (T),B*(T")).
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Proposition 6.15. (1) Let F,F' € Ap(T'). Suppose that F, = fo ®c,, Fl = fl ¢,

for any o € G5 (Q). Then A7(T') becomes an algebra under the product

(F * F)a - Z (fﬁ : ftlyﬁ—1|ﬂ) &® 656&571 (6235)
BET\SL2(Z)

Whenever we use the product of (6.2.35)), we will refer to the algebra Ap(T") as A(T).

(2) We define the operators X andY on AL(T") as
X(F)a = X(fa) ® (27”)7150: Y(F)a = Y(fa) ® Ea (6236>
Then both X and Y are derivations on AL(I') and the above defines a flat action of

the Hopf algebra by on AL(T).

Proof. (1) follows in the exact same manner as the proof of Proposition [6.6(1). To
prove (2), we note that X(f);-1[8) = X(f,;-1)|8 because p5-1 =0 (as § € SL2(Z)).
Hence
X(Fx*F)o = ZBeF\SLg(Z) X(fﬁ ' fclvﬁ*1|ﬂ) ® (27”)71565;571
= X(f3) - fos @ (2mi) tege! .y
ZﬁeF\SLg(Z) ( ﬂ>~ af ( ) B<ap (6.2.37)
+ ZﬁeF\SLQ(Z) fﬁ ’ X(faﬁ*I)W ® (27”‘)715/65;5*1
= (X(F)* F')o + (F * X(F'))a

We can also check directly that Y is a derivation.

]

Whenever we use the product of (6.2.35)), we will refer to the algebra Ar(I") as A%(T).

Proposition 6.16. (1) Let G € AL (') and F € B*(I'). Let G4 = go @ €, and
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F, = fa®@uw, for a € G5 (Q). We set

(GxFla= > g3 fag1|B® pwap (6.2.38)
BET\SL2(Z)

This makes B*(I") a module over AlL(T'). With the module action of (6.2.38)), we will
refer to B*(I') as Bi(T).

(2) For F € B:3*(T') C B:(T'), define operators X andY as
X(F)o=X(fa) ® 2ri) 'wa  Y(F)a=Y(fa) ®wa (6.2.39)

with the right hand side lying in the direct sum BS3*(T) @ B2 YT @ .... This

defines a flat action of by on the system (A%L(T),B:(T)).

Proof. The proof of (1) is analogous to that of Proposition [6.15(1). (2) also follows
similarly; using again the fact that X(féﬁ,l\ﬁ) = X( o5-1)| 8, since 3 € SLy(Z).

With the module action of (6.2.38]), we will refer to B*(I") as B} (T").

Remark We recall that the universal elliptic curve E, with a map £ — H to the
upper half plane, is defined by letting the fibre over z € H be the elliptic curve
C/A., A, being the lattice {Z + Zz}. When I' = I'(N) is a congruence subgroup
of SLy(Z) with N > 3, it is known that I' acts freely on £ and one deduces a
morphism E(I') — Y(I') = I'\H The universal elliptic curve E(T') of level I can be
compactified to define £(I") which maps to the modular curve X (I'). The results of
this section, as well as those of the next, may be carried over to the context of the
curves £(I') — X (I"), by pulling back the line bundle of modular forms from X (I') to

E(T) and by working with the module of relative differentials Q;’(*F) X
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6.3 Extension of Rankin Cohen brackets

Our goal in this section is to define “Rankin Cohen brackets” RC),, of any order n > 1
on B*(T"):
RC, :B*(I') @ B*(I') — A7(T")(1) (6.3.1)

where A7p(T")(1) = Ar(T)(27i). We start with the definition of the first Rankin Cohen
bracket. If f and g are modular forms of weight k and [ respectively, the first Rankin

Cohen bracket is defined as

RCy(f,9) = X(f)Y(g9) =Y (f)X(9) (6.3.2)

In [I0], Connes and Moscovici have shown that the extension of the first Rankin
Cohen bracket to the modular Hecke Algebra A(I") is defined by the generator of
the transverse fundamental class [F] € HC?*(H;), which is a class in Hopf cyclic
cohomology. For the definition and properties of Hopf cyclic cohomology, see [11] or

the Appendix to [I0]. Here the class F' is given by
F=X®Y-Y®X-86YQY (6.3.3)

We set 85 = d,—(1/2)6% in the Hopf Algebra H;. We will now describe the action of 4,
v G47

on the algebra Ap(I') and on B*(I") more explicitly. For this, we set wy = —(2;—1.)4

where (G4 is the classical Eisenstein series

Gi(2)= Y b (6.3.4)

4
oo E )

We can think of w, as an element of Ar(I"), by choosing a constant function mapping

all cosets in I'\G5 (Q) to (27mi)w, @ (2mi)~L.
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Lemma 6.17. (1) The action of 65 on Ap(T') is an inner derivation, implemented

by wy € Ar(D), i.e.
05(G) = [G,ws]  for any G € Ar(T) (6.3.5)

(2) The action of 6, on B*(I') is also implemented by wy, i.e. given F € B*(I") we
have

5L(F) = [F,wi] (6.3.6)

(The right hand side of is well defined because B*(I') is a bimodule over
Ar(T).)

(3) The action of 65 on AL(T') is zero.

Proof. (3) follows directly from the fact that all 6,, n > 0 act as 0 on A%(I"). Now,

from the proof of Proposition 10 of [10], it follows that, for any v € G5 (Q)

(R =55 ) -1 =2miten £ = 1) (637

Also, from the expression for 9,, given in the proof of Proposition [6.10] it follows that,

for F € B*(T') with F, = f, ® w,, for any p € G5 (Q);
55(F)a = 52(F)a - (1/2)5%<F)a = (XO]&) ’ fa - & ’ fa) ® (27]-2‘)72("}01 (638)

Then both (1) and (2) follow from (/6.3.8)) exactly as in Proposition 10 of [10].
[

In [I8], Consani has defined a pairing on the terms of the archimedean complex
taking values in R(1). We will now generalize this pairing using Rankin Cohen brack-

ets, and this pairing will, in fact, take values in the twisted module Ar(I")(1). We
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will also define the pairing in the simpler case of B*(I"), with the pairing taking values
in A(I')(1).

Set, for m € Z,

e(m)=(-1)" 2z (6.3.9)

Cw)=(vV/-1)*" (6.3.10)
For Fy, F; in A(T"), the first Rankin Cohen bracket is given by
RCI(F1, Fy) = X(Fy) Y (Fy) = Y(F) * X(Fy) — Y (Fy) « Y (Fy) (6.3.11)
This leads us to the introduction of a pairing
RCyo : By 727D @ BHHFHT) — AL(T)(1) (6.3.12)

which is defined as follows. Let F' € B*=>=3*(T") and F’ € B:*(T) with F, =
fo ®w, and F) = f) @ w), for any p € G5 (Q). Then, for any a € G3(Q),

RC10(F, F')q
=e(1—j)(— ) 25GF\SL2 ( (fﬁ) ( égfl)W) (2mi)~ fWB A Cwaﬂ 1
—e(1 =) (=1)F ZﬁeF\SLQ (Y(fs)X (faﬁ—l)W) (2mi) 2 [ws A Cwaﬁ—

—e(l — j)(_l) Zﬁer\SLQ(Z)(ﬂB ’ (fﬁ) (Y ( (;571)\5)) (2m2)~ fwﬂ A Owaﬂ 1
(6.3.13)

The integral in the expression above is well defined on the direct limit since the

integral of a top dimensional differential form is left unchanged by pullback maps.

166



We can also define a pairing;:
RCy1 : B 279K(T) @ B2k H=1(D) — AL(T)(1) (6.3.14)
as follows: Given F' € B, *T) and F’ € Bi-23k+~1T) we have

RCy1(F, F),
=e(1—7)(=1)F! ZﬁeF\SLz(Z) (X(fﬂ>y( ég—l)‘ﬁ) (2mi) 72 [ws A CW
—e(1—j)(=1)F ZﬁeF\SLz (Y(fﬂ)X(faﬁfl)W) (2m8) 72 [wp A Cwy ap-1

—e(1 = N(=D"" Y sersra@ (s - Y (f5) - (Y (fl-1)18)) @ (270) 2 [ws A Cuwya
(6.3.15)

Extending by zero, we have a first Rankin Cohen bracket
RCy « (B 72747 HD) @ B H(D)) @ (B 275 7HD) @ B (T)) — AR(D)(1)
In general, for the n-th Rankin Cohen bracket, we will have n + 1 distinct pairings

RC,,, : B2 phmik=(nmp)(T) @ Bimpaktizp(T) — AZ(T)(1) p=0,1,2,...,n

(6.3.16)
and we will extend by zero to define
RC, : @ B>+ () @ @ B P+ +H7(I') — AR(T)(1) (6.3.17)
p=0 =0
We also have Rankin Cohen brackets
RC, : @B+ 7(I') @ @ B>+ P(I') — Ap(T)(1) (6.3.18)
—0 —

First we consider the case of BX(I"). In the previous section, we have shown that
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Bi(T") is a bimodule over A% (') and that there is a flat action of h; on the sys-
tem (A% (T),B%(I")). Hence, following [0, (1.5)], the n-th Rankin Cohen bracket
is defined as follows: Let p € {0,1,2,...,n}, and let F € Br_i_Q(n_p)7_j’k_(”_p)(F),
F' e Bi7?7*=P(D), and let F, = f, ® w,, F, = f, @ w, for any p € G3(Q). Then,

for any a € G5 (Q),

RCup(F. F')a = 3 per\spa(z) 2ot €(1 — J)(=1)F7HPH

(552 @Y + D) - (E5@Y + 0= Dilf5-0) 18) @ (2mi) ™ [y A Ol
(6.3.19)

where S is the antipode of the Hopf algebra and (Y + K)p = (Y + K)(Y + K —
1)..(Y + K — L+1). Extending by zeroes, we can define the Rankin Cohen brackets
RC,, for all n.

Proposition 6.18. Choose u € A%L(I') such that u is invertible and suppose that
Xw)=0 Y@)=0 & '6)=0  &u)=0

1. For any n and any elements I, F' € BX(I"), we have

RC,(Fu, F') = RC,(F,uF")

(6.3.20)

RC,(uF, F") = uRC,(F, F") RC,(F, F'u) = RC,(F, F')u

2. Let «, be the inner automorphism defined by u € A%(T'); then
RCp(u(F), a(F")) = a(RC,(F, F)) (6.3.21)

Proof. Note that since u is an invertible element of A%.(T'), for any p € G4 (Q), we

must have u, = g, ® 1, because R[T;] contains only non negative powers of (27i)~'.
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Hence, if we choose F' € B49k(T"), both u* F and a,(F) lie in the same B2*(T"). The
result now follows exactly as in the proof of [9, Lemma 2].

[]

We now proceed to the general case, where we consider the action of the larger Hopf
algebra H; on Ar(I'). For any a € Ap(I'), let us denote by L, (resp. R,) the operator
of left (resp. right) multiplication by a on B*(I') and, by abuse of notation, also on
Ar(T) itself. Recall that we can think of wy as an element of Ar(T"), by choosing a
constant function mapping all cosets in T\G5 (Q) to (27mi)w, ® (2mi)~. Also, define
an operator N on both A7(I") and B*(I') as: Given F' € Ap(I') and G € B*(I") with

F,=f,®¢,and G, =g, ®w, for any p € G5 (Q), set
N(@G),=9,® (2mi) 'w, N(F),=f,®(2ri) s, (6.3.22)

Note that if G € B**(T"), N(G) € B23*1(T) and N(G) is understood to be zero

if BiF23A1(T) = 0.

Define the sequences {4, },>_1, {Bn}n>0 as:

A1=0 Ay=1 By=1 B =X
Apy1 = S(X)A, —nR,, (Y — "T’l) An_1N | By = XB, —nlL,, (Y — "T’l) B, 1N

These sequences differ from those of [9] in the use of the extra operator N. The
operator N makes sure that applying either A, or B,, to an element of B*(I") reduces
the twist by n. With this adjustment, we can, once again, define Rankin Cohen

brackets,

RC,,,, : B7i72=p)mik=(n=p)(T) @ BI2pakti=p(T) — Ap(T)(1) p=0,1,2,...,n
(6.3.23)
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by the formula: Given F € B==2=ph=ik=(n=p)(T") F' ¢ Bi=2p3k+=P(T) and let

Fy=[,Quw,, F,= f,@w, for any p € G5 (Q). Also, suppose that, for any 0 <1 < n,

(%(21/ + l>"—l> (F)p=9,® (27Ti)_lwp

(6.3.24)
(&Y +n =) (F), = g @ (2mi) s,
Then, for any a € G4 (Q),
RCwp(F Fa= 3 >e(l=j)(=1)"" " gs g8 ® 2mi) ™" [ws A Cwjpss
BET\SLx(Z)1=0
(6.3.25)
Extending by zeroes, we can define the full Rankin Cohen brackets:
RC, : @B~ 2(I') @ @ B+ 7(I') — Ap(T')(1) (6.3.26)
p=0 p=0

Now, as in [9, Lemma 2], we can prove:

Proposition 6.19. Let the Hopf algebra Hy act on B*(I") as above, such that 6} is
implemented by the inner derivation corresponding to wy € Ar(L'). Further, choose

an invertible u € Ap(T') and set yu = u=10,(u). Then

X(u)=0 Y (u) dp(u)=0 neN (6.3.27)

1. For any n and any elements F', F' € B*(I"), we have

RC,(Fu, F') = RC,,(F,uF")
(6.3.28)
RC,(uF,F') =uRC,(F,F")  RC,(F,F'u) = RC,(F, F')u
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2. Let «, be the inner automorphism defined by u € Ar(T'); then

RC, (o, (F), au(F")) = a(RC,(F, F")) (6.3.29)

Proof. As explained before in the proof of Proposition [6.18] u being invertible, if
F € B¥*T), both ux F and o, (F) lie in B**(T"). The result now follows exactly as

in the proof of [9, Lemma 7]. O
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