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1.[25 points]
Find an antiderivative for the function
flz) = (1+2%)

Use the substitution x = tan(u), so that dz = sec?(u)du
dv sec?(u)du _ sec?(u)du _ sec?(u)du _ du
/ (1+22)2 / (1 + tan2(u))? / (sec2(u))2 / (secd(u)) /sec(u)
= /cos(u)du = sin(u) + C

Using the similarity between two right triangles with a common angle u, we determine

that .
sin(u) = ——
() 2 +1

Therefore J
/ GBI e
(1 + 562)5 241



2.[25 points| Let R be the region bounded by the curves y = 2%, x = 0 and y = 1.

a) Use the washer method to find the volume of the solid obtained by rotating R about
the x-axis.

Solution: The outer edge of the washer is created by the line y = 1, so the outer
radius is just 1. The inner radius is created by the curve y = 2®. Because we are
rotating about the x-axis, we can see from a diagram that the inner radius is y and
that the width of a washer is dz. The curves y = 2 and y = 1 intersect at (1,1).

Combining all this

b) Find, by applying the method of cylindrical shells, the volume of the solid obtained
by rotating the region S bounded by the curves y = 2% + 4, y = 222, and = = 0,
about the y—axis.

Solution: We use cylindrical shells

2 2 472
Volume = 27r/ x(x* +4 — 2x%) dx = 27r/ 4x — xPdx = 27 [2){2 — XZ] = 8
0 0 0



3.[25 points]

Consider the curve given in parametric equations:

x(t) = 12t — t°; y(t) = 6t*

a) Determine the points on the curve at which the tangent lines are vertical and hori-
zontal.

b) Find the area of the region contained inside the loop of the curve

Solution:
dy 12t 4t

dr 12 —3t12 4 —¢2

Hence: at (z(0),y(0)) = (0,0) the tangent line is horizontal and at (x(£2),y(£2))
the tangent lines are vertical

2v/3 2v/3 992
1 2
Area = 2/ (12t — t3)(12t)dt = 24 {4t3 — gt‘r’} = 35\/§
0 0



4. [25 points]
Find the length of the arc of the curve
y = In(1 — 2?)
from the point (0,0) to the point (3, In(3) — In(4))
Solution: This is an application of the arc length formula

dy d 9 —2x
=2 — ~(In(1 — -
0y = gy n(l —2%)

o 1—a?
It follows that the length of the arc is

1 1 1
2 dy 2 —2x 2\/ 42
I = IV 4 ] dp = 241 do = —————+1lder=
/wa)* v /0\/(1—952)+ v /0 ot T
> (421 1—222+ a2 3 14227 + o 3 (14 22)?
= dr = ———— dx = —=dr =
0 1 — 222 + a* 0 1 — 222 + 2t 0 (1 —a2)2
2] 4 2
:/ dx
o 1—a?

Using long division, we find

1

2 1 1
L:/ -1+ + de =[—z+In(1+2) —In(1 — )]
0
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