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1.[25 points] For what values of p is the following integral finite? Fully explain your answer

/ 2Pdx
1

Solution For p # —1 and for any b > 1, b € R

b
prtt 1
/a:pdx: -

prtt 1
lim — —— < oo onlyif p+ 1 <0. Since we have assumed p # —1, the inequality in fact

b—»oop—l—l p—|—1
b
/ 2Pdx =logb
1

means p < —1. The case p = —1 yields
blim log b = oo. Therefore the improper integral converges for p < —1.




2.[25 points] Determine if the following series are conditionally convergent, absolutely conver-
gent, or divergent. Justify and explain your answer

(a)

n!
n=0
2. 2+ cos(n)
8 pEE
n=1

Solution (a) The factorial in the denominator suggests that the Ratio Test might be useful.

i (71)"712009

We test it: let a, = ~—1—, then
nt1 2009
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im = lim —— = lim . = lim — =
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1\2000 4
— lim (2 : —0<1
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By the Ratio Test, this series converges absolutely.
2 4 cos(n 3
(b) Recall that —1 < cos(n) <1, so # < — foralln>1.
n n
— 3 — 1 o . :
2_2 = 32—2 is a p-series with p = 2 > 1, so it converges. By the Comparison Test,
n=1 n n=1 n
= 2+ cos(n
Z +—2(> is also convergent. All the terms in these series are positive, so we can just say
n
n=1

“convergent” (absolutely convergent is technically true as well).



3.[25 points]

(a) Compute the MacLaurin series of f(z) = ze® (i.e. the Taylor series at = 0).

(b) Integrate the series in (a) from 0 to 1 to show that

1
(k + 2)k!

=1.
k=0
(You may assume that the MacLaurin series of f(z) coincides with f(z) on [0, 1]).

Solution (a) This can be done two ways. First, we recall that the Taylor series of g(z) = e” at

r=0Iis -
xk
2

So the MacLaurin series of f(z) = xe® is

e

k=0

k+1

k!

T

hE

=
Il
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Alternatively, we can compute the Taylor series of f(x) at x = 0 directly:

flz) =0

f'(x) = xe® + "

f"(z) = (ze® + %) = ze® + ¥ + " = xe® + 2€”
() =

"(x) = (xe” +2€") = ze® + ¥ + 2¢” = xe® + 3e”.

It follows that f*)(x) = ze® + ke® and that in particular, f®)(0) = k. Therefore
Z f 0 zk o Jian

- N |

P (k—1)! — k!

is the MacLaurin series for f(x).

k+1

(b) It follows from (a) that ze® = Z T at least on [0, 1]. So

/xefdx_/oz o

Also, by applying the technique of integration by parts with u = x, dv = €”

1 1
/xexd:p:xe$|(1)—/exda::e—O—(e—l)zl.
0 0

On the other hand
1 o0 k2 0 (1)k+2 0 1
—d = ——dr = —|z=l = — —_—
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(U -



4.[25 points| Determine the largest interval of convergence of the series

i arctan |z|"
n + | sin(nx)|

n=1

(arctan(z) = tan"!(x).  You may use the inequality: arctan |z| < |z|)

Solution We apply the Comparison Test

arctan |z|" ||
<

n+ |sin(nz)| = n

’ n

x
and study the convergence of the series Z | . To this series we apply the Root Test

n>1

2]

|z]

lim

n—oo 1/MN

Then, the above series (and hence the original one) is convergent for |z| < 1.

At |z| =1, lim —2% =0, h 4 > 4 d 1 = . Theref
SR Sy ey s TR ey ey R ; 7 = o0 Therelore

by applying the Comparison Test we conclude that the original series is divergent at |z| = 1.

INE

T arctan |z|"

When |z| > 1, we notice that —*— < ,
n+1 7~ n+|sin(nz)]

s
4

is divergent. Then,

, and the series Z
~n+ 1

we conclude that the largest interval of convergence of the original series is (—=1,1).



