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Solution to the IBVP?

Ou = KOuu+ 0(x,1), withxe (0,L),7>0
u(x,0) = f(x)
BC: u(0,1) = ¢(1),u(L,t) = (1)
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1. Laplace’s equation inside a rectangular

Consider the Laplace’s equation I's
V2u:8mu+8yyu:0, 0<x<LO0O<y<H
_ ) _ ) Ty
up, =g1(v);  ulr, = £00);
ulr, = fi(x); ulr, = f2(x); (oloy
)
» Equilibrium of the HE I3, x
» How to solve it? 1D: O, = 0 = u(x) = c1x + 3.
Separation of variables?
Linear and homogeneous: PDE, BC
Vu, = 0, Vu, = 0, Vuz = 0, Vuy = 0,
utlr, = g1; wr|r, = 0; us|r, = 0; uglr, = 0;
uyr, = 0; u2|r, = g2; usr, = 0; uylr, = 0;
ulr, = 0; uz|ry = 0; uslry = fi; uylr, = 0;
ulr, = 0; uslr, = 0; uslr, = 0; uslr, = fo;
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Solve u, by Separation of Variables:
1. Seek solution u; (x,y) = h(x)p(y):

Viu, =0, h" (x) ?"(y)
= — = >\
M1|F, = 81; h ¢
ui|r, = 0; 2. Eigenvalue problem:
uiry = 0; 3" () = —Ao(y rgﬂ #(0) = (m)r= 0
l/ll|1—‘4 :O7 (bn( )_SIH(ﬁy) A :(ﬁ)zv n=12---
3. Solve h:

R (x) = Mi(x), h(L) =0

> A>0: h(x) = creV™ 4 cre VA
hy(x) = a, sinh(v/\,(x — L))

4. Determine q,

Zan sinh(/ 3 (x — L) ().
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2.5.2 Laplace equation on a disk

Viu=0, (x,y) € Disk
ulp =f

x=rcosf; y=rsinf

v2 _ - T
YT ror <rar> 2gp 0<r<a-m<0<

» BC: u(a,n) = u(a,—m); Opu(a,n) = dpu(a, —m)
u(a,0) =f(0); u(0,0)=?
» Separation of variables?
linear homo: PDE, BC
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2,10 (0w 1% _
vuirar e +r288270, O<r<a,—rm<0<m
BC: u(a,7) = u(a,—x); Ogu(a,m) = dpu(a, —)
u(a,0) =f(0); u(0,0) =7
» 1. Seek solution u(r, ) = G(r)o(6):
AU )

G ="

» 2. EigenvalueP:
¢"(0) = =Ap(0), @(—7) = ¢(m); ¢ (—7) = ¢/ ()
> 3. G(r): 9Y — ),;BC?  G(0) is bounded
» 4. Solution: )\, = n?, ¢, = cos(nf),sin(nf), n=0,1,...
r?G" +rG' —n*G =0 = (Euler's method:) G(r) =’ orInr

u(r,0) = Ao+ Y _[Ayr" cos(nf) + B,r" sin(nf)]

n=1
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*2.5.3. Solve Laplace’s equation outside a circular disk (r > a) subject to the
boundary condition

(a) u(a,d) =1n2+4cos3f
(b) u(a,6) = £(8)

You may assume that u(r, ) remains finite as r — oo.

10 Ou 1 0%u
vy - -2 (& Ltou
" ,ar(rc’)r> ,»2362—0’ r>a,—m <0<

BC: u(a,w) = u(a, —7); Opu(a, ) = Ogu(a, —)
u(a,0) =g(0); lim,_ oo u(r,0) < oo
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2.5.3 Qualitative properties

Mean value property u(P) is the average of u in 9B,(P) C D

» The temperature at any point is the average of the temperature
along any circle (inside domain) centered at the point.

» Example on disk:
1 s
u(0,0) =ag = 7 [Wf(ﬁ)dﬂ

Maximum principle In non-constant steady state the temperature
cannot attain its maximum in the interior:

u(P) = maxu = P € 0D
D
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Wellposedness and uniqueness
Definition: a DE problem is well-posed if there exists a unique solution that
depends continuously on the nonhomogeneous data.

Theorem
V2u = 0 on a smooth domain D with u|sp = f(x) is well-posed.

"Proof".

» Existence: physical intuition, for compatible f.
solution on RY; then constraint on D (Reading: Craig Evans, Partial Differential Equations)

» Continuous dependence on BC

» Uniqueness
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Solvability condition For V?u = 0, we have (Divergence theorem)

%Vu'ndS:/VzudV:O

» If Neumann BC —K,Vu - n, then we must have ¢ Vu - ndS =0

» The net heat flow through the boundary must be zero for a
steady state (with no source).
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Summary of Chp 2: Separation of variables
» Heat equation + BC + IC; Laplace +BC

» Linear + homogeneous = Principle of superposition

» Separation of variables
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Solution of HE + BC+ IC: J,u = Oyu, u(x,0) = f(x)

Dirichletx € (0,L)  f(x) =2, B, sin("Tx)

w(0,0) =u(L,1) =0 u(x,0)= 32 B,sin(“Ex)e™ "

Neuman x € (0,L) f(x) =32 A,cos(%Fx)
Buu(0,1) = Buu(L,1) =0 u(x,1)=Ag + Y| Ay cos(Zrx)e "

Mixed x € (-L,L)  f(x) =Ao+ > - (A,cos Ex+ B,sin )
(0, 1) = dyu(L, 1) ulx,1)=Ag + 3,2 (A, cos “Ex + By, sin 2L x)e ™"
u(0,1) = u(L,t)

Question
» When f(x) can be written as series? Convergence?
» If the series of f converge, will u(x, ) series converge?
» If converge, will u continuous/differentiable/satisfy HE?
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