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Lecture 5. DARTR: data adaptive RKHS Tikhonov regularization

Learning interaction kernel Kϕ(x − y) = ϕ(|x − y|) x−y
|x−y|

dXi
t =

1
N

N∑
j=1

Kϕ(X
j
t − Xi

t)dt +
√

2νdBi
t ⇔ Rϕ(Xt) = Ẋt −

√
2νḂt

∂tu = ν∆u +∇ · [u(Kϕ ∗ u)] ⇔ Rϕ[u(·, t)] = f (·, t)

▶ N small: M trajectories {X(m)
t1:tL}

M
m=1 ⇒ statistical learning

▶ N = ∞: {uN(x, tl) =
1
N

∑
i δXi

tl
(x)} or {u(xm, tl)}m,l ⇒ inverse problem

Nonparametric regression: ϕ =
∑n

k=1 ckϕk

Anc = bn

Ill-conditioned An ⇒ Regularization

∥Anc − bn∥2 + λ∥c∥2
∗

How to choose ∥c∥2
∗?

1. Learning kernels
2. Regression and regularization
3. Identifiability and DARTR
4. Adaptive prior for Bayesian inverse

- LLA22: Lu, Lang, and An. MSML22.
- LAY22: Lu, An and Yu. arXiv2205

- CLLW22: Chada, Lang, L.& Wang.arXiv2212
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Learning kernels in operators

Learn the kernel ϕ: Rϕ[u] + ϵ = f

from data: D = {(uk, fk)}n
k=1, (uk, fk) ∈ X× Y

▶ Operator Rϕ[u](x) =
∫
ϕ(|x − y|)g[u](x, y)dy

– interacting particles/agents

Rϕ[u] = ∇ · [u(Kϕ ∗ u)] = ∂tu − σ∆u, Kϕ(x) = ϕ(|x|) x
|x| ∈ Rd

Rϕ[Xt] =
[
− 1

N

N∑
j=1

Kϕ(X
i
t −Xj

t)
]

i
= Ẋt + Ẇt, u =

1
N

N∑
i=1

δ(Xi
t − x)

– nonlocal PDEs: Rϕ[u] = ∂ttu − v

Rϕ[u](x) =
∫
Ω

ϕ(|x − y|)[u(y)− u(x)]dy = ∂ttu − v.

– Integral operators, deconvolution, Toeplitz/Hankel matrix ...
Toeplitz matrix: Rϕu = f , Rϕ(i, j) = ϕ(i − j)
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Learning kernels in operators

Learn the kernel ϕ: Rϕ[u] + ϵ = f

from data: D = {(uk, fk)}N
k=1, (uk, fk) ∈ X× Y

▶ Operator Rϕ[u]: linear in ϕ

▶ Data: discrete/noisy, Nonlocal dependence
– random (uk, fk) ∼ µ⊗ ν: statistical learning
– deterministic (e.g., N small): inverse problem

1 Learning kernels
4



Outline

1. Learning kernels

2. Regression and regularization

3. Identifiability and DARTR

4. Adaptive prior for Bayesian inverse

2 Regression and regularization
5



Nonparametric regression

Loss functional: E(ϕ) = 1
N

∑N
i=1 ∥Rϕ[ui]− fi∥2

Y.

Hypothesis space: ϕ =
∑n

i=1 ciϕi ∈ Hn = span{ϕi}n
i=1:

E(ϕ) = c⊤Anc − 2c⊤bn + Cf
N ,⇒ ϕ̂Hn =

∑
i

ĉiϕi, where ĉ = A
−1
n bn,

Three issues
▶ A

−1
n : ill-conditioned/singular

▶ Choice of Hn: {ϕi}n
i=1 and n

▶ Convergence when data mesh refines ∆x → 0
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Regularization

Regularization is necessary:
▶ An ill-conditioned
▶ bn: noisy or with numerical error

Tikhonov/ridge Regularization: (∥c∥2
B∗ = c⊤B∗c)

Eλ(ϕ) = E(ϕ) + λ∥ϕ∥2
∗ ⇒ c⊤Anc − 2b

⊤
n c + λ∥c∥2

B∗

ϕ̂λHn =
∑

i

ĉλi ϕi, where ĉ = (An + λB∗)
−1bn,

▶ hyper-parameter λ: CV, truncated SVD, ...
▶ The L-curve method [Hansen00]

l(λ) = (x(λ), y(λ)) := (log(E(ĉλ), log(∥ĉλ∥2
∗),

λ∗ = argmax
λmin≤λ≤λmax

x′y′′ − x′y′′

(x′ 2 + y′ 2)3/2
, -3 -2 -1 0

log
10

(c'Ac - 2b'c)

1

2

3

4

lo
g

1
0
(c

'B
c
)

L-curve and normal vector

L-curve

normal vector

-8 -6 -4 -2

log
10

( )

0

2

4

6

8

10

c
u
rv

a
tu

re

signed curvature

0
 = 10

-6.31

▶ Which norm ∥ · ∥∗?
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Principle: [Stuart2010]

Avoid discretization until the last possible moment
↓

Avoid basis selection until the last possible moment

Hypothesis space: ϕ =
∑n

i=1 ciϕi ∈ Hn = span{ϕi}n
i=1:

Rϕ[u](x) =
∫
Ω

ϕ(|x − y|)g[u](x, y)dy = f

Function space of ϕ? Identifiability?

2 Regression and regularization
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Identifiability

▶ An exploration measure: ρ(dr) ⇒ ϕ ∈ L2(ρ)
Rϕ[u](x) =

∫
Ω
ϕ(|x − y|)g[u](x, y)dy, ρ(dr) ∝

∫ ∫
δ|x−y|(dr)

∣∣g[u](x, y)
∣∣dxdy

▶ An integral operator ⇐ the Fréchet derivative of loss functional

E(ψ) = 1
N

N∑
i=1

∥Rψ[ui]− fi∥2
L2 = ⟨LGψ,ψ⟩L2(ρ) − 2⟨ϕD, ψ⟩L2(ρ)

∇E(ψ) = 2LGψ − 2ϕD = 0 ⇒ ϕ̂ = LG
−1ϕD

– LG is a nonnegative compact operator: {(λi, ψi)}, λi ↓ 0

– ϕD = LGϕtrue + ϕerror

▶ Function space of identifiability (FSOI):
ϕ̂ = LG

−1(LGϕtrue + ϕerror) ⇒ H = span{ψi}i:λi>0

– ill-defined beyond H; ill-posed in H
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DARTR: Data Adaptive RKHS Tikhonov Regularization

ϕ̂ = LG
−1ϕD = LG

−1(LGϕtrue + ϕerror)

A new task for Regularization:
ensure that the learning takes place in the FSOI

data-dependent H = span{ψi}i:λi>0

= HG
L2(ρ)

▶ G ⇒RKHS: HG = LG
1/2(L2(ρ))

▶ For ϕ =
∑

k ckψk, ∥ϕ∥2
L2(ρ) =

∑
k c2

k , ∥ϕ∥2
HG =

∑
k λ

−1
k c2

k

⇒ Regularization norm: ∥ϕ∥2
HG

Eλ(ϕ) = E(ϕ) + λ∥ϕ∥2
HG

⇒ c⊤Anc − 2b
⊤
n c + λ∥c∥2

Brkhs
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Why DARTR is good: FSOI is fundamental:

ϕ̂ = LG
−1ϕD = LG

−1(LGϕtrue + ϕerror
H + ϕerror

H⊥ )

▶ DARTR: ∥ϕerror
H⊥ ∥2

HG = ∞

(LG + λLG
−1)−1ϕD = (LG + λLG

−1)−1(LGϕtrue + ϕerror
H )

▶ l2 or L2 regularizer: with C =
∑

i ϕi ⊗ ϕi or C = I

(LG + λC)−1ϕD = (LG + λC)−1(LGϕtrue + ϕerror
H + ϕerror

H⊥ )

3 Identifiability and DARTR
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DARTR: computation

Input: An, bn and Bn = (⟨ϕi, ϕj⟩L2(ρ))i,j.
Output: reguarized estimator

ĉλ = (An + λ∗Brkhs)
−1bn

▶ Generalized eigenvalue problem (An,Bn): AnV = BVΛ

▶ Brkhs = (VΛV⊤)−1: avoid inverse ↓
Set D = B−1

n A1/2
n , then, ĉλ = D(D⊤AnD + λI)−1D⊤bn

▶ L-curve to select λ∗

3 Identifiability and DARTR
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Connecting computation with theory

ĉλ = (An + λ∗Brkhs)
−1bn ↔ ϕ̂ = LG

−1ϕD

Theorem: If LG(L
2(ρ)) ⊂ H, then, LG eigenvalues ↔ GEP (An,Bn).

▶ If Bn = In: Brkhs = A−1
n , the Zellner’s g-prior;

▶ If ϕi = ψi: An = diag(λi), Brkhs = A−1
n : ĉλ =

∑
i:λi>0(λi + λλ−1

i )−1(v⊤i b)vi

▶ L2 regularizer: ĉλ = [
∑

i:λi>0 +
∑

i:λi=0](λi + λ)−1(v⊤i b)vi

3 Identifiability and DARTR
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Interaction kernel in a nonlinear operator

Rϕ[u] = ∇ · [u(Kϕ ∗ u)] = f , Kϕ = ϕ(|x|) x
|x|

▶ Recover kernel from discrete noisy data
▶ Robust in accuracy, consistent rates as mesh refines

Convergence of Estimators, nsr = 0.1 & 1  Convergence Rates

MF Operator

Typical estimators,   Δx = 0.05
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More robust L-curve
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Linear integral operator:

Rϕ[u](x) =
∫
Ω

ϕ(|y − x|)u(y)dy = f (x).

Convergence of Estimators, nsr = 0.1 & 1  Convergence Rates

Linear Operator
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Homogenization of wave propagation in meta-material

▶ heterogeneous bar with microstructure + DNS ⇒ Data
▶ Homogenization: Rϕ[u] =

∫
Ω
ϕ(|y|)[u(x + y)− u(x)]dy = ∂ttu − g.

▶ (c): resolution-invariant
▶ (e): l2 and L2 leading to non-physical kernel

3 Identifiability and DARTR
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Bayesian inverse problem

Variational inverse problem: ill-posed

ϕ̂ = argmin
ϕ

E(ϕ) = ⟨LGϕ, ϕ⟩L2(ρ) − 2⟨ϕD, ϕ⟩L2(ρ) + C.

Finite dimensional case:
▶ Prior N (0,Q0) with Q0 > 0 : dπ0(ϕ)

dϕ ∝ e−
1
2 ⟨ϕ,Q

−1
0 ϕ⟩L2(ρ)

▶ Likelihood of data: πL ∼ N (LG
−1ϕD, σ2

ηLG
−1)

dπL(ϕ)

dϕ
∝ exp(− 1

2σ2
η

E(ϕ))

▶ Posterior = Gaussian N (µ1,Q1) well-posed

dπ1(ϕ)

dϕ
∝ exp

(
−1

2
[σ−2
η E(ϕ) + ⟨Q−1

0 ϕ, ϕ⟩L2(ρ)]

)
µ1 = (LG + σ2

ηQ−1
0 )−1ϕD, and Q1 = σ2

η(LG + σ2
ηQ−1

0 )−1.

4 Adaptive prior for Bayesian inverse
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Infinite-dimensional prior and posterior

ϕ ∈ L2
ρ, infinite-dimensional:

▶ Prior N (0,Q0), where Q0 > 0, trace-class operator;
▶ Posterior N (µ1,Q1): Radon–Nikodym derivative w.r.t the prior

dπ1

dπ0
∝ exp(−1

2
σ−2
η E(ϕ)) = exp

(
−1

2
σ−2
η [⟨LGϕ, ϕ⟩L2(ρ) − 2⟨ϕD, ϕ⟩L2(ρ) + C]

)
,

µ1 = (LG + σ2
ηQ−1

0 )−1ϕD, and Q1 = σ2
η(LG + σ2

ηQ−1
0 )−1.

Is it a good idea to choose Q0 > 0?

4 Adaptive prior for Bayesian inverse
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Risk in a non-degenerate prior

Theorem ([CLLW22])
A non-degenerate prior has the risk of leading to a divergent posterior
mean in the small noise limit.
I.e., limση→0(LG + σ2

ηQ−1
0 )−1ϕD“ = ”∞ under Assumption (next page).
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Risk in a non-degenerate prior

Theorem ([CLLW22])
A non-degenerate prior has the risk of leading to a divergent posterior
mean in the small noise limit.
I.e., limση→0(LG + σ2

ηQ−1
0 )−1ϕD“ = ”∞ under Assumption (next page).
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Assumptions: LG ∼ {(λk, ψk)}
▶ Finite rank LG:
λk > 0 for 1 ≤ k ≤ K, λk = 0 for k > K. dim(L2(ρ)) > K.
As a result, the FSOI H = span{ψi}K

i=1⊊L2
ρ.

▶ Prior covariance commutes with LG:
The prior N (0,Q0) satisfies Q0ψi = riψi with ri > 0 for all i.

▶ Error outside of FSOI.

ϕD = LGϕtrue + ϵξ + ϵη,

The model error ϵξ =
∑

i ϵ
ξ
i ψi has ϵξi0 ̸= 0 with i0 > K.

Note: ϵη ∼ N (0, σ2
ηLG) comes from noise.
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Proof:

ϕD =
∑

i

ϕD
i ψi, with ϕD

i = λiϕtrue,i + σηλ
1/2
i ϵηi + ϵξi .

The posterior mean µ1 = (LG + σ2
ηQ−1

0 )−1ϕD becomes

µ1 =
∑

i

(
λi + σ2

ηr−1
i

)−1
ϕD

i ψi =

K∑
i=1

(
λi + σ2

ηr−1
i

)−1
ϕD

i ψi +
∑
i>K

σ−2
η riϵ

ξ
i ψi.

The first term →
∑

1≤i≤K

(
ϕtrue,i + λ−1

i ϵξi

)
ψi

But the 2nd term
∑

i>K σ
−2
η riϵ

ξ
i ψi diverges because ∃ϵξi0 ̸= 0.
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Data-adaptive prior

Fixed prior ϕ ∼ π0 = N (0,Q0), π1 = N (µ1,Q1)

µ1 = (LG + σ2
ηQ−1

0 )−1ϕD

Data-adaptive prior ϕ ∼ π0 = N (0, λ−1
∗ LG), π1 = N (µ1,QD

1)

µD
1 = (LG + σ2

ηλ∗LG
−1)−1ϕD

QD
1 = σ2

η(LG + σ2
ηλ∗LG

−1)−1

Theorem (Small noise limit of the posterior mean [CLLW22])
Fixed prior with Q0 = Id: blows up;
Data-adaptive prior: stable and convergent
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Proof With σ2
ηλ∗ > 0:

(LG + σ2
ηλ∗LG

−1)−1ψi = (LG
2 + σ2

ηλ∗I)−1LGψi

=
λi

λ2
i + σ2

ηλ∗
ψi = 0 , if i ≥ K + 1 .

Then, the posterior mean is:

µD
1 = (LG + σ2

ηλ∗LG
−1)−1ϕD =

∑
1≤i≤K

(
λi + σ2

ηλ∗λ
−1
i

)−1
ϕD

i ψi.

The limit exist as ση → 0:
(recall that ϕD =

∑
i ϕ

D
i ψi, with ϕD

i = λiϕtrue,i + σηλ
1/2
i ϵηi + ϵξi )

lim
ση→0

µD
1 =

K∑
i=1

(
ϕtrue,i + λ−1

i ϵξi

)
ψi.
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Small noise limit of posterior mean

Integral operator, ϕtrue inside the FSOI:

Discretization
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Fixed prior: blowup
Data-adaptive prior: stable and convergent
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Small noise limit of posterior mean

Integral operator, ϕtrue outside the FSOI:
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Summary

Learning kernels in operators:

Rϕ[u] = f ⇐ D = {(uk, fk)}N
k=1

Nonlocal dependence
▶ Identifiability: data-dependent FSOI

▶ DARTR: data adaptive RKHR Tikhonov-Reg

– Synthetic data: convergent, robust to noise
– Homogenization: resolution-independent

▶ Small noise analysis in Bayesian
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Next:
How do we theoretically compare different regularizations?
Small noise analysis[LO23,LL23]

Future directions

Inverse problems ↔ Learning with nonlocal dependence

▶ Iterative methods for DARTR

▶ Convergence: ∆x,N

▶ Regularization for ML: ∥ϕθ∥2
rkhs, not ∥θ∥

References
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