CAUCHY SEQUENCES OF RATIONAL NUMBERS

1. DEFINITIONS
1.1. Definition. A sequence {x,},>1 of rational numbers is said to be Cauchy if
it satisfies the following property:
Ve >0, dN >0 such that
myn >N = |2, — 2z, <€
1.2.  Definition. We say that xz,, — 0 if it has the following property:
Ve >0, dN >0 such that
n>N= |z, <e
1.3. Define the following relation between Cauchy sequences:
Ty ~ Yn if and only if Tn —Yn — 0
Check that this is an equivalence relation, meaning
® Tp ~Ip

® Ty ~Ynp = Yn ~ Tp
oz, ~y, and y, ~ 2, = Ty ~ 2,

2. THE SET OF REAL NUMBERS

2.1. Notation. Let R the set of equivalence classes of Cauchy sequences of rational
numbers. For z € R and x,, a Cauchy sequence, we write lim,, z,, = x if z,, is in
the equivalence class of x.

2.2. Function j : Q — R define by j(r) = (r,r,...). Check that this is well defined
and injective.



