
CAUCHY SEQUENCES OF RATIONAL NUMBERS

1. Definitions

1.1. Definition. A sequence {xn}n≥1 of rational numbers is said to be Cauchy if
it satisfies the following property:

∀ε > 0, ∃N > 0 such that

m,n ≥ N ⇒ |xm − xn| ≤ ε

1.2. Definition. We say that xn → 0 if it has the following property:
∀ε > 0, ∃N > 0 such that

n ≥ N ⇒ |xn| ≤ ε

1.3. Define the following relation between Cauchy sequences:

xn ∼ yn if and only if xn − yn → 0

Check that this is an equivalence relation, meaning
• xn ∼ xn

• xn ∼ yn ⇒ yn ∼ xn

• xn ∼ yn and yn ∼ zn ⇒ xn ∼ zn

2. The set of real numbers

2.1. Notation. Let R the set of equivalence classes of Cauchy sequences of rational
numbers. For x ∈ R and xn a Cauchy sequence, we write limn xn = x if xn is in
the equivalence class of x.

2.2. Function j : Q→ R define by j(r) = (r, r, . . . ). Check that this is well defined
and injective.
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