PRACTICE PROBLEMS: FUNCTIONS

1. State the intermediate value theorem for real-valued continuous function. Give an explanation (proof)
based on the notion of connected sets.

2. Prove that a function f : R — R has the intermediate value property if and only if it maps intervals
onto intervals. Is such a function necessarily continuous?
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3. Consider g : R — R given by g(z) = .
0, =0

a) Prove that g is not continuous.

b) Prove that g has the intermediate value property, i.e. g maps intervals into intervals.

4. Prove that a continuous function A : R — R which takes only rational values is constant.

5. Let f: R — R a continuous, injective function. Prove that f is monotone.

6. Let f:[0,1] — [0,1] a continuous function. Prove that there exists ¢ € [0, 1] such that f(c) = ¢

8. Assume h : [0,1] — (0,00) is a continuous function. Prove that there exists 6 > 0 such that f(x) > 9,
vz € [0,1].

9. Let D an open subset of R and f : D — R a continuous function which doesn’t vanish anywhere.

Prove that the function g : D — R, g(z) = ﬁ is continuous as well.

10. Let f : D — R a continuous function, where the domain D is a compact subset of R. Prove that
f(D) is compact.

11. True/false: there exists a continuous, bijective function f : [0,1) — (2, 3).
12. True/false: there exists a continuous, bijective function g : (2,3) — [0, 1).

13. Give an example of a bounded function f : [0,1] — R which does not attain its maximum on [0, 1].
Can such a function be continuous? Explain your answer.

15. Assume f : [0,00) — [0,400) a positive is continuous and lim,_,;~ f(x) = 0. Prove that there
exists g > 0 such that f(z) < f(xg), Vo > 0.

16. Assume the function f : R — R is continuous at x = 0 and z, is a convergent sequence with
lim z,, = 0. Prove (using the definitions) that lim f(x,) = f(0).

17. True/false: if f : R — R is continuous and A C R, then f(A) C f(A).

18. True or false: If f(z) = o(z?) as z — 0, then f(z) = O(a?) as x — 0.

19. Assume g : R — Ris continuous and lim g¢(z) = +oo. Prove the existence of a monotone increasing
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sequence z,, such that lim (g(zn41) — g(zn)) = +00.

22. Assume [ is a bounded interval and f : I — R is continuous such that image f(D) is an open
interval. Is D necessarily an open interval?

26. Let f:[1,4+00) — R, f(z) = xsinz. Determine the image of f

27. Prove that there exists b > 2006 such that bsin b = 2005.

23. Assume that f(x) is monotone. Prove that lim,_. 1, f(x) exists. Moreover, if f is bounded the limit
is finite.

24. Assume the function f(z) is continuous at x = 0 and f(0) = 1. Prove (using the e, é-definitions)
that f(z) > 1 in a neighborhood of z = 0.

25. Assume f : [0,2] — R is a monotone bounded function. Prove that the limit lim,_.1 ;<1 f(z) exists.

28. True or false: if the pre-image of every closed interval through a function f : R — R is a closed
interval, then f is continuous.

29. Assume f is C! and f’(0) = 1. Prove that f is monotone in a neighborhood of x = 0.

80. a) h:[0,3] = R, h(z) = zcosa —sinz. Find sup,¢o z) h(z).

b) Prove that 1 < 22 < 2 vz € (0, Z].



2 PRACTICE PROBLEMS: FUNCTIONS

31. Let n > 1 and f: (0,00) — R given by f(z) = zIn(%).

a) Determine sup,-, f(z).

b) Prove the inequality (1+ )" <e < (14 1)"FL

32. Assume f : R — R is a differentiable function such that f’ vanishes at the irrational numbers. Prove
that f is constant.

33. Assume f : R — R is an arbitrary function, and zy € R. Prove that f is continuous at xq iff
Osc(f,zg) = 0.
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34. Let £:[0,1] > R, f(m{q, v=3€Q gdlpg)=1,4¢>0
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Determine C(f), the set where f is continuous.
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35. For E C [0,1] an arbitrary subset of [0, 1], the indicator function is defined by xg(z) = 0 ¢ B

,

Determine C(xg), the set where xg is continuous.
36. Assume f : [0,1] — R is a bounded function and § > 0 some positive real number. Prove that
{z € la,b] : Osc(f,x) < J} is open.
37. Assume f : [a,b] — R is a bounded function. Prove that D(f) is an F,-set.

38. Assume f : [0,1] — R is a bounded function that has a jump discontinuity at a € (0,1). Le., the
limits f(a+) = limy—q45a f(z) and f(a—) = limy_4 2<q f(z) exist and f(a—) # f(a+). Determine
Osc(f, a).



