10. THE DUAL OF SU(2). SPECIAL FUNCTIONS ON §?

1. PRELIMINARIES

1.1. Lemma. Assume (7, V') is a representation of the connected Lie group G and m, is the associated
action of the Lie algebra g. Then V is G-irreducible if and only if it is g-irreducible.

1.1.1. Proof. 7<". Assume V is g-irreducible. Let W C V' a non-zero G-invariant subspace. We need to
prove that W =V. For X € g and w € W we have

W(exp(t)j))w W

T (X)w = }1_1)1(1)

hence W is g-invariant as well. Since V' is g-irreducible it follows that W = V.

"=". Assume V is G-irreducible. Let W C V a non-zero g-invariant subspace. For g = exp(X) and
weWw

n—oo

m(g)w = exp(m.(X))w = lim Z %w*(x)kw eWw
k=0

Hence W is m(exp g)-invariant. Since G is connected, the set exp(g) generates G, and hence W is also
G-invariant. But then W = V.

1.2. Complexified Lie algebra. Fact: su(2) ®g C = sl(2,C). What this means is that every element
X € sl(2,C) can be written (uniquely) as X = A+iB, where A, B € su(2). It can be easily verified that
A=LX-X")Yand B= L(X +X").

Assume now that § is a Lie algebra over C and « : su(2) — b is a homomorphism of real Lie algebras.
In other words, o € Hompg(su(2), ) is an R-linear map that preserves bracket relations. Then « can be
naturally extended extended to a homomorphism of complex Lie algebras

X-X.  X+X
) ia(*EE)
Note that @(X) = a(X) if X € su(2). We will use the same later « to denote & as well. if there is no
danger of confusion.

a:sl(2,C)—b, alX)=a

1.2.1. Remark. Assume V (a complex vector space) is an su(2)-module. This means that there is a
homomorphism of real Lie algebras ¢ : su(2) — ¢l(V). Since gl(V) is naturally a complex Lie algebra,
this homomorphism extends to ¢ : sl(2,C) — gl(V). In other words, V is an si(2,C)-module. It is
immediate to check that V is su(2)-irreducible if and only if it is sl(2, C)-irreducible.

S J——

1.3. Strategy to determine SU(2). Assume (7, V) € SU(2). Then V is an irreducible sl(2, C)-module.

Hence we will determine S/U-(\Q) in two steps as follows:
e Determine the irreducible si(2, C)-modules
e Determine which of the above arise from actual representations of SU(2)

1.4. Weights. We will consistently use the following notation

H:{(l) _01}7 E+:[8 (1)}, E_:[(i 8}65[(2,@), T:{_O

Assume (7,V) is a unitary representation of SU(2). Under the action of the torus

o] esue

T.= {kgz [ 689 639 ] :9eR} c SU(2)

we have the following decomposition [homework]

V =@®mezV(m), V(m):={veV:n(ke)v=e",Vkyc T}
We say that V' (m) is the subspace of weight m, m € Z.
1.5. Proposition. V(m) ={v eV : 7. (H)v = mv}.

Proof: m,(H)v = im, (iH)v = 2 La(eH)v|,mg = 2 Letmty|,_g = mo.
1
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1.6. Theorem. We have
T (E1):V(m) = V(im+2), m(E-):V(m)—=V(m-=2), xn(r):V(m)~V(-m)

1.6.1. Proof. Assume v € V(m). We have
T (H)(7(1)v) = 7()w (7™ ) (H)w(1)v = 7(7)m, ( Ad(Tﬁl)H) v
Since Ad(r7')H = —H |[check!], we have m.(H)(m(7)v) = m(7)(—mv) = —mn(7)v, hence m(T)v €
V(—m). Note that since 7 () is invertible, 7(7) : V(m) ~ V(—m) is an isomorphism.
To prove that E is a raising operator we use the bracket relations

T (2Ey) = mo([H, Ey]) = [mu(H), 7 (E4)] = o (H) o (Ey) — m(Ey)mi (H)
Applying both sides to the vector v € V(m) we obtain

o (H) (W*(E+)v> = 21, (B v + m(E ) m (H)w = (m+ 2)m (B4 v = 7 (B4 v € V(m + 2)

Similarly for E_.

2. IRREDUCIBLE sl(2, C)-MODULES

2.1. Highest weight. Assume now that V' is irreducible under the action of s/(2,C). Let n be the largest
positive integer such that V(n) # 0. We say that n is the highest weight of V. Since w(7) : V(n) ~ V(—n)
it follows that V(—n) is the lowest weight, and

V= > V(K
—n<k<n

with some V'(k) possibly zero. Let W = 3, _, .49 V(k). Then W is stable under the actions of
H,E.,E_. Since these generate sl(2,C), it means that W is a non-zero si(2,C)-submodule, hence
V = W. Therefore only the weights k, with ¥ = n(mod 2) and |k| < n are potential contributors. So we

re-write:
V= D V (k)

|k|<n, k=n(mod 2)

Let k as above. We claim that V (k) # 0, so all such k contribute. For assume kg is such that V' (kq) = 0.
Then Vi = @®gsk, V (k) is a proper invariant sl(2, C)-submodule, impossible. We will modify slightly the
previous definition and call k a weight only if V(k) # 0.

2.2. Generators. Let e, € V(n) a non-zero vector of highest weight. Define
en—a=FE_e,eV(n—-2), e,= E(,nik)men e V(k)
for k a weight.

2.3. Lemma. E ey = an(k) egi2, where

(n—k)(n—k+2)
4

Proof. By induction, since a(n) =0 and a(k) = a(k +2) + k + 2.

an(k) =

2.4. Let e, as above. Then @, Cey, is a sl(2,C)-submodule of V. Since V is assumed irreducible, we
have
V' = ®|r|<n, k=n(mod 2)Cex

where e,, is a non-zero vector of highest weight and ey, are obtained from e,, by successive applications of
E_.

2.4.1. In view of the above lemma, all e; £ 0, for k as above. For assume there exists k£ such that e, = 0.
Then a,(k + 2)exr2 = Erer, = 0. However a, (k) # 0 for —n < k < n — 2, hence e42 = 0. Iterating this
argument we arrive at e, = 0, contradiction. In particular dimV =n + 1.

2.5. Classification. Since the constants a, (k) do not depend on the choice of e, it follows that sl(2,C)
has a unique (up to equivalence) irreducible module of highest weight n, for any n > 0. We call this V,.
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3. IRREDUCIBLE SU(2) REPRESENTATIONS

3.1. Recall. The passage from SU(2)-representations to si(2,C)-modules ensured that

57](\2) CH{V,:n>0}
For each n > 0, we will construct a representation of SU(2) which is sl(2, C)-equivalent to V,,. This will
show that the above is in fact an equality.

3.2. Homogeneous polynomials. Let H, = {P(X,Y) =Y ;_,cxX*Y" "% ¢, € C} the vector space
of homogeneous polynomials of two variables, of degree n. Consider the following action of SU(2) on H,,
(9, P) — on(g)P given by

a b

on(g)P(X,Y) = P((X,Y)g) = P(aX + c¥,bX +dY), g= [ . } € SU(2)

It is immediate to check that o, is a representation of SU(2), in that o, (gh) = 0,(g)on(h).

3.3. Proposition. For n > 0, V,, and H,, are equivalent sl(2,C)-modules.

3.3.1. Proof. Since o, (H)(X*¥Y" %) = (2k — n)X*Y" % H,(2k — n) = C X*Y""*_ In particular
H,, (k) # 0 if and only if |k| < n and n = n(mod 2), and every weight space has dimension 1. The highest
weight is n, and H,(n) = C X™. From the classification of irreducible si(2,C)-modules it follows that
H,, =V, as sl(2,C)-modules. This also says that each o,, is an irreducible SU(2) representation. We
sum up with the following

3.4. Theorem. ST](\2) = {o, : n > 0}. o, is the unique representation of highest weight n, and
dim o, = n+ 1. The trace of o, is given by

sin((n + 1)0)

sin 6

) - [ 0]

3.4.1. Proof. Since ,,(kg)(X7Y"77) = /2= XIY"~J we have

n i(n+1)0 _ ,—i(n+1)0 i
- B oimg € e _ sin(n+1)0
Xn(ko) = trace oy, (ko) = Ze (27=mf — 0if _ o—i0 T &inéd

j=0
The character x,, is determined by its restriction to the maximal torus, since x,, is a class function and
every element of SU(2) has a conjugate in T
3.5. Unitary structure. We know that o,, admits a unique (up to scalar multiplication) SU(2)-invariant
hermitian structure. To determine it explicitly, we may assume that it is normalized so that

X" =1
We have the following relations [homework]

E_ (XkYn_k) — k_)(k—l}/’n,—k-i-l7 E+ (Xkyn—k) — (n _ k)Xk-‘rlyn—k‘—l

Therefore
<E+(Xkyn_k),E+(XkYn_k)> — <E,E+(Xkyn_k)7XkYn_k>
(n = k[ XFFY R = (k4 1) (n — k)| XY R)?
Iterating:
e n—k oo (n—k)n-k-1)...1 n
[XPY " R? = X YRR = X7
k+1 (k+1)(k+2)...n
(n —k)k!
- n!
Conclusion:

n 1/2
emk::(k) Xkyr=F  0<k<n

is an orthonormal basis for H,, with respect to the SU(2)-invariant inner product. Keep in mind that
eén,k is of weight 2k — n.
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4. DECOMPOSITION OF L?(SU(2))

4.1. Orthonormal Basis. As a consequence of Peter-Weyl theorem, we know that the following func-
tions

\Ijn,],k‘(g) = (n + 1)1/2 < enjvan(g)enk‘ >7 n Z 070 S J7k S n
form an orthonormal Hilbert basis for L2(SU(2), ditraar)-

a

4.2. Explicit formula. Let g = [ 7 2 } € SU(2), with |a]? + |b|> = 1. Then

0\ V2 B
on(g)ent = ( I ) (aX — bY)k(bX + dY)"_k

— ( Z >1/2 {g( llf )at(—b)k‘tXtY’f—t} . {n;:( ”;k >a"—’f—5bsxsyn—k—8}

n vz ; k n—=~k =
— ( i > Xiyn—i Z ( : )( s )at(—b)k_tbsa"_k_s—i—...

stt=j
Therefore
. \/m( Z >1/2 < 7; >—1/2 Z( ;; ) ( n;kz >at(—b)k_tbsa"_k‘s
s+t=j
4.3. Parametrization. Using the parametrization
a=(cosg)e®, b= (singp)e®, 61,0, ¢ c[0,2m)

we have

1/2 71/2 N n
501,602, 6) = m( " ) ( " ) iRm0 =)0

<3 (5 ) (MU ) toser e pstsko< sk
s+t=j

5. EIGENFUNCTIONS OF THE LAPLACE-BELTRAMI OPERATOR
5.1. Casimir Operator. Consider the following element
QO=H?—-2H+4E,E_ = H*>+2H +4E_E,
It is not hard to check that 2 commutes with H, F,, E_, hence
0n(Q) := 0p(H)? = 20,(H) + 40, (Ey)on(E_) : Hp — My
is an intertwining operator. By Schur’s lemma there exists a constant ¢(n) such that
on(Q)v =c(n)v, YveH,

By evaluating o, () on the highest weight vector we obtain ¢(n) = n? + 2n.

5.2. Invariant differential operator. Since R.(Q)V,, ;x(9) = (n + 1)'/2 < e,;,0,(9)0n(Q)ens > we
have

RV, i 1(9) = (n® +2n)V,, ;x

We compute the operator R,(€) and we remark in advance that coincides with the standard Laplace-
Beltrami operator on S3.

5.3. Computation of R.(Q2). Using the above parametrization, we regard a function f on SU(2) as
a function f(01,0s,¢). We compute separately R.(H), R.(Ey) and R.(E_) as differential operators in
017 923 ¢
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5.3.1. For [ ! iy } € su(2) we have
0 d .
R*{ é i }f(91,92,¢) = %R(expt[ ' i })f(91,92,¢)|t:0
d it 0
dtR{ 60 it }f(91792,¢)|t:0
Since

TR R s s P U L

[ (cos @)1 HD)  (sin ¢)ei(®2—1)

* *

] =(01+1t,60>—1t,0)

This means

i d 0 0
R*[ —i }f(91792 ®) = f(91 +t,00 —t,9)|i=0 = (8791 - %)f(91,927¢)
Therefore . L s 5
i
R*(H)_ER*[ —z]_Z 90, 90y
5.3.2.  Similarly
1 . 0 . 0 0
R*{ . } = tan ¢sin(f; — 92)6791 + cot ¢ sin(f; — 92)802 + cos(6; — )a—d)
i 0 0 ) 0
R, { ; } = tan ¢ cos(f; — 92)8—91 + cot ¢ cos(br — 92)8—02 —sin(6 — 92)8—(ZS
Therefore
1 1 , ' —jet(61—62) o) ) 0
R*(E+):2{R*|:_1 :|_'LR*|:Z~ Z]}=2{tan¢a +C0t¢7+ 8@1)}
1 1 ) . _i1(02—061) o 0
R.(E-) = {—R*[ P A }} = Zez{tan¢+co ¢>— (%}
5.3.3. Conclusion. 52 52 5 52
1 1
R.(0) = Ccos2¢ 902 sin® ¢ 963 —2eot(20)55 oo 0p?

5.4. Laplace-Beltrami Operator. The Riemannian metric induced from S? C R* is ds? = cos? ¢df? +
sin? dh3 + dp?. A straight—forward computation shows that the Laplace-Beltrami operator is

Ags = (\Fg” ) = #8—2 + Lo + 2cot(2¢) — 8 4
\/> ozt oz, cos? ¢ 06% sin? ¢ ) 592 oo} 8(;52
=—R.(9)
We now see that the functions V¥, ; ;. are eigenvalues of the Laplace-Beltrami operator:
~AgsV,, i =0*+n)V, 5 n>0, 0<j,k<n

In particular each eigenvalue n(n + 2) has multiplicity (n + 1)2.



