11. SPECIAL FUNCTIONS ON THE SPHERE

1. RELATION BETWEEN SU(2) AND SO(3)

1.1. Killing form. The Lie algebra su(2) has an SU(2)-invariant positive-definite pairing given by
1
B(X,Y) = —3 Tr(XY)

where on the right-hand side we have matrix multiplication. It is easy to check that B(Ad(¢g)X, Ad(g)Y) =
B(X,Y), while definiteness can be seen from

sz'kxkj = 522 lzjk|?, X = (w;1) € su(2)
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1 1 }, es = { ! i } is an orthonormal basis (over R) for su(2).

In particular e; = { ; ! }7 es = [

1.2. The adjoint map. The choice of the basis {e1, €2, e3} identifies su(2) ~ R? and hence
Ad: SU(2) — GL(su(2)) ~ GL(3,R)
Since the Killing form is invariant under SU(2), we have a map
¢:SU(2) — SO(3)
Clearly, ker(¢) = {g € SU(2) : Ad(g) = I} = Z(SU(2)) = {£12}.

1.3. ¢ is onto. One way to argue this is as follows: since ker(¢.) = Lie(ker(¢)) = 0, ¢ : su(2) — so(3)
is an isomorphism, hence ¢ is a local diffeomorphism. But this implies that ¢(SU (2 )) is an open subset
of SO(3) and hence closed as well. Since SO(3) is connected, we have ¢(SU(2)) = SO(3). Therefore

SO(3) = SU(2)/{+1o}.

1.4. Explicit formula. To determine ¢ explicitly, we have to determine Ad(g) as a 3 x 3 matrix in the
€1, ez, e3}-basis. A straightforward computation yields

b Re(a? —b%)  Im(a® +b*) —Re(2ab)
¢ ([ b a D = | ~Im(a® —0%) Re(a® +b%)  Im(2ab)
va ab + @b L(ab—ab) |af?> —[b?

2. THE DUAL OF SO(3)

Let (m,V) € SO(3). We have
SU(2)

|o

SO(3) —*— GL(V)

Since ¢ is surjective, 7 o ¢ is an irreducible representation of SU(2). This means the inclusion S/O(\3) -
S/U(\Q) = {0, : n > 0}. Conversely, an element o,, € S/U-(\2) comes from an irreducible representation of
SO(3) if and only if o, (£I5) = I. Since 0, (—I) = diag(e™™,e("=27 _ ¢="7) this happens when
n = (mod 2). Therefore each o, n = 0,2,4 etc. corresponds to an irreducible representation of SO(3).
The explicit action of SO(3) on H,, is given by o, 0 ¢!
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3. RELATION BETWEEN SU(2) AND S?

The standard action of SO(3) on R3 preserves the unit sphere S2, hence we have an action of SO(3)
on S?. This action is transitive. Since ¢ : SU(2) — SO(3) is surjective, we have a transitive action of
SU(2) on S? by (g, P) — ¢(g)P. If we fix N = (0,0,1) as reference point we obtain the surjective map
p:SU(2) — S2,

plg) = d(g)N = (Re(2ab), Im(2ab), |al* — [b*])

The stabilizer of N in SU(2) is the diagonal torus T' = { * . } C SU(2), hence we have the identification
p:SU(?2)/T ~§?

4. SPECIAL FUNCTIONS ON S2

In this section we will use the coset-space identification S? = SU(2)/T to determine an orthonormal-
basis for L?(S?). Next, we will identify this functions with the spherical harmonics and then prove that
they are eigenfunctions of the Laplace operator.

4.1. A consequence of Peter-Weyl. First, we identify functions on S? with functions on SU(2) which
are T-right invariant. Namely, if F' : SU(2) — C is such that F(gt) = F(g), Vg € SU(2),t € T, then
the function f : S? — C defined by f(P) = F(g) if P = p(g) is well defined. It is straightforward to
determine that the correspondence I’ « f is bijective. It is less obvious that ||F||sy(2) = | f|ls2, where
¢ = 24/7 is an absolute constant [homework].

Therefore

~ (1)
L*(S?) = LX(SU(2))"™D) = (69”2071;; ® Hn) = BusoM: @ HT
C- = 0(mod 2 ~
Since HI = €nn/2; 1= 0(mo ), we see that L?(S?) ~ @y, ;. In particular the functions
0, = 1(mod 2)
W), jns2 descend to functions Y, ; on S? by

Yn,j(P) = qln,j,n/Q(Q)» 1fp(g) =P

and the set Y,, ;: n positive and even, 0 < j < n form an orthonormal basis for L*(S?) (up to a scalar
factor).

4.2. Explicit formula. Let P = (z,y,2) = (sin¢cosf,sin ¢sinf,cos) € S?. Let g = [ _al—) 2 } such
that p(g) = P. Then = + iy = 2ab and |a|?> — |b|?> = z. Let n = 2m > 0, with m € Z and 0 < j < 2m.

Recall:

Wop i = VIM T [ 2" YT S ) at(=p)m Tty am T [0 < st < m)
2m,j,m m ,] o~ t s > 9,0 >
s+t=j

1+2 _ 1—2z . . 1 . ovi 1o —i0

S TNS—I(_ 3 J(_ K2 m
2 (2 sing ) (] sing =)
=27 Um0 4 2)73(1 — 2)* U (sing) ™™, z = cos¢

m (1 n Z)tij—zm,

Since: a'a™ b b™ " = |a|72%|b|* "% (ab)’ (ab)™ = (

27mei(jfm)9(1 o Z)sfj_2
the corresponding function on the sphere is

Vi@m = j)iEm + 1) = ( " ) ( " )(z—l)”zm(z+1>”2m

s+t=j

(—1)la—m)/2

2mm|

1/2“%]4 (07 ¢) =

4.3. Spherical Harmonics. The standard spherical harmonics on the sphere are given by

4.3.1. Definition.

(=%~ 1)

L I+ k)! 1 d
1.0 = Eelk@ﬂk(cos o P = El t k;! Vit ot~ 27 dziF
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4.3.2. Lemma.
k

%[(ztl)N]:k! > <JZ)(J§>(Z1)a(z+1)b [0<a,b<N]

a+b=2N—k
The proof of the lemma is elementary. Using the lemma we find
eihd (—1)k/2

k - _ ! LY (o pyahr2g, b—k/2
0.0 = § 2 S VTR R S () () -0

By comparing the formulas for Ys,, ; and ka we see that

. 1
Yom,; = 2¢/m Y27, Ylk = 2\7 21,1+k

4.4. Differential equations satisfied by the spherical harmonics. Since ¥y, ;. is a matrix coef-
ficient function from os,,, we know that

Le()Vsp, jm = (2m)? +2-2m = dm(m + 1)

We will determine an explicit formula for the left-action of L.(Q2) on (functions on) SU(2)/T = S? in
(0, ¢)-coordinates.

Assume f is a function on SU(2)/T. Then f([ _al—) 2 }) = f(0, $), where 2ab = sin ¢e*® and |a|? —
b2 = cos ¢. Then
|

1 . d et a b d
L) =Ll f = f([© 0 || 5 o ])leo = 750 20z
e,
= 21@]0
Carrying out similar computations for L, (F4) we obtain

1 1 02 02 0
——L,.(Q) = —_— —_— — = Ag2
Rty Gn’g 002 042 T (cot )55 = As

the Laplace operator on the sphere. Therefore the functions Ya,, ; satisfy the differential equation
—Agzyvgm’j = m(m —|— 1)Y2m7j
which corresponds to the standard (Ag= + I(I +1))Y;* = 0.



