5. CHARACTER TABLE

1. CLASS FUNCTIONS

1.1. Definition. Let L2
gation,

2 s(G) < L*(G) the linear subspace of functions that are invariant under conju-

L?10ss(G) = {f € L*(G) : f(gzg™") = f(x), Vg.a € G}

Naturally x, € L G), Va € G.

class(

1.1.1. Note. L?

class

(G) is not G-invariant (either left or right action).

1.2. Theorem.
1) {xa:0ac€ G} is an orthonormal basis for L
2)For feL QG)

G).

class(

class(

F@) = S (6 7o () Xalw), Vo €@
a@

1.2.1. Proof. 1) The only thing we need to prove is completeness of the family {x,} in L?,,,. Assume
there exits 0 # f € L?__.(G) such that f L xg, for all a € G.

Let’s first fix a € G. Since f is a class function, 7, (f) : V, — V, is an intertwining operator, hence by
Schur’s lemma we have 7,(f) = AMdy,. Taking the trace on both sides we obtain

)\'da :<f7Xa* >=0

class

since f was chosen orthogonal on all x,. But then m,(f) = 0. Since this holds for any a € é, we obtain
by the Fourier inversion formula

= Z dg trace(mq(z) 7o (f)) = 0,Vz € G
acl
contradiction.

2) The coefficients of f with respect to the x, basis are

<fiXa>= |Zf )Xa(9

geG

|ZZf < ej,ma(g)e; > Z<€J,7Ta ;>

geG j=1

=trm,(f) = trmes (f)

1.3. Corollary. Counting the dimension of L? we obtain the identity

class

|G| = |Conj(@)]

G pu—
1.4. Theorem. ZdaXa(g) _ {0 B giz_
ach ’ g

1.4.1. Proof. The basis expansion of the delta function d. € L?, . yields
:Z<583Xa>Xag lG‘ZdaXa
acl acl

An alternative way to prove this identity is to recall the identity X,eq = >, daXa-
1
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2. CHARACTER TWISTS

2.1. Assume (m,V) is a representation of G and A : G — C* is a group character. We define a new
action m ® A of G on the same vector space V given by

T @ Ag)(v) := Mg)7(9)(v)
It is straightforward to check that the character of this representation is
Xxea(9) = A9)xx(9)
It is easy to establish the following

2.2. Theorem. If 7 € G is irreducible and A\ € G* is a group character, then m ® A is irreducible,
TRNEG.

This result gives a method for obtaining new irreducible representations from old ones, since in general
(but not always!) m® A\ 2 7.

3. THE CHARACTER TABLE

3.1. Summary.

~ . Z GXa(g):‘ |5CLX0
|G| = [Conj(G)| 9€
‘ ‘Gl ZQEQ daxa(g = |G| 5379
a a X =|G (sa
S g =[] > gec Xal(9)Xp(9) = |G| ba,p
Xa®@\ = A Xa
3.2. Character table.
G cpm Cy "2 e C, "

di T1 | Xm (Cl) X7y (02) s | Xm (CT)

ds T2 | Xma (C1) | Xma(C2) | oo | Xma(Cr) | my =|C5], dj =dimm;

d, Tr XTFT»(CI) X7T1'(C2) see Xfr,-(cr)

Here C; are the conjugacy classes of G, n; their corresponding cardinality; 7, are the irreducible represen-
tations, d, the corresponding dimension. For finite groups, understanding the irreducible representations
of G in many ways reduces to completing the character table: one starts with standard (obvious) repre-
sentations of the group and aim to discover new ones using the orthogonality relations.

3.3. More orthogonality (optional). Let M the matrix with entries m;; = xx,(C;). Let M* with
entries (M);; = |Ci|mj;.

(MM)U = Zmikmjﬂck ZXz (Ck) XJ (Cr)|Ck| = ZXz Xg = [Gdi;
k geG
Hence (MM);; = |G|d;; as well, that is
G615 =Y (M) My = Y |Cslmigimu; = |Ci] Y X5 (Ci)xx(Cy)
k

k k

In other words,

(=185
ZXG(CZ)XG(C]) ] 0ij

acl
3.4. Example: Ss.
53 e (12)3 (123)
xo | 1] 1 ]
1€ | 1] -1 1
2xe 2] 0 | -1
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3.5. Example: S;.

1X0 1 1 1 1 1
1€ 1] -1 1 1 1
st | 3] 1 -1 0 -1
3Tt Q€| 3 -1 -1 0 1
2T 2 0 2 -1 0

Strategy: we start out with xo, €, o, Tt @ €. Y, d? = 24 = there is one more irreducible representation
in dimension 2. We deduce the character from the relation: ), daXa(g9) = |G| dc,g. To obtain an explicit
construction of a representation with character yyu -, we notice that

w((12)(34)) = Idw
This follows from the fact that 7((12)(34)) is unitary, self-adjoint, of trace 2. Hence
K ={e, (12)(34), (13)(24), (14)(23)} C ker(mw)

Hence my : G/K — GL(W). But G/K ~ S5 and W is a unique representation for G/K, so W is just
the standard representation of Ss:

Sy — S4/K ~ S3 — GL(W2,st)

3.6. Example: Ajy.

Ag | e1 | (12)(34)3 | (123)4 | (132)4
1X0 1 1 1 1
1w 1 1 C CQ
1W2 1 1 CQ ¢
3Xp | 3 —1 0 0

Strategy: first one determines the characters. Here A4/K ~ 7Z/3Z, hence A4 inherits the characters
w,w? of the cyclic group. By dimension counting: there is one more representation p in dimension 3. By
comparing the characters, we see that p = Res%4 Tst.

Note: let C a conjugacy class of S;. Then either C C A4 or C' N A4 = . Hence the conjugacy classes
of S4 may break up into disjoint unions of conjugacy classes of A4. This is the case of C(123y = C' N C",
with ¢’ = C((123) and C” = C((132)).

4. TENSOR PRODUCTS

4.1. Definition. For V, W vector spaces over C. By definition, V' ® W is the unque vector spaces with
the property that it filters all bilinear maps V x W — Z. Concretely, V ® W is the vector space of
dimension dim(V @ W) = (dim V') - (dim W) spanned by linearly independent vectors e; ® f;, where e; is
a basis on V and f; is a basis on W. Concretely, V@ W = (V x W) /U, where U is the C-linear span of
the vectors of type

(cvi,v2) — (vi,cv9); (V1 +wi,v2) — (v1,v2) — (w1,v2);  (v1,v2 +w2) — (v1,v2) — (v1,Ww2)

4.2. Functorial Property. V @ W is the unique vector space (up to isomorphism) with the following
property:
given a vector space Z and any bilinear map B: V x W — Z, 3! pp € L(V ® Z) such that

Bv,w)=ppv@w), YweViweW

4.3. Canonical isomorphism. We have a vector space isomorphism T : V* @ W ~ L(V,W) defined
on pure tensors by T'(v* @ w)(z) = v*(z)w and extended to general tensors (not necessarily pure) by
linearity. For example, if the operator A € £(V, W) has the matrix (a;;) with respect to some {e;} basis
on V and {f;} basis on W, then A =T(> a;j e; ® f), where f; is the dual basis. We will simply write
A=3", aije; ® ff without writing 7',

Note: the elements of the dual basis are f; € V* given by f/(f;) = di;.
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4.4. Hilbert structure. The tensor product of two vector spaces with inner products has a canonical
inner product. If e; and f; are ON basis on V, W resp., then there is a unique Hilbert structure on
V ® W such that < e; ® fj,eqa ® f3 >= 0iad;s-

In particular the inner product on V* ® V ~ End(V) is given by the Hilbert-Schmidt inner product
< A,B>=tr(B*A) = Zam U—Z<A6“B€z

We normalize this inner product by < A, B >gs= m < A, B > for convenience, so that |1y || gs = 1.

4.5. External Tensor Product. If (7, V) is a representation of G and (o, W) a representation of H,
then V ® W carries a representation of G x H, call its w X ¢, given on pure tensors v @ w by

7®o(g,h)(v@w)=n(g)v®c(h)w

and extended to general tensors (non necessarily pure) by linearity:

TRo(g,h Za”vz ® wj) Zam )®o(h)wj, a;;€C

4.6. Theorem.

a) Xﬂ'&a(.% h) = Xﬂ'(g)XU(h’)'

b) If m € G is irreducible for G and o is irreducible for H, then 7 X ¢ is irreducible for G x H. Loosely
speaking, this means GeHC GxH.

¢) The converse statement is true: all irreducible representations of G x H occur this way. In other words,
we have the equality

GoH=GxH
4.7. Internal Tensor product. Assume (7, V) and (o, W) are two representations of the same group
G. Then 7 ® o is the representation of G on V@ W given by (7 ® 0)(g9)(v @ w) = 7(g)v & 7(g)w
4.8. Theorem. X;gs = XxXo-

4.8.1. Note. In general m ® o is no longer an irreducible representation of G-see below. (But 7 X o is
irreducible for G x G.)

4.9. A? and sym?. When V = W, every element of V ® V can be written uniquely as a sum of a
symmetric and an anti-symmetric tensor. In other words,

VeV =nANVasym?V
If (7, V) is a representation of G, then A2V and sym? V are G-invariant subspaces of V @ V, and hence
they are representations of G. We denote the action of G on them by A?7 and sym? 7 resp.
4.9.1. Trace.

S0 (0 ~ Xe62): X n(9) = 5 (n(0)” + X (6%)

4.10. Commuting representations. Assume 7, p are two representations of G on the same space V.
If w(g)p(h) = p(h)w(g) for all g,h € G, then one can define the action m x p of G x G on the space V
given by

X/\Zﬂ'(g) -

™ x p(g)v =m(g)p(g)v
This defines a representation of G x G on V.

4.11. Peter-Weyl revisited. We have a G x G representation on L?(G), namely L x R. The map
P, : V¥V, — L*(G) given by ®,(u* @v)(x) = u*(m,(g)v) is G x G-equivariant and is norm preserving,
that is

1®a(A)llz2c) = |Allrs, YA€V @V, ~ End(Va)

Moreover, the images of different ®, are orthogonal inside L?(G) and this gives an isomorphism of G x G

representations
G~ Pvrev.
aE@



