
5. CHARACTER TABLE

1. Class functions

1.1. Definition. Let L2
class(G) ≤ L2(G) the linear subspace of functions that are invariant under conju-

gation,
L2

class(G) = {f ∈ L2(G) : f(gxg−1) = f(x), ∀g, x ∈ G}
Naturally χa ∈ L2

class(G), ∀a ∈ Ĝ.

1.1.1. Note. L2
class(G) is not G-invariant (either left or right action).

1.2. Theorem.

1) {χa : a ∈ Ĝ} is an orthonormal basis for L2
class(G).

2) For f ∈ L2
class(G)

f(x) =
∑

a bG
(tr πa∗(f)) χa(x), ∀x ∈ G

1.2.1. Proof. 1) The only thing we need to prove is completeness of the family {χa} in L2
class. Assume

there exits 0 6= f ∈ L2
class(G) such that f ⊥ χa, for all a ∈ Ĝ.

Let’s first fix a ∈ Ĝ. Since f is a class function, πa(f) : Va → Va is an intertwining operator, hence by
Schur’s lemma we have πa(f) = λIdVa . Taking the trace on both sides we obtain

λ · da =< f, χa∗ >= 0

since f was chosen orthogonal on all χa. But then πa(f) = 0. Since this holds for any a ∈ Ĝ, we obtain
by the Fourier inversion formula

f(x) =
∑

a∈ bG
da trace(πa(x)∗πa(f)) = 0, ∀x ∈ G

contradiction.

2) The coefficients of f with respect to the χa basis are

< f, χa > =
1
|G|

∑

g∈G

f(g)χa(g)

=
1
|G|

∑

g∈G

da∑

j=1

f(g) < ej , πa(g)ej >=
da∑

j=1

< ej , πa(f)ej >

= tr πa(f) = tr πa∗(f)

1.3. Corollary. Counting the dimension of L2
class we obtain the identity

|Ĝ| = |Conj(G)|

1.4. Theorem.
∑

a∈ bG
daχa(g) =

{
|G|, g = e

0, g 6= e
.

1.4.1. Proof. The basis expansion of the delta function δe ∈ L2
class yields

δe(g) =
∑

a∈ bG
< δe, χa > χa(g) =

1
|G|

∑

a∈ bG
daχa(g)

An alternative way to prove this identity is to recall the identity χreg =
∑

a daχa.
1
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2. Character twists

2.1. Assume (π, V ) is a representation of G and λ : G → C∗ is a group character. We define a new
action π ⊗ λ of G on the same vector space V given by

π ⊗ λ(g)(v) := λ(g)π(g)(v)

It is straightforward to check that the character of this representation is

χπ⊗λ(g) = λ(g)χπ(g)

It is easy to establish the following

2.2. Theorem. If π ∈ Ĝ is irreducible and λ ∈ G∗ is a group character, then π ⊗ λ is irreducible,
π ⊗ λ ∈ Ĝ.

This result gives a method for obtaining new irreducible representations from old ones, since in general
(but not always!) π ⊗ λ � π.

3. The Character Table

3.1. Summary.




|Ĝ| = |Conj(G)|
da | |G|∑

a∈ bG d2
a = |G|





∑
g∈G χa(g) = |G| δa,χ0∑
a∈ bG daχa(g) = |G| δe,g∑
g∈G χa(g)χb(g) = |G| δa,b

χa⊗λ = λ · χa

3.2. Character table.

G C1
n1 C2

n2 . . . Cr
nr

d1 π1 χπ1(C1) χπ1(C2) . . . χπ1(Cr)
d2 π2 χπ2(C1) χπ2(C2) . . . χπ2(Cr)
. . . . . . . . . . . . . . .

dr πr χπr (C1) χπr (C2) . . . χπr (Cr)

ni = |Ci|, dj = dim πj

Here Cj are the conjugacy classes of G, nj their corresponding cardinality; πa are the irreducible represen-
tations, da the corresponding dimension. For finite groups, understanding the irreducible representations
of G in many ways reduces to completing the character table: one starts with standard (obvious) repre-
sentations of the group and aim to discover new ones using the orthogonality relations.

3.3. More orthogonality (optional). Let M the matrix with entries mij = χπi(Cj). Let M∗ with
entries (M̃)ij = |Ci|mji.

(MM̃)ij =
∑

k

mikmjk|Ck| =
∑

k

χi(Ck)χj(Ck)|Ck| =
∑

g∈G

χi(g)χj(g) = |G|δij

Hence (M̃M)ij = |G|δij as well, that is

|G|δij =
∑

k

(M̃)ikMkj =
∑

k

|Ci|mkimkj = |Ci|
∑

k

χk(Ci)χk(Cj)

In other words,
∑

a∈ bG
χa(Ci)χa(Cj) =

|G|
|Ci| δij

3.4. Example: S3.

S3 e (12)3 (123)3
1 χ0 1 1 1
1 ε 1 −1 1

2 χst 2 0 −1
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3.5. Example: S4.

S4 e1 (12)6 (12)(34)3 (123)8 (1234)6
1χ0 1 1 1 1 1
1ε 1 −1 1 1 −1

3πst 3 1 −1 0 −1
3πst ⊗ ε 3 −1 −1 0 1

2πW 2 0 2 −1 0

Strategy: we start out with χ0, ε, πst, πst⊗ ε.
∑

a d2
a = 24 ⇒ there is one more irreducible representation

in dimension 2. We deduce the character from the relation:
∑

a daχa(g) = |G| δe,g. To obtain an explicit
construction of a representation with character χW , we notice that

πW ((12)(34)) = IdW

This follows from the fact that π((12)(34)) is unitary, self-adjoint, of trace 2. Hence

K = {e, (12)(34), (13)(24), (14)(23)} ⊂ ker(πW )

Hence πW : G/K → GL(W ). But G/K ' S3 and W is a unique representation for G/K, so W is just
the standard representation of S3:

S4 → S4/K ' S3 → GL(W2,st)

3.6. Example: A4.

A4 e1 (12)(34)3 (123)4 (132)4
1χ0 1 1 1 1
1ω 1 1 ζ ζ2

1ω
2 1 1 ζ2 ζ

3χρ 3 −1 0 0

Strategy: first one determines the characters. Here A4/K ' Z/3Z, hence A4 inherits the characters
ω, ω2 of the cyclic group. By dimension counting: there is one more representation ρ in dimension 3. By
comparing the characters, we see that ρ = ResS4

A4
πst.

Note: let C a conjugacy class of S4. Then either C ⊂ A4 or C ∩ A4 = ∅. Hence the conjugacy classes
of S4 may break up into disjoint unions of conjugacy classes of A4. This is the case of C(123) = C ′ ∩C ′′,
with C ′ = C((123) and C ′′ = C((132)).

4. Tensor Products

4.1. Definition. For V , W vector spaces over C. By definition, V ⊗W is the unque vector spaces with
the property that it filters all bilinear maps V × W → Z. Concretely, V ⊗ W is the vector space of
dimension dim(V ⊗W ) = (dim V ) · (dimW ) spanned by linearly independent vectors ei⊗ fj , where ei is
a basis on V and fj is a basis on W . Concretely, V ⊗W = (V ×W )/U , where U is the C-linear span of
the vectors of type

(cv1, v2)− (v1, cv2); (v1 + w1, v2)− (v1, v2)− (w1, v2); (v1, v2 + w2)− (v1, v2)− (v1, w2)

4.2. Functorial Property. V ⊗W is the unique vector space (up to isomorphism) with the following
property:

given a vector space Z and any bilinear map B : V ×W → Z, ∃ ! ϕB ∈ L(V ⊗ Z) such that

B(v, w) = ϕB(v ⊗ w), ∀v ∈ V, w ∈ W

4.3. Canonical isomorphism. We have a vector space isomorphism T : V ∗ ⊗ W ' L(V, W ) defined
on pure tensors by T (v∗ ⊗ w)(x) = v∗(x)w and extended to general tensors (not necessarily pure) by
linearity. For example, if the operator A ∈ L(V, W ) has the matrix (aij) with respect to some {ei} basis
on V and {fj} basis on W , then A = T (

∑
aij ej ⊗ f∗i ), where f∗i is the dual basis. We will simply write

A =
∑

i,j aijej ⊗ f∗i without writing T .
Note: the elements of the dual basis are fi ∈ V ∗ given by f∗i (fj) = δij .
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4.4. Hilbert structure. The tensor product of two vector spaces with inner products has a canonical
inner product. If ei and fj are ON basis on V , W resp., then there is a unique Hilbert structure on
V ⊗W such that < ei ⊗ fj , eα ⊗ fβ >= δiαδjβ .

In particular the inner product on V ∗ ⊗ V ' End(V ) is given by the Hilbert-Schmidt inner product

< A,B >= tr(B∗A) =
∑

ij

aijbij =
∑

i

< Aei, Bei >

We normalize this inner product by < A, B >HS= 1
dim V < A, B > for convenience, so that ‖1V ‖HS = 1.

4.5. External Tensor Product. If (π, V ) is a representation of G and (σ,W ) a representation of H,
then V ⊗W carries a representation of G×H, call its π £ σ, given on pure tensors v ⊗ w by

π £ σ(g, h)(v ⊗ w) = π(g)v ⊗ σ(h)w

and extended to general tensors (non necessarily pure) by linearity:

π £ σ(g, h)(
∑

i,j

aijvi ⊗ wj) =
∑

i,j

aijπ(g)(vi)⊗ σ(h)wj , aij ∈ C

4.6. Theorem.
a) χπ�σ(g, h) = χπ(g)χσ(h).

b) If π ∈ G is irreducible for G and σ is irreducible for H, then π £ σ is irreducible for G×H. Loosely
speaking, this means Ĝ⊗ Ĥ ⊂ Ĝ×H.

c) The converse statement is true: all irreducible representations of G×H occur this way. In other words,
we have the equality

Ĝ⊗ Ĥ = Ĝ×H

4.7. Internal Tensor product. Assume (π, V ) and (σ,W ) are two representations of the same group
G. Then π ⊗ σ is the representation of G on V ⊗W given by (π ⊗ σ)(g)(v ⊗ w) = π(g)v ⊗ π(g)w.

4.8. Theorem. χπ⊗σ = χπχσ.

4.8.1. Note. In general π ⊗ σ is no longer an irreducible representation of G-see below. (But π £ σ is
irreducible for G×G.)

4.9. ∧2 and sym2. When V = W , every element of V ⊗ V can be written uniquely as a sum of a
symmetric and an anti-symmetric tensor. In other words,

V ⊗ V = ∧2V ⊕ sym2 V

If (π, V ) is a representation of G, then ∧2V and sym2 V are G-invariant subspaces of V ⊗ V , and hence
they are representations of G. We denote the action of G on them by ∧2π and sym2 π resp.

4.9.1. Trace.
χ∧2π(g) =

1
2
(χπ(g)2 − χπ(g2)), χsym2 π(g) =

1
2
(χπ(g)2 + χπ(g2))

4.10. Commuting representations. Assume π, ρ are two representations of G on the same space V .
If π(g)ρ(h) = ρ(h)π(g) for all g, h ∈ G, then one can define the action π × ρ of G × G on the space V
given by

π × ρ(g)v = π(g)ρ(g)v
This defines a representation of G×G on V .

4.11. Peter-Weyl revisited. We have a G × G representation on L2(G), namely L × R. The map
Φa : V ∗

a ⊗Va → L2(G) given by Φa(u∗⊗ v)(x) = u∗(πa(g)v) is G×G-equivariant and is norm preserving,
that is

‖Φa(A)‖L2(G) = ‖A‖HS , ∀A ∈ V ∗
a ⊗ Va ' End(Va)

Moreover, the images of different Φa are orthogonal inside L2(G) and this gives an isomorphism of G×G
representations

L2(G) '
⊕

a∈ bG
V ∗

a ⊗ Va


