110.202. Calculus III
2005 Summer
Midterm I
7/13/2005 1:00PM

1. Compute the following limits if they exist:
(a) For f: R"™ — R and x € R", we define f (x) = ||x||. What

is lim f(x)?

X—X(
(b) (z yl)ig%o 0) ij”;y with = 7 2y.
[Solution]

(a) For x € R", we can write x = (ay,---a,). Then f(x) =

|x|| = v/a? 4+ -+ a2. Since f (x) = ||x]|| is made by only

squares, summations and square root which are all contin-

uous, we know f is continuous. Therefore, lim f(x) =
X—X(

f (%0) = [Ixoll
(b) If we approaches (0,0) along = = y, we have

2
lim y“"_ lim /3= V3
—(0,0

(y,9)—(0,0) ‘y -2y

If we approaches (0,0) along 2 = 3y, we have,

. 6y +y '

lim hm \/ 7| =
(3y,4)—(0,0) ‘33/ —2y|  (4yy)— 7
Therefore, the  lim Zf# does not exist.

(zy)—(0,0) | 1777

[ |
2. For the function

[,y 2) = (zy)”
and

g (t) = (2t,£%,17),
find Vf and g’ and evaluate (f og) (1).

[Solution]
1



By definition, we have

of o0 _
= (LS5 = o v o ).

Since g (1) = (2,1,1), we have
Vi = (1-2°-1,1-2°-2,(2-1)" In(2- 1))
= (1,2,2In2).
By definition,
g (1) = (2,2t,3%)
By chain rule, we have
(fog) (1) = Vf(g(1) g (1)
= (1,2,2In2)-(2,2,3)
1-2+2-2+2In2-3
6+ 61n2.

=(2,2,3).

-

3. Find the equation for the plane tangent to the surface

z=1In+/2+xy

at the point (1,—1,0).
[Solution]

Let f(z,y) = In/2 + xy.

The equation of the tangent of the graph of f (z,y) is

z = f(20,10) + [g—i (o, yo)] (z — x0) + [g—i (o, ZJO)] (Y — o) -

We have

F(1,-1) = Iny2+1(-1)=0;
of (\ 4y _ | 1
%(’_) n \/2+xy. '\/2+xy'y
of 1 1

T = Lo .
8y(’ ) V2 +xy V2 +xy ¢

Therefore, the equation is

z = 04—(—%)(m—-n—+(%)(y+1)

x Yy
= —Z4+Z241.
SR

-1
(17_1)

=1-
(1771)

N~ N
N = DN =




3

So, the equation for the plane tangent to the surface z = x¥ at
the point (2,1,2)is z =2 + 2In2y — 2In 2.

4. Determine the second-order Taylor formula for the function

[ (x,y) = sin (zy) + cos (zy)

about the point (0, 0).

[Solution)]
We have
of : :
O — cos(ay) -y — sin (ay) -y = yeos (zy) — ysin (zy)
and
of . :
5y = 08 (xy) - —sin (zy) - © = z cos (xy) — xsin (zy) .
Moreover,
0* f : 2 2
3p2 = Y (sin(zy)) -y —y-cos(zy) -y = —ysin (zy) — y~ cos (zy),
o*f : 2 2
a7 =z - (—sin(xy)) -z —x-cos(xy) - x = —zsin (vy) — x° cos (zy)
and
o*f 9f
oxdy  Oydx

= cos(zy)+y - (—sin(xy)) - x — sin (zy) — ycos (zy) - =
= cos (zy) — sin (zy) — zysin (zy) — xy cos (zy) .

— of — of — >f —
Hence, £(0,0) =1 %‘(0’0) — 0 00) O o 00) b
g2—£ = 0 and % = 1. Therefore, the second-order
Y7 1(0,0) “Y1(00)



Taylor formula about (0,0) is

f(0O+ hy,0+ hs)

of of

f(o,o)+%(o,0)h1+a—y(0,0)hz
192 f 10%f >’f
3707 00 555 (0,0) hoha + 7750 (0,0) s

+R3 (0,05 hy, hy)
1 1
14 (0) hy + (0) he + 3 (0) hihy + 3 (0) hoho 4 (1) hyhs

+R3 (0,05 hy, hy)
1 -+ hlhz + R2 (O, O; hl, hg)

where B200Mh2) 0 a5 (hy, hy) — (0,0).

[|(h1,h2)l]

5. Find the critical points of the function

f(z,y) = ysin (z)

and then determine whether they are local maxima, local min-
ima, or saddle points.

[Solution]
We have

Vf = (mycos(nzx),sin (mx)).

By setting Vf = 0, we have 7y cos (rz) = 0 and sin (7z) = 0.
sin (mz) = 0 implies  is an integer. When sin (rz) = 0, we
know that cos(mz) = £1. mwycos(rz) = 0 implies y = 0.
Therefore the critical points are (n,0) where n is an integer.

Moreover, since the discriminant

Or* Oy*  \owdy/ |
= (~wysin(x1)) - (0) = (mweos (m0)°|
= 0— (7 (1))
= —7T2 < 0,

we know that (n,0) are saddle points for all integers n.

6. Find the absolute maximum and minimum for the function

flry)=a2y—y+a—1



on the set
B={(z,y) |2 +y* < 2}.

[Solution]

Note that B is closed and boundary. Therefore, absolute
maximum and minimum exist.

Write B = U U 9U where U = {(z,y) | 2* +3*> < 2} and
U = {(z,y) | 2 +y* = 2}.

Since Vf = (y + 1,2 — 1), we have a critical point candidate
(1,—1). But, (1)> 4 (=1)*> = 2. So, (1,—1) is actually on dU.
Thus, no critical point on U.

To find the critical points on B, let f (z,y) =2xy—y+z—1
and g (z,y) = 2% + y%. By the method of Lagrange multiplier,
we have

Vf=AVg,
that is,
(y+ 1,2 —1)=A(2z,2y).
So, we have the following system of equations:

y+1 = 2\
r—1 = 2\y
4yt = 2

First, we consider the case A\ = 0. In this case, (z,y) = (1, —1)
which we had found above. If A # 0, then by adding first two

equations together, we have = + y = 2\ (x + y). Thus, we have
1

r+y=0o0r A= 3. Forz+y =0, the third equation gives

us (z,y) = (1,—1) or (—1,1). For A = 3, the first equation
becomes y + 1 = x. Substitution into the third equation, we

have y = %ﬁ Therefore, we have (z,y) = <%§, %) or
1-v3 —-1-3
2 0 2 :

Evaluating all four candidates, we have
f 1+v/3 —14+v3 _ 1.
2 0 2 2
1-v3 —1-+3 _ 1.
N===3") = 2

f(=1,1) = —4.

2 0 2 2
maximum and f(—1,1) = —4 is the absolute minimum.

Thus, f (H\/g ,1+\/§> =f (%g, #) = 1 is the absolute



7. A rectangular box with no top is to have a surface area 16 m?.
Find the dimensions that maximize its volume.

[Solution]

Let z,y, z be the dimensions of the box with respect to length,
wide and height. Let the volume of the box is V (z,y,z2) =
xyz. The surface area of the box is zy + 2yz + 22z = 16.
Define g (z,y, z) = xy + 2yz + 2xz. By the method of Lagrange
multiplier, we have

VV = \Vy,
that is,
(yz,zz,xy) = ANy + 22, ¢ + 22,22 + 2y) .

So, we have the following system of equations:

yz = Ay +2z)

xz = Az +22)

ry = 2\ (v +vy)

xy +2yz+2xz = 16.

First, we claim that + # 0. If x = 0, then 2yz = 16 and
A(0+22) = 0. This implies A = 0, this means, yz = 0 which
is a contradiction. Similarly, y # 0 and z # 0. Also, we have

r+y#0,y+22#0, x4+ 220 and A # 0. Elimination of A
from the first two equations gives

y  y+2z

x rT4+2z

This implies + = y. Similarly, we have y = 2z and x = 2z.
Hence, * = y = 2z. Solving from the last equation, we get

122 = 16, which means, z = /15 = \% So,xr =y = %. Since
the volume must be bounded (cannot be infinite volume), we
know that absolute maximun must exist. Thus, the dimentions

r=y= \/ig and z = \% gives the maximal volume %

8. Is it possible to solve the system of equations

{ ry? + xzu +yv? = 3

wdyz + 220 — u?v? = 2

for u(z,y,2), v(z,y,z) near (z,y,2) = (1,1,1) and (u,v) =
(1,1)? If yes, compute g—; at (x,y,2) = (1,1,1).
[Solution]



Let
Fy = zy? + z2u + yo?
and
Fy = v’yz + 2zv — u0”.
Then the determinant at (z,y,z) = (1,1,1) and (u,v) = (1,1)
is o om

A= B
ou

ov

(z,y,2,u,0)=(1,1,1,1,1)
Tz 2yv
3uyz — 2uv? 2z — 2uv
1 2
10

Since A # 0, it is possible to solve for u,v in terms of x Y, 2
near (z,y,z) = (1,1,1) and (u,v) = (1,1). To compute 2%, we
first get

(w7y7z7u7’u):(171717171)

=1-0—-2-1=-2.

oF; ou 9 v
Iy xy+xzay+v + yvay 0
and
OF, 50U ov ou 2 ov 4
= 3u"— 2220 9 — 20— .
8y = 3u? ayyz—l—u z+ x@y uay vayu =0

At (z,y,2) = (1,1,1) and (u,v) = (1,1), we have
ou ov __
{ 3+ 8y6+2 =0
a—y—l—l = 0.

ou
o = -1
o= 1,

. When ¢ # 0, the level curve {(x,y) | f (x,y) = ¢} of the func-

tion

Therefore,

2x
f('I?y) - x2+y2
is a circle. What it its radius, and where is its center? What
happens when ¢ = 07
[Solution)]
The level curve is f (z,y) = ¢. So, we have

2x

—:C,
x2 + 92



that is,
ca? + cy2 = 2x.
By rewriting it into the standard form of a circle, we have

1N, 1
C C
1

Thus, we know the radius is ﬁ and the center is (E’ 0).
When ¢ = 0, the level curve becomes

20
g
that is,
20 =0
or
xz = 0.

So, the level curve is a straight line = 0 when ¢ = 0.



