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This is a sequel to [1] and [2]. We will study the Dirichlet problem in a bounded domain
€ in R” with smooth boundary 9%Q:

F(D*wy=vy inQ,

u=g ondQ. M
The function F is of a very special nature. It is represented by a smooth symmetric
function f(4,...,4,) of the eigenvalues A=(1,,...,A4,) of the Hessian matrix D*u=
{uz}, which we denote by A(x;). The equation is assumed to be elliptic for the
functions under consideration, i.e.

of . ‘
B_A,- >0, Vi )
and to satisfy:
fis a concave function. 3)

As we will see in section 3, this means F is a concave function of the arguments {u;}.
The function f will be required to satisfy various conditions. First of all it is
assumed to be defined in an open convex cone I‘%R", with vertex at the origin,

containing the positive cone: {4 ER”| each component 4,>0}, and to satisfy (2), (3) in
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I'. I' is assumed to be invariant under interchange of any two 4;; i.e. it is symmetric in
the 4,. It follows easily that

rc{21i>0}. @

We distinguish two types of cones.

Definition. T is said to be of type 1 if the positive 1; axes belong to dT'; otherwise it
is called of type 2.
We assume y € C*(Q), ¢ € C*(3Q) and, for convenience,

v>0 inQ. &)
Set

0<y,=miny<maxy =y,
0 2
We assume that for some /o<y,

lim f(A)<1, for every A,€0T. (6)

A—ly

In addition we assume that for every C>0 and every compact set K in I there is a
number R=R(C, K) such that

fG1, iy dn-1,A,+R)=C for all AEK, ™
f(RA)=C forall AEK. 8
From (8) and concavity it follows that

> 4f,>0 inT. ®

Using (3) and (6) we may conclude that there is a positive number J such that

D 4,26 inthe set T={AET|f(A) =y} 9

Namely, the set T is closed, convex and symmetric in the A;. The unique closest
point in T to the origin is therefore of the form (b, ..., b) with 5>0. It follows that (9)
holds with é=nb.
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Consider now the domain Q. In case f=logIl; we assumed in [1] that Q is strictly
convex. On the other hand if f=X A;, any Q with smooth boundary should be allowed.
What kind of Q should be admitted in the general case?

We will suppose that there exists a number R sufficiently large such that at every
point x€9Q, if x;,...,x,_, represent the principal curvatures of 3Q (relative to the
interior normal), then

(xl,...,x,,_l,R)El". (10)

As we will see, this is a natural condition for type 1. Note the following

LLEMMA A. Assume that T is of type 1 and that (10) holds. Then 32 is necessarily
connected.

Proof. Suppose 3Q has more than one component. Let Q, be the component
which is the boundary of the unbounded component of Q°¢, the complement of Q. By
shrinking a large sphere enclosing Q so that it first touches a component of 3Q other
than Q, we find a point on 3Q where »,, ...', #,-1<0. According to (10), at that point
(%1, ...,%,—1,R)ET. Consequently (0,...,0,R) belongs to '—contradicting the fact
that the positive 4, axis does not.

Definition. A function u € CA(Q) with u=¢ on 3Q is called admissible if at every
x€EQ, Auy)(x)ET.

We now state our main results. The case g=constant is much easier to treat than
the general case so we consider that first.

THEOREM 1. Assume conditions (2), (3), (6-8) and @=constant. There exists a
unique admissible solution u€ C*(Q) of (1) if and only if (10) holds at every point of
oQ.

The sufficiency statement of Theorem 1 is a special case of

THEOREM 2. For general @, there exists a unique admissible solution u € C*(Q) of
(1) if 2), (3), (6-8) and (10) are satisfied.

THEOREM 2'. In case y=constant, Theorem 2, holds even if condition (7) is
dropped.

Remark. Cones of type 2 are rather simple to treat because the orthogonal
projection I'" of T onto R”~! (along the A, axis) is the entire space R"~!. Thus
condition (10) holds automatically and furthermore, condition (8) implies condition (7).
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Examples. (1) Here is a simple example with n=2 and T of type 2:
f(A'I’AZ) = ((2-1'*‘12)2*'[(11'—12)2)1/2, o0<r< 1.

This is simply obtained from the (Monge-Ampére) case (4,4,)"? by a linear transfor-
mation. With k=4t/(1—1), it follows from Theorem 2 that for any bounded Q in R?, 8Q
smooth, the problem

(Au)2+k(uxx uyy—ufy) =y(,y)>0in Q, u=g¢ondQ,

with ¢, @ €C™, has a solution u € C*(Q).
(2) An interesting example of a function f satisfying the conditions of Theorem 2 is

f@) =[o®@)]"*

where

oPWy= D A .hy

iy <...<iy

is the kth elementary symmetric function. The fact that this is an example follows from
the paper [3] of L. Garding concerning hyperbolic polynomials—of which ¢ is an
example. This will be explained in the next section.

For o®, 1<k=<n, we will prove the following result:

THEOREM 3. The Dirichlet problem
PAu))=9p>0in Q, k>1, u=¢ ondQ Qy
admits a (unique) admissible solution u € C*(Q) provided
9Q is connected, and at every point x €93Q, a‘k")(xl, s ¥, 1) >0, 10)’

In case @=constant, condition (10) is also necessary for existence of a solution in
CYQ).

Proof. The necessity follows from Proposition 1.3, Remark 1.1 just following it,
and Lemma A. In Remark 1.2 we show that (10) follows from (10)'. Using Proposition
1.1, the sufficiency then follows from Theorem 2.

The Monge-Ampére equation is the case k=n:

W) =[] =detuy=y.
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In Theorems 1-3 the uniqueness follows from ellipticity and the maximum princi-
ple. We will also make use of the following, somewhat unusual, form of the maximum
principle. Here u is an admissible solution of (1) in Q and v€ CX(Q)nC(Q).

LEMMA B (Maximum principle). Assume that at every point x in Q, A(vi(x)) lies
outside the set T(x)={AET|fA)=y(x)}. If u<v on 3Q, then

usv in Q.

Proof. If not, v—u achieves a negative minimum at some point x € Q. Since, as
matrices, {v;}={u;} at x, the eigenvalues of {v;} are not smaller than the correspond-
ing ones for {u;}. However Auy) ET(x), and it follows that Muvy) ET(x), a contradic-
tion.

In [5], N. M. Ivodkina studied the Dirichlet problem (1)': She established a priori
estimates for the C? norm of convex solutions having boundary values g=constant in
strictly convex Q. As she remarks, it is not reasonable to expect the solutions to be
convex.

In Section 1 we describe hyperbolic polynomials P, By the corollary to Proposition
1.1, Theorems 1 and 2 apply to a wide class of these. In addition we prove necessity in
Theorems 1 and 3.

In Section 2 we show that if (10) holds then there exist smooth admissible
functions in Q. In particular there is one, &, which is a subsolution:

Fup=y inQ;

in fact F(u;) may be made arbitrarily large.

Section 3 contains a proof that concavity of f implies concavity of F(x;); this
proof, due to the referee, is simpler than our original one. Sufficiency in Theorems 1
and 2 is proved in Sections 4-7 via the continuity method and a priori estimates for the
C? norm of u. In Section 4 the estimates |u| oSC are proved. The estimate for the

second derivatives, in particular at the boundary, are established in Section 5 for " of
type 2, and completed in Section 6 for type 1, and in Section 7 for Theorem 2'.

In Section 9 we present an example of an equation (1) for which (2), (3), (5) and (6)
hold but not (7), (8). Here y € CX(), where k>0 is any given integer. There is a unique
convex solution in class C3(Q)NC(Q) but it is not in CX(Q).

(3) Theorem 2’ has some interesting applications. Let G be an open convex region
in A-space, R”, with smooth (C*) boundary X satisfying:

18858289 Acta Mathematica 155. Imprimé le 20 Novembre 1985
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G is symmetric in the 4, and the interior normal

at every point of X lies in the positive cone. (an
The origin is not in G and it lies on the opposite side, 12)
from G, of every tangent hyperplane P to X.
It follows that:
The cone I with vertex at the origin generated by a3)

points of X contains the positive cone.

We see that G is necessarily unbounded.
In a bounded domain € in R”, with 3Q smooth, consider the Dirichlet problem:
find a function u € C*(Q) satisfying

Mug) €EX for every x€Q, u=¢@ ondQ, p€C”. Qy

Remark. The condition (11) corresponds to ellipticity, the convexity of G to the
concavity condition (3).

THEOREM 4. The Dirichlet problem (1)" admits a solution u € C*(Q) provided 9Q
satisfies condition (10).

(Recall that (10) is automatic if I' is of type 2.)

Proof. InT define f as the function which equals 1 on X and is positive homogene-
ous of degree one. To solve (1)", we solve

fAw))=1inQ, u=¢ondQ. 14)

We see that f satisfies (6), with 1,=0, and (8). By (11) we see that f satisfies condition
(2). Condition (3) is easily verified using the convexity of =. Theorem 2’ then yields a
solution of (14).

Reese Harvey and H. Blaine Lawson Jr. (in [4], Sections I11.2.A and B) have taken
up the differential equations

[(n=1)/2]
Imdet (8, +iup)= D, (—1o®Au))=0. (15)
k=0

They showed that it is elliptic at every solution « and (see their Theorem 2.7) that if u is
a solution, then the graph of Vu is an absolutely volume-minimizing submanifold of
R?". They asked the question: does the Dirichlet problem



THE DIRICHLET PROBLEM 267

u satisfies (15) in Q, wu=¢ on 9Q, (16)

have solutions?
As we’ll see in Section 8, the solution set of

gW=Im[Ja+ir)=0 an
j=1

Jj=

has exactly n components—smooth hypersurfaces—in case » is odd, and (n—1) in case
n is even. One might conjecture that there should be the same respective number of
solutions for suitable domains Q. The case n=3 looks particularly inviting:

det uij—z u;=0in Q, u=g¢ on Q. (16)

As an application of Theorem 4 we prove

THEOREM 5. The Dirichlet problem (16) has at least two solutions belonging to
C™(Q) in the following cases:

(i) nis odd and 3Q is strictly convex,

(ii) n is even and 0Q satisfies (10) with k=n—1, i.e.,

3Q is connected and 0" ®(x, ..., x,_,)>0 on 3Q. (18)
The proof uses

LEMMA C. One of the components 2 of the solution set of (17) is the boundary of a
convex region G satisfying (11), (12), (13). In case n is odd the corresponding cone I is
the positive cone. In case n is even the cone T is the cone T(6™~ ", a) of Section 1, i.e.
the component in R", containing a=(1, ..., 1), in which 6"~V is positive.

Proof of Theorem 5 (i). In this case Theorem 4 yields a solution u of (1)" and hence
of (16). It also yields a solution v of

Av)EZinQ, v=—g on Q.

The function —v is then another solution of (16).

(ii) In case n is even we obtain two solutions by using Theorem 4 in the same way.
That condition (18) implies (10) is shown in Remark 1.2 of the next section.

Note that for (16)’, with ¢=0, neither of our two solutions is the solution u=0.
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Lemma C is proved in Section 8.
We wish to express our thanks to the referee for helpful comments.

Added in proof. We have learned that the concavity result of our Section 3 is
contained in Theorem 5.1 (i) of the paper by J. Ball: Convexity conditions and
existence theorems in nonlinear elasticity. Arch. Rat. Mech. Anal., 63 (1977), 337-403.
We also wish to call attention to a recent paper by N. V. Krylov: On degenerate
nonlinear elliptic equations, II. Mat. Sbornik, 121 (163) (1983), 211-232; english transla-
tion: Math. USSR Sbornik, 49 (1984) 207-228, which treats various nonlinear second
order equations.

1. Hyperbolic polynomials

In [3] Gérding proved a beautiful inequality for homogeneous hyperbolic polynomials.
In this section we will summarize some of the results of [3]—which we will use.

Hyperbolic polynomials. A homogeneous polynomial P() of degree k defined in
R" is called hyperbolic with respect to a direction a €R”, abbreviated, hyp a, provided
for every 4 €R" the polynomial in ¢,

P(ta+A),

has exactly & real roots.
Necessarily P(a)#0. We will always suppose P(a)>0; it follows that the coeffi-
cients of P are real. It is easily seen that if P is hyp a so is

9
0=Y 457 (1.1

Since 0™(A)=I14; is hyp a for a=(1, ..., 1) it follows readily that so is d®(1), k<n.

Assuming P(a)>0, let I'=I'(P, a) denote the component in R”, containing a, in
which P>0. It is proved in [3] that T is a convex cone=R", with vertex at the origin,
and that P is hyp b for every b€T. Furthermore, for Q given by (1.1}, we have
I'(P, a)<T'(Q, a).

In particular,

(™) = T(* D). 1.2)

On the positive 1; axes we have 0¥(1)=0 for k>1 and therefore for 0®, the cone T,
which clearly contains the positive cone, is of type 1.
The main result proved in [3] is an inequality involving the completely polarized
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form M of P: For k vectors A',...,A*in R* (1’ has components 4}, ...,4%),

1
M@, ... =%—]j[ (2/1, ) )P(/l).

The inequality states that for A, ...,A¥€T,
M@, ..., A0 = POYHYYE . PRk,
A particular case (from which the general case is derived) is the inequality: For A and u
in .
1 Vkp(1yi- k.
=P P(A 1.3
2131”‘“ (u)"*P(3) (1.3)

This is the form we will use. It is equivalent to the assertion that P%(1) is a concave
function on I

This is easily proved. The statement that PY%(4) is concave in " can be expressed
analytically as: For u, A€T,

Pllk(ﬂ) < Pllk(ﬂ,)'f‘E (‘u -y ) Pl/k(l))

i.e.

Pl/k(]l) < Pl/k()')+_]1€- Pllk_l(l) 2 1 P;_j(l)_P”k(A.)

since PV* is positive homogeneous of degree one, i.e.
1 _
72 # Plj( 2) = Pl/k(’u) P'-Vk(z),

which is (1.3).

PROPOSITION 1.1. Suppose that P is hyp a for a=(1,...,1), that T contains the
positive cone, and that P is symmetric in the A;. Then f=P'* satisfies in T conditions

(), (3) and (6)-9).
COROLLARY. Theorems 1 and 2 apply for such f, in particular for P=0®.

Proof. (2) is easily proved: Since PV* is concave and positive in I' we must have
P,20inT. Suppose Pl‘_=0 for some i at some point 4 in I'. By concavity again we find
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Pl.,.EO if we increase A;. Suppose i=1. Then by analyticity, P(u, 45, ...,4,) is indepen-
dent of u. Therefore the whole line L: (u, A5, ..., 4,), —o<u<w, belongs to I'. Using
the convexity of T it is easily seen that any doubly infinite line parallel to L and close to
it also belongs to I'. On any such line P*>0 and is concave. This is only possible if P
is constant on the line. Hence we find P, =0 in a full neighbourhood of L. By

analyticity it follows that P is independent of A,. Since P is symmetric, this is
impossible; (2) is proved.

We have already proved (3); (6) follows from the fact that /=0 on I'. Consider,
next, (7); if it did not hold there would be a constant C and a sequence A/€K, and
R/—+x, such that

fA, .., _,A+R)<C forO<R<R/,
(here we use (2)). It follows that for some A €K,
fG1, .0y d_ 1,2+ R)<C for0SR< >,

But f(A4,...,4,—1,4,+R) is a polynomial in R which, by (2), is strictly increasing for
R>0—a contradiction. Finally, (3) and (6) yield (9), and (8) follows by homogeneity.
Proposition 1.1 is proved.

Our next result shows that condition (10) is a necessary condition in Theorem 1 for
f=P" with P a hyperbolic polynomial. -

PROPOSITION 1.3, Let P be as in Proposition 1.1. Assume that there is a smooth
function u in Q vanishing on 3Q and such that P(A(uy)>0 in Q. Then necessarily 3Q
satisfies condition (10).

Remark 1.1. The necessity of condition (10)’ in Theorem 3 follows from Proposi-
tion 1.3 and Lemma A in the introduction. For if (x,, ..., %,_1,R) belongs to I'(¢®, a)
for a=(1, ..., 1) then by Proposition 1.1,

ey, ) = ai ey, ... %, R)>O0.

Proof of Proposition 1.3. (i) Clearly u=£0. Suppose u>0 somewhere. If k is even we
may replace u by —u and so u<0 somewhere. In case k is odd, v=—u satisfies

PA(p))<0 inQ. (1.4)
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At the point where v takes a negative minimum each eigenvalue 4; of {v;} is nonnega-
tive and hence

Mo €T,

contradicting (1.4). Thus in this case u cannot be positive anywhere. Consequently in
any case we may suppose u<0 somewhere. At the point where u takes its minimum we
have

Afu,) =0 for every j.

Hence A€T and, since P(A)>0, we see that AET. Since Q is connected we conclude
that at every point x € Q,

Auy)€T. (1.5)
(ii)) From property (9), which holds by Proposition 1.1, we have
Au>0 inQ.
By the Hopf lemma we may assert that the interior normal derivative
u,<—a<0 onaQ, (1.6)

for some positive constant a.

In proving (10) for any boundary point of Q we may suppose the point is the origin,
that the postive x, axis is interior normal there and that the boundary near there is
represented by

x,=o(x) = -;— 21 % 2+ O P), a7
where x’'=(xy, ...,x,—1) and »x, are the principal curvatures of 3Q at 0.
We have u=0 on 3Q, i.e.
ux', o(x")) =0;
it follows, on differentiation, that at the origin for a, g<n,
Uof = —UpQaf = —UpnKgOag. (1.8)

For ¢ small we see from (1.5) that at 0, A(vy) €T where

— £ E 2
v-—u—-? xz.

a<n
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For ¢ large, consider the function

=%(e'”—1).

At the origin,

wy;= v‘-f+tui U;.

Since t{u;u;} has nonnegative eigenvalues it follows from (1.5) that at the origin

Awy) €T
We shall make use of the following:

LEMMA 1.2. Consider the nXn symmetric matrix

d, O a,
d2
M=
O dn—l a,_,
a, a a

with d,, ...,d,_ fixed, |a| tending to infinity and
laj<C, i=1,...,n—1.
Then the eigenvalues A+, ..., A, behave like
Ao=d,+o(1), asn-—1
A,=a (1+O(i)),
a
where the o(1) and O(1/a) are uniform—depending only on d,,

Proof. The eigenvalues A of M satisfy

d,—A
o)

det 0) 3 =0.

(1.9

(1.10)

we.,d,_1 and C.
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Hence for |g|=> the numbers dj;,...,d,—; are roots. By continuity of the roots it
follows that there are roots given by (1.9). To find the last eigenvalue, set A=au. Then u
satisfies

dl
@ O
aa
det @ =(.
O d';-l —u
aa
T oy

For |a|=, we see that u=1 is a simple root. By the implicit function therorem it
follows that for |a| large there is a root

A=a<1+0<%>).

Returning to (w;) we see that at the origin, for —u,=b>a, by (1.6), we have

u= 1+0(

8 |=

i.e.

The lemma is proved.

bx,—¢ O Uy,
U.) =
( y) O bxn—l_e un—l,n
2
un, 1 un,n—l unn+tb

Since A(vy) €T it follows from the lemma that for ¢ sufficiently large
(bxy—e+0(1), ..., by 1—e+0(1), U, +th*>+O(1)) ET
and hence for 7 sufficiently large (so that o(1)<¢),
(bx1s ..., b3, q, 00 ET
for some 6>0. Since b>a and T’ is a cone, it follows that
(1 -eer #n—1, R)ET

for R large, but under control; (10) is proved.



274 L. CAFFARELLI, L. NIRENBERG AND J. SPRUCK

Remark 1.2. For P=¢®, suppose (10)’ holds, then 8Q also satisfies (10).
This is easily verified: Since

Py .oty 1, R)=RO* Vo¢y, .., )+0%(x, ..o %,_))
we see that for R large,
o®(xy, ..., %,_1,R)>0 at every x€3Q.

On the other hand 9L contains a point where all the x, are positive so that at that point
(*1,...,%,—1,R)ET. Since 9Q is connected, (10) follows at every point on Q.
We conclude this section with the

Proof of necessity in Theorem 1. The proof is just like that of Proposition 1.3,
From condition (9) we have Au>d and so u<0 in Q and by the Hopf lemma, (1.6)
holds. One may now follow the rest of the proof of Proposition 1.3. Q.E.D.

2. The existence of admissible functions

Assuming that 9Q satisfies (10) we will construct an admissible function # which is also
a subsolution of (1).

Suppose as in the preceding section that 0 € 9%, and that the positive x, axis is
interior normal there, and 8Q is represented locally by (1.7). Near 3Q let d(x) denote
the distance to Q. At the origin we have

For large ¢ consider

at the origin,
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By (10) we see that for ¢ sufficiently large, A(v;) €T at, and hence near, the origin. Since
the origin could be any boundary point we infer that for 7 large

Av;) ET

in a neighbourhood of the boundary—in particular in a region 0<d<d—corresponding
to —e<v=<0 for some £>0.
Let g(s) be a C™ convex function defined on s<0 satisfying
g=-1 fors<—¢
2(0)=0
2(s)>0 on —e<s<0.

Then ‘

w = g(v)

is well defined in Q and satisfies
Wy = guy+8u;v;.

Since §=0 we see that the eigenvalues of w; are not less than the corresponding
eigenvalues for gv; and hence

Awy)€ET in the region {— sv< 0}

0o

and
Mwy)ET everywhere.

Let £=0 be in C*(Q) with compact support in Q such that {=1 in the complement
of the region {—&/2<v=<0}. For ¢>0 small, consider the function

u= % Ex+w.
Then
u;= c§oy+wy+c(gx+&x+}4 |x|2§i,.).

In the complement in Q of the boundary strip {—¢&/2<v<0}, we have ¢{=1 and
therefore =~

U= C(Sii"" Wj.
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Since cA(Id) €T and A(wy) € [ it follows that
| Auy)€T.
In the boundary strip {—&/2<v<0} we have
Awy€T.
Hence for ¢ sufficiently small, at every point in the strip,

In case @=0 the function u is admissible. Consider now the case of general . We
may suppose that @ has been extended smoothly inside Q. Set

u=Autg

with A large, and observe that as x varies in Q the set of points A(x;) fill out a compact
set in I". Furthermore for d, sufficiently small, the set of points A(u;+0¢;), 0<0<dy,
fill out a compact set in I'. By property (8) we see that for R sufficiently large, and
0=<<0<<,

ARu;+ROpy)ET
and

SARui+RO@y) =y +1
Taking R=A so large that Ady=1, we see that
AMAug+o)ET ie. Auy€ET.
Furthermore we see that
fAup) = y1+1

i.e. we have constructed a subsolution of (1).

3. The concavity condition

In this section we will verify that conditions (2) and (3) imply that the function

F(D*u) = f(A(uy))
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is a concave function of the elements of the symmetric matrix {u;} in the set where
AMuy) ET. We leave it to the reader to verify that condition (2) implies that F is elliptic at
all admissible functions u.

Let 4,(D)<A,(U)<...<2,(U) be the eigenvalues of the nXn symmetric matrix U
with corresponding eigenvectors uy,...,u,. By the min-max characterization of 4,,
21(U) is clearly a concave function U. More generally, from U we construct the self-
adjoint operator

k

M=>10..0UR..8®1

i=1

acting on the exterior powers A by

k
UM, A ... Awy= D, oA . AUDA ... Aoy,

i=1

with eigenvalues 4, +...+4, and eigenvectors u; A... Au;, i;<i<...<i. Then A, +...+4;

is a concave function of U.
Now f(A) is the infimum of linear functions of the form £ u;4;+uo, with 4,20, j=0.
By the symmetry of f we may take the y; decreasing for j>0 (see Lemma 6.2). Then

n—1
E%M%=Z%wW@£A@WMﬁJ%ﬁ%

is a concave function of U so f(1) is a concave function of U.

4. Preliminary a priori estimates

We have proved necessity in Theorems 1 and 3 and shown how sufficiency in Theorem
3 follows from Theorem 1. Now we begin the proofs of the sufficiency in Theorems 1, 2
and 2’.

As in [1] and [2], the proofs go via the continuity method and a priori estimates. Set

i
with k>0 chosen so that f(k, ..., k)=;. By conditions (6) and (8) there is such a unique

k. We use the continuity method to find for every ¢ in 0<t=<1 the admissible solution *
of
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SR =A-0)y +ty=:y'

' 0_. ¢ 00
w=tp+(1-Du’=:¢" on 3Q.
For =0 the solution is «%; for =1 it is our desired solution of (1).
In [2] and N. V. Krylov [6](}) it was shown how, from a priori estimates
e @.1)

and uniform ellipticity of the linearized operator L=2Fuﬁ({”u}) ;> one may derive

estimates

|od'| <C.

C2+;4(Q)

So it suffices to derive a priori estimates (4.1) and to show that the set of values l(ué,.)

for the solutions «’ lie in a compact set in I'.
* The a priori estimates

la<C 4.2

in Theorems 1 and 2’ are easily established.
In section 2 we have constructed smooth subsolutions. Thus for each ¢ we have a
subsolution ¥ satisfying (2.1). Clearly |u| o <C for 0=<r=<1. Using the maximum princi-

ple, and (9), we find

where v’ is the harmonic function in Q which equals ¢’ on 3Q. Note that v* need not be
admissible. Clearly |v'| ,<C for 0=¢<1.

]

Consequently, for the interior normal derivative at any point on 3%,
U, <u,<v,.

Thus in each theorem we have |u|<C and

|[Vu|<C on Q. 4.3)

(") These results make use of the purely interior estimates of the form (4.1) due to L. C. Evans and
simplified by N. S. Trudinger; see the references [12], [13] and [16] in our paper [2].
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Ignoring ¢ we will derive further estimates for the admissible solution of (1).
Differentiating the equation with respect to x; we find

Luj =¥
where L is the linearized elliptic operator

L=F, 3

uy Sk
So
|Luj<C. 4.9
Using the concavity we find for our subsolution u satisfying (2.1),
F(uy) < F(up)+L(u—u)

so that, by (2.1),

Lu—u)=1. “4.5)
Consequently

| L(Cu—uw)xtu)=0

and this implies that

Clu—u)tu;

takes its maximum on the boundary. From (4.3) we then conclude (4.2).
In the next sections we will establish the a priori estimates

luyl<C, onaQ. (4.6)
Using (4.5) we conclude this section by establishing

From (6), and the fact that F(u;)=y'sy, it then follows that the set of values of Auy)

lie in a compact subset of T" and hence that L is uniformly elliptic.
To prove (4.7), let

=69, X &=1
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be any fixed directional differential operator. Applying 3; twice to the equation (1) we
find:
Lozu=23;y
Lau=3iy=—C,
the second being a consequence of the concavity of F (as in [1] and [2]). From (4.5) it
follows that

Clu— u)+8§. u
takes its maximum on 8Q2. By (4.6) we infer that
jusC inQ
(with a different constant C).

This is true for every such directional derivative. From Au>0 we may infer that for
any such operator we also have

-dus(n-1C
so that

82| < (n—1) C.

In particular

|u,~,-| = (n— 1) C.
Taking
1 Ly
9= —Z-(Siiaj) for i=j
we conclude that
lugl <(n—-1)C

and (4.7) is proved.

5. Estimates for some second derivatives on the boundary.
Proofs of Theorem 1 and of Theorem 2 (a)

In this section we will estimate some second derivatives at any boundary point. As in
the proof of Proposition 1.3 we may suppose the boundary point is the origin, that the
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positive x,, axis is interior normal there and that the boundary is locally represented by
(1.7). As before we find at the origin—assuming ¢ has been extended smoothly to Q
with ¢,(0)=0—

Uop = Qog—UnQap O, B<n. 5.1

Thus we have
luggO))|<C, a,f<n. 5.2)

We will establish next the estimate
[Uan(0))<C fora<n (5.3)

in Theorems 1, 2 or 2'. The proof is an extension of the argument in [1]. Observe first
that since F depends only on the eigenvalues of uy it is invariant under rotation of
coordinates. It follows that for the operator

X; aj—xja,-, l*j,
which is the infinitesimal generator of a rotation, we have
L(x,- aj—xja,-) u= (X,'aj—x_,' 8,) Y. (5.4)

By subtracting a linear function we may suppose u=@=0 and ug=@g=0 at the
origin for f<n. For a<n let

T=208,+%(0) (x2 0, —xn34),
so that on 3Q, near the origin,
T(u~@) = (3a+0adn) (u—@)+O(x'P) = O(x' ). (5.5)
From (4.4) and (5.4) it follows that
|L(Tuw)| < Cy

and

IL(Tu—@))| < Cy+Cy ). F,. (5.4)

We are now going to make use of the condition (10), according to which we may
choose 6>0 sufficiently small and R sufficiently large so that
(3—20, %,—29, ..., %,—1—20, R) ET. (5.6)

19858289 Acta Mathematica 155. Imprimé le 20 Novembre 1985
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The numbers 6 and R may be fixed so that this holds for every point on 3Q. Near the

origin set
)
v=0+- x|
where
»x,—20
o= X2+ B—xf,—x,l
a<n 2 2
Set
w=Av—u =A0—u+i;—|x|2, 5.7

A will be chosen large. In fact, by concavity,
L(Ao—u) = f(MAoy)—F(uy).
By (5.6) and condition (8) we may choose A so large that
fAAo))=Cy (5.8

where C, is the constant in (5.4)’. In addition we have

Ad ;
L T |x|2 =40 2 F"ii

and thus for A sufficiently large (depending on J, which is fixed) we have (by (5.4)")
Lw = |LT(u—g)|.

Hence in the closure of
B.=Qn {|x| <¢},

the function w+ T(u—¢) attains its maximum on 3B,.
We will choose € small and then A sufficiently large so that

wrT(u—@)<0 on JB,. (5.9
It then follows that
Iuan(o)_(pan(o)l < |w,,(0)|,

so that (5.3) holds.
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To prove (5.9) consider first 3B, N3Q; there we have

v< —%lx’|2

if € is sufficiently small (depending on 4 and R). Hence by (5.5),

wTu—g) < _é“ﬁ P+l <0

for A sufficiently large.
On 8B, NQ we distinguish two cases.

Case 1. }0|x'>(R+06)x2 = (R+6) (2= |x'"). Then

wxTu<Av+C

-4
<A (2 "az xﬁ—g+£—§_—é—xi) +C

<A (—%|x'|2+0(|x'|)3)+§—;“ﬁx§)+c

I\

A (—%|x’|2+0(|x'|3)>+C,

since we are in case 1. Thus
wtTus ——%’—S—lx’lz+Cs —c,Ae*+C
for sufficiently small ¢, with a positive number ¢; (depending on 6 and R). When
¢ Ae?=C we obtain w+ Tu<0.
Case 2. }6|x’><(R+6) x2. On this portion of 3B,NQ we have
X, =6 Wwith ¢;>0.

So

wxTu<Av+C

<A <C|x’|2+ RTfo,—x") +C
<SA(C,x2—x)+C

in our case 2, where C, depends on & and R.
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If ec;<1/2 it follows that

wtTu< C—%x".

Now fix £>0 to satisfy all the requirements we have made. Then in this case we find
wtTu<C- i;— C,€
<0 for A sufficiently large.

If we finally fix A (depending on ¢) to satisfy all the requirements we have imposed, we
obtain (5.9) and hence (5.3). _
To complete the proofs of Theorems 1, 2 and 2’ we have to establish the bound

(0| < C. (5.10)

At the origin, Z,<, Ugq+u,,>0 by (9) and so u,,(0)=—C and we have only to
prove

m=u,,(0)=<C. 5.1

We first prove this for Theorem 1. We may suppose u=¢=0 on 8Q. Then we have
(1.8) at the origin, i.e.

Uag = —UpKqOug (5.12)
Since, by (9), Au>4 in Q we see by the Hopf lemma that
-u,(0)=a>0 for some positive constant a.

Suppose that u,,,(0)=m is very large. We may then apply Lemma 1.2 and infer that the
eigenvalues of (u;) are

cAg=—u,(0)%,(0)+0(1), fora<n
b=m(1+0(L)).
m
It follows from (10) and (7) that
fGy,...,A,) > maxy

which is a contradiction. Hence (5.11) holds with some constant C, under control.
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Consider next Theorem 2 for I of type 2. It follows from (5.2) that at the origin,
Aol<C fora<n.

Since T is of type 2, it follows that for some constant M, depending on C and on I,

(A1, ..., An—1, M) lies in a compact subset of I'. Using condition (7) we infer that at the

origin, 4, is bounded from above. Hence so is «,,,(0) and (5.11) is proved in this case.
Theorem 1 is completely proved and Theorem 2 is proved for I' of type 2.

6. Completion of the proof of Theorem 2

It remains to prove (5.11):
m=u,,(0)<C.

Our proof is rather tricky and long—there should be a shorter one.

Let T denote the projection to A’=(4, ...,A,—;) of . Since [ is of type 1, I'" is an
open convex cone in R”~! which is not all of R*!. At the origin we have (5.1) and
u=@=0, u,=@,=0. (From now on derivatives are computed at the origin.) Using
condition (10) we see that for large positive and negative ¢, the eigenvalues 4’ of the
(n—1) by (n—1) matrix {@qs+?0q.s} belong to I'" and the complement of I’ respective-
ly. Let 1, be the first value of ¢ as we decrease ¢ from +o such that

A'(oqp) €T,
where

0= 3@ 5O+ 15005 (0) X, 5. ©.1)

Then |to|<C, for C under control. Without loss of generality we may suppose {dqs} to
be diagonal with the diagonal elements 1,</,<...<i,_,.
Suppose m is very large. By Lemma 1.2 the first n—1 eigenvalues of u;(0), A'(uy),
are given by
A (ugp)+o(1).
From (5.1):
Uop = Qap™ UnQap;

it follows that —u,, cannot be much lower than 7,. Our aim is to establish the estimate

~u,(0) = to+n 6.2)
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for some fixed #>0. From the definition of #, it then follows that A'(#,p) is in I’ and its
distance to 3I" is greater than some positive constant 7’. If m is very large, A'(uy) is
close to A'(uap) and so its distance to I is greater than #'/2. So for some constant M
under control, (A'(x;), M) belongs to a compact set in I'. But condition (7) then yields a
bound on A,,, and hence on m=u,,,(0).

~On 8Q near 0 we have (recall that derivatives of ¢ and o are evaluated at the
origin, and summation over Greek letters goes up to n—1):

U=@Q=4@,5x,x5+1(40,5 x,X5—0(x'))+P(x')+R(x’) (6.3)
where P is a homogeneous cubic in x’ and
IR|<Clx'[*. 6.4)

At A'(0,6)=4, the cone I" has a plane of support, i.e.
I lies in {2 u =) > o}, =1 (6.5)

We shall make use of
LEMMA 6.1. If L,<...<4,_,, there is such a plane of support with
/412,u2>...>,u,,_1>0. (66)

Proof. Since I'’ contains the positive cone in R”~! it is clear that for any plane of
support, all u,=0. Suppose first that the components of A are all unequal, i.e.
Ii<A,<.... By symmetry (4,41,4;3, ...,4,) belongs to T" and hence

/41(12—11)'*#2(11—;2) =0

and so u;=u,. Similarly we find (6.6). To prove the lemma in general it suffices to show
that any point €3I can be approached by points on 8T with no two components
equal. If this were not the case, then near A, the boundary 3I"" would have to lie in a
hyperplane of the form 4;=A,, say 4,=4,. But then near A, 8T must coincide with that
hyperplane, and the hyperplane is then necessarily a plane of support of [''. Thus in I’
we would have, say, A,— /12>0 — contradicting the symmetry of I'" in the A’s. The
lemma i is proved.

Since t1€3I” for >0 we have I u, 4, (t—1)=0 for all >0 and hence X u,1,=0.
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From now on we may assume:

I lies in {z,uala>0}, with 4, =...2u,_; =0, and E,ua= 1. Zuaﬂ:a=0.
6.7
We will also make use of

LEMMA 6.2. Let A={a;} be a square nXn symmetric matrix with eigenvalues
M=<...<A,. Let u,=...2u,=0 be given numbers. Consider an orthonormal basis of
vectors b', ..., b" and set

ad=\Vu b, lsisn
Then

z (Ad',d') = Zuili.
In particular, we have

E nia; = 2 Bk

The lemma is a special case of a result of M. Marcus [7]. For convenience we
include a short proof.

Proof. We may suppose the matrix A is diagonal. Then if b'=(b., ..., b)), we have
=2 A, o) = X b = D) cyhit

where the matrix c;= (b))’ is a doubly stochastic matrix. So the minimum over the

convex set of all doubly stochastic matrices of ¥ c;u;4; is achieved at an extreme
point, i.e., at a doubly stochastic matrix where each element is either 0 or 1. Thus we
find

J?leaj

where (04, ..., 0,) is a permutation of (4, ..., 4,). By induction on # it is easily verified
that min X A;0; for such permutations is achieved by £ 4;u;. Q.E.D.
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Returning to our domain Q near 0, let S be a surface represented locally by
x,= g(x’)—% |x'P with 0<7 small, (6.8)
and let d(x) denote the distance of x €Q from S. At the origin the eigenvalues of d; are
(not in order)
AMdy) = (t—21, ..., T—%,—1,0) 6.8)

By our critical hypothesis (10), (x,...,%,_1) is in T’; and hence for fixed positive
sufficiently small we have

E,uaxa—rZa>0, 6.9)

for some fixed positive constant a (independent of the particular point on Q2 which we
have chosen as origin). This holds for any ordering of the x,. We take 7 to be so fixed
from now on.

For a=1,...,n—1, let 5%x) be smooth orthonormal vector fields in Q near 0
tangent to the level surfaces d=constant (i.e., orthogonal to Vd) and such that 5%(0,x,,)
is the unit vector in the x, direction. Set

a*®) =V, b°®), a=1,..,n—1, and A=), > a%a?3;3.  (6.10)
ij a
Recall that Oqp is diagonal, with eigenvalues 1, and that also Lu,4,=0. For h
small let
D= {x€Q||x'| <h, x,<h?}.
In D,, where for h=<h, small,
d<C 1, (6.11)
we will employ the barrier function
v=w+n(Colx'*—x,), (6. 12)‘
where

w = 0(x")—ty x,+P(x')+I(x') <% |x’|2—d> +%4 . (6.13)
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Here C, is fixed so that C,|x'|*~x,=0 on 3Q ND, ; I(x') is a suitable linear function

of x', M and » will be chosen, respectively, as large and small positive constants, so
that we will have

u<v on 3Dy, (6.14)
and at every point in Dj:
M) €T = {AET| f) = yo}- (6.15)
According to the maximum principle, Lemma B, it then follows that
u<sv in Dy,

which yields (6.2).
With the ¢“ as in (6.10) we will first determine I(x’) and then choose M large so as
to guarantee that for 4 small:

usw ondQND,, ' 6.14)
u—w=<-1 ondD,NQ, (6.14)"

and
Aw<0 in D, 6.16)

Inequality (6.16) has the important consequence: it implies that at every point in
D hs

Mwy) €T (6.17)

independent of the size of M. For if v,<...<v, are the eigenvalues of wy(x) then we
know by Lemma 6.2 with x,=0 that

D Haa<O

and hence (v,,...,v,_1) is not in I'’,

Once l(x’), h and M are fixed so that (6.14)’, (6.14)" and (6.16) hold, then, by fixing
n sufficiently small, we see that (6.14) and (6.15) hold and we are through.

To establish (6.16) observe first that by Lemma 6.2 and (6.8), (6.9),

~Ad=- d;afa’=a at the origin. (6.18)

20858289 Acta Mathematica 155. Imprimé le 20 Novembre 1985
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From (6.7) we éee that Ao=0, at (0, x,,).
Hence at any point in D;, we have
Aa = my(x")+O0(x'[)
where m, is a linear function. Furthermore we find in Dy, .
AP = my(x")+O(x' )
where m,(x') is linear. Thus for m(x')=m;+m,, in Dy,
|A(o+P)—m(x")| < Cl|x'[*. (6.19)

The linear function I(x’) in (6.13) is now determined via the following lemma (recall

(6.8):

LEMMA 6.3. Let m(x') be a linear function with coefficients bounded by K. There
exists a unique linear function l(x') such that

A[l(x’) (d—-;- |x’|2>] —m(x')| < CKlxP.

Here C is a constant independent of K, and the coefficients of | are bounded by CK.

Proof. Set I=Y1,x,. Since the vectors a® are perpendicular to Vd we see that
Ald)=IAd. If we expand ’
I=Al1{d-X 2)]
[1(a-E k1

near the origin we find

1=1(x") [ A ©O)-7, ua] =22, iyl x, + O

(Here the constant in O(Jx]*) depends on the bound on the coefficients of I.) By (6.18),
we have (Ad) (0)<—a, and it follows that the lemma holds with

)= D [(Ad) (0)~7—211,] ', x,. Q.E.D.

With the function / determined, we now require M to be large enough to ensure
(6.16). Namely, by (6.19), and the lemma, we have (recall a® is perpendicular to Vd)

Aw < Clx*+MdAd.
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For h sufficiently small we have Ad<—a/2 in D;, and hence in D,

Aws c|x|2—i’2—“—d.

Since
d= co(|x'*+|x,|) in D, for some co>0, (6.20)
we obtain (6.16) i.e. Aw<0 in D, and (6.17) holds, provided
M =M, sufficiently large. (6.21)

Next we establish (6.14)'. On 3Qn D, we have for 4 small,

%|x’|2—d‘ <Clx'p.

Using (6.3), (6.4) and (6.13) we find on 3Q n D, with, as usual, a different constant
C (under control)

u-—ws< Clx'l“——lgd2 <0
provided M is sufficiently large, i.e. (6.14)' holds.
Turn to (6.14)". On 8D, N Q we have, from (6.20),
d? Co hz.

and we now finally fix M (depending on i which has been fixed) satisfying (6.21) and
the other requirements, so that (6.14)” holds.
The proof is complete.

7. Completion of the proof of Theorem 2’
Here p=constant. The proof of the final estimate (5.11):

m= unn(o) = C:

is a modification of that of Section 6, and we will use the same notation. At the origin
we have (5.1) and u=@p=u,=@,=0.
Let I'y denote the projection to A’ of the convex set

Lo ={1€T|f(A) >y}
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I'y is a convex subset of the cone I''. By condition (8) we see that for any compact set K
in I'" there is a constant ¢ such.that tKcT§. Also tI'ycT for all £>1.

Remark 7.1. If the projection K’ to A’-space of a compact set K in A-space is
disjoint from Iy then, for some positive e=¢(K),

K is disjoint from {A€T|f(A)=y—¢}. 7.1

Proof. If not there would be a sequence of points A’ in K with /€T, and f(1/)—y.
Choosing a subsequence converging to A=(4',4,) EK we would conclude that A€ET
(recall (6)) and f(A)=y. But then we would have f(A’,4,+1)>y and hence A’ €T},
contradicting the fact that 1’ has to be disjoint from I.

Using condition (8) and (10) we see that for large positive and negative ¢, the
eigenvalues A’ of the (n—1) by (n—1) matrix {@.s+10.5} belong to Iy and the
complement of T’} respectively. Let ¢, be the first value of ¢ as we decrease ¢ from +
such that

X'(044) €T},
where

0= }(@5(0)+10,5(0) x, x5

This differs from the definition of #, in Section 6 since I’ has been replaced by Tg;
|to|<C, for C under control. From now on we take t=f, in o and without loss of
generality we may suppose {0,s} to be diagonal with the diagonal elements
hshs...<1,_,.

Suppose m is very large. By Lemma 1.2 the first n—1 eigenvalues of uz(0), A'(uy),
are given by

A (ugg)+o(1).
From (5.1):
Uop = Qap™UnQup>

it follows that —u,, cannot be much lower than #,. Our aim, as before, is to establish the
estimate

—u(0)=to+7 7.2)

for some fixed #>0. From the definition of 1, it then follows that A'(u,g) is in T'y and its
distance to Al is greater than some positive constant n’. If m is very large, 1'(u;) is
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close to A'(u.s) and so its distance to 8Ig is greater than #'/2. But then
SfAu 0)>y+e for some fixed €>0, a contradiction. Hence m=u,,(0) must be
bounded.

On 9Q near 0 we have (6.3) and (6.4). At l’(aaﬁ)=i, the set T’y has a plane of
support, i.e.

T} lies in {2 1 Go—4) >0}, > ua=1. (71.3)

Since for any A’ in the positive cone in R"™!, 1A’ €T} for ¢ sufficiently large it is clear
that each u,=0. Lemma 6.1 continues to hold. Furthermore, since tA€TY for t=1, we
have ¥ u,A,(t—1)=0 for all £>1, and hence k=% u,1,=0. From now on we may
assume

T lies in ), u,A,—k>0 with ;= ... 2, , =0 and

2/‘(1:1; k=2.uaia>0’

We will use d and (6.8), (6.8)' as in Section 6. As we have remarked, since
x=(%y,...,%,—1) is in I', for some r=1, under control, we have tx€Ty. By (7.4),
t L u, x,=k+b=b for some fixed b>0. Hence for fixed positive 7 sufficiently small,

7.4

Zyaxa—r>a>0 (7.5)

for some fixed positive constant a (independent of the particular point on 3Q which we
have chosen as origin).
In

D, ={x€Q||x'|<h, x,<h?};

as before, with h so small that (6.11) holds, we will use b* and g“ as in (6.10), and the
operator

A= Z 2 ata}d,9;. (7.6)
ij a

Now Ao(0, x,)=k and therefore

Ao—k=my(x)+O0(x'P).
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In place of (6.19) we have
|A(0+P)—k—m(x")| < Clx']%. 7.7
With the new value of £, we use again the barrier function

v=w+n(Colx'|*—x,) (7.8)

of (6.12), where, as before,

w=o0(x")—ty x,+P(x)+I(x") <—;— |x’|2—d) + %l d*. 7.9

Here the linear function / is the same one as in Section 6 — determined by Lemma 6.1.
We will choose 4 small, M large and then » small so that (6.14) holds, i.e. u<v on
3D, and also the analogue of (6.15): at every point in Dy,

Avy) & (AET|fR) = ). (7.10)

As before it follows from Lemma B that u<v in D; (7.2) then follows.
To prove (6.14) and (7.10) we will establish (6.14)’, (6.14)" and the analogue of
(6.16):

Aw-k<0 in D,. (7.1

To establish these we follow the arguments of the preceding section. Having deter-
mined / we have

Lw—k<Cx*+MdLd

and as before, for £ small and M large we obtain (7;11). (6.14)' and (6.14)" are then
obtained as before by taking M sufficiently large. M is now fixed.
From (7.11) follows the crucial fact that at every point in D,

Mwy) €T.

For if v;<...<v, are the eigenvalues of w;(x) then, by Lemma 6.2,
z,ua v,—k<0 in D,

and hence (vy,...,v,—1) is not in ['j. Consequently, having fixed M, it follows from
Remark 7.1 that for some fixed £>0, and every point in Dy,

Awy) & {(AET|fR) = yp—s}. (7.12)
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Thus for fixed positive small  we obtain (6.14) and (7.10) from (6.14)’, (6.14)" and
(7.11),
The proof of (7.1) and hence of Theorem 2’ is complete.

8. Proof of Lemma C
Observe that for the function g in (17), g(4)=0 is equivalent to

gh) = arg(1+i)=In, I€Z, <2 @®.1)
and
S N
&=T7"0 ®8.2)
J

Consequently the set g~1(0) is a complete analytic hypersurface; it may have more
than one component. No component can be bounded for if it were it would necessarily
be a compact hypersurface. Then 4, would have a maximum on it, and at that point, Vg
would be parallel to the A;-axis—contradicting the fact that g,=+0 there.

Case 1. n=2k+1 is odd.

(i) For any 4 in ", the positive cone, arg(1+itd;) varies monotonically from 0 to
7/2 as t goes from 0 to +. So there are exactly & positive values of ¢, 0<t,<t,<...<t;
such that g(z4)=0, namely V

> arg(l+it,A)=an, a=1,...,k. ®8.3)
j

The functions ¢, are continuous functions of A and decreasing in each 4;. The corre-
sponding points .4 lie on k different components of g~!(0). The points —,4 lie on k
more components. In addition there is the component containing the origin, on which
argn(1+iA)=0. If we take A=(1,...,1) we thus obtain n components of g~'(0); it is
clear that each one is symmetric in the A;.

To see that there are no other components, observe that by (8.2), any component S
of g~1(0) may be represented as a graph over an open subset S of the plane I A,=0. We
claim that § is the whole plane, for if not, there would be a sequence of points 4 in S,
with 4/—u, and a sequence of real numbers # with |¢| >, say #/—+o, such that

M=pi+(1,..., 1)€ES.
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But then g(A")—nn/2—contradicting (8.1). Therefore, S contains a point on the diag-
onal and must then be one of the n components described above.
(ii) For TY={A1€T ||A]=1}, consider the smooth hypersurface

T ={tA)A, for AET.}. 8.4)
We claim that X is an entire component of g~(0). This follows from the assertion:
if AET., 18T, then t,(1) > +. 8.5)
(8.5) is easily proved: Suppose a sequence A/inT) tends to x€3r, and
=tj(A)>s<o. We have

arg(1+it/A)+...+arg(1+it/A}) = n—;——l-n = kx.

Since the smallest components 2 tend to zero we find

arg(1+isu,)+...+arg(1+isu,) = n_;l_m

But this is impossible since arg (1+isu;)<n/2 for each j.
Since X is a complete hypersurface lying in I, it is the boundary of the unbounded
set

G={tA|AETL, t> 1, (D)}; (8.6)

clearly 04 G.

(iii) X is strictly convex at every point.

To verify this it suffices to show that at any point on X, for any nonzero vector &
perpendicular to Vg, the quadratic

> Eim&&m

is definite. Differentiating (8.2) we find
4 .
(1443

Em&En=—2 & ®.7)

The right hand side is clearly negative definite in I, and (iii) is proved.
(iv) We may now conclude that G, given by (8.6) is convex and satisfies the
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conditions (11), (12) of Theorem 4 with the cone I'=T',. It is clear that " is I',;
condition (11) follows from (8.2), and condition (12) also follows easily.

Case 2. 2<n=2k+2 is even.
(i) As before, for A€T,, there are k values of >0, 1,, ..., 7 such that g(r,1)=0,
i.e.,
arg[Ja+i,l)=an, a=1,...,k

We also have g(—1,4)=0, and of course g(0)=0. Again it follows that g~'(0) has
exactly 2k+1=n—1 components each of which is a smooth complete hypersurface
which is symmetric in the 4;.

(ii)) Consider now the convex cone I'=the connected component containing
(1,...,1) in which o~V is positive. This is described in Section 1; it contains T, .

Claim. For every A€T there is a positive t=t; so that
, n—2
arg [ [ +it) = kn = =, 8.8)

Proof. We already know this for A€T, so we need only consider AET'\I',.. For
such 4=(4y,...,4,) with 4;<4,..., necessarily 4,<0<4,. For if 1,<1,<0 then, since,
inT, oV is increasing in each 4; (see Section 1), it would follow that

d"=10,0,45,...,4,) >0,

but in fact this is zero.
Suppose 4;=0, then

arg] [a+irty = arg ] [ +irt) > "=
1 2
so clearly there is a #>0 for which (8.8) holds. Suppose 4,<0; in this case
lim arg [ [ (1+itd) ="=2 1, 8.9)
t—>+o 1 2
so we have to examine this case a bit more closely, For large ¢ we have
[Ta+i)=re] [ 4+r'r7'6" @)+ 0@

_ (8.10)
= i"_zpt"(1+—pl—t-a("“)(l)+0(t'2))
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where p=-I11,>0. Since 0" (1)>0 we see that argll(1+it)>(n—2)/2 for ¢ large,
and so for some >0 we have (8.8).
Next we prove the analogue of (8.5). Set I'=rns”!.

IfAET!, 1-3T, then f;(A)— +x. 8.5)

As before this is easily proved. If it is not true there is a sequence A/ET" tending to
u€AT and ¥'=tj(1))>s<x, such that argll(1+isu,)=kx. The polynomial in ¢, g(zu)

then has k positive roots. Their negatives are also roots, as is t=0. So g(t) has
2k+1=n—1 roots. However u €3I, and so ¢~ Y(4)=0. From (8.10) we see that

g =Im [ [ (1+ine)

is a polynomial of degree n—2; it cannot have (n—1) roots—(8.5)’ is proved.
We conclude that Z={t,(4) 1|1 ET!} is a complete hypersurface lying in I".
(iii) To show that

G={tA|AETY, t>1,(A)}

satisfies the conditions of Theorem 4, and hence to conclude the proof of Lemma C, we
prove finally

LEMMA 8.1. X is strictly convex at every point.

Proof. We must prove that on X,
> 8im&;E,y is definite if D, &g,=0, £+0.

According to (8.7) we must show that

= 0 if = 0, +0. 8.11

If all 2,>0 there is nothing to prove. So we need only consider the case 1,<0<4,....
Then

& &a
1+42 2 1442

a>1
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and so (a, § always sum from 2 to »)

E"l’ <z gila . _1_
(1+42)? 1+42 <Ay

Hence

1 E2 4,
Q= (1,2 A,,H) :
Now

o) =T 4. (1+,11 > Al)
B

a>1

It follows that

(8.11) and also Lemma C are proved.
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Remark. No other component S of g~!(0) satisfies conditions (11)~(13) on . For if
it did then it would lie in the half space L A;>ns with (s, ..., s) on S. But for large ¢, the
point (¢, ..., ?) lies in the convex region G bounded by =, and it would then follow that
g(, ..., 1, 4,) has at least two roots, corresponding to points on S and on £ — contra-

dicting the fact that g is linear affine as a function of 4,.

8. An example

In the disc Q=r=|x|<1 in the plane consider the convex function

u=r-1+11-r*2,

For a function of r, the eigenvalues of the Hessian matrix are i and &/r. Thus

A, =—':—= 2-(1-A"2 =1,

A= 2-(1=P) 24 P(1— )7 =1,

i.e.

Ay=1-A""1+21-A"-2(1-r)

9.1
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Given any positive integer &, let g(s) be a C* concave function defined for s>0 and
satisfying
£(5)>0
g(s)=2klogs, fors=1,

g(s)—> —» ass—0.
The symmetric function
fOy,2p) =2—¢ #4075 0.2)

is concave and satisfies f, >0, i=1,2.
'

Thus the nonlinear partial differential operator for functions « of two variables,
Fuy) = fA1(uy), A2(uy)), 9.3)
is elliptic at every strictly convex function u. For u given by (9.1) set
Fuy) = (). 9.4)
Since 1=4;=<4, for this function, we find
YN =2-A) %=1
Now y €C” for r<1 but not in r<1. In fact for r close to 1 we have
Ay =(1-)""2Q2+3(1-A"-6(1-r)+2(1-r)*?)

and therefore v is in CX() but not in C*¥*'(Q).
Thus the function « given by (9.1) is a solution of
Fluy) =y €CHQ)
u=0 ondQ,
and for I'=T,, the positive cone, we find that conditions (2), (3), (5) and (6) hold.

Conditions (7) and (8) do not. Furthermore u, the unique convex solution in class
CHQ)NC(Q), belongs to C'(Q) but not to CAQ).

Acknowledgements. The work of the first author was supported by NSF MCS-
7915171, that of the second by ARO-DAAG29-81-K-0043 and ONR-N00014-76-C-0439
and of the third by NSF MCS-7902658.



THE DIRICHLET PROBLEM 301

References

[1] CAFFARELLI, L., NIRENBERG, L. & SPRUCK, J., The Dirichlet problem for nonlinear second
order elliptic equations, I: Monge-Ampére equations. Comm. Pure Appl. Math., 37
(1984), 369-402.

[2] CAFFARELLI, L., KOHN, J. J., NIRENBERG, L. & SPRUCK, J., The Dirichlet problem for
nonlinear second order elliptic equations, II: Complex Monge-Ampére, and uniformly
elliptic equations. Comm. Pure Appl. Math., 38 (1985), 209-252.

[3] GARDING, L., An inequality for hyperbolic polynomials. J. Math. Mech., 8 (1959), 957-965.

[4] HARVEY, R. & LAWSON IR, H. B., Calibrated geometries. Acta Math., 148 (1982), 47-157.

[5] IvoCKINA, N. M., The integral method of barrier functions and the Dirichlet problem for
equations with operators of Monge-Ampére type. Mat. Sb. (N.S.), 112 (1980), 193-206
(Russian); Marh. USSR-Sb., 40 (1981), 179-192 (English).

(6] KrYLOV, N. V., Boundedly inhomogeneous elliptic and parabolic equations in a domain. Izv.
Akad. Nauk SSSR, 47 (1983), 75-108.

[7] MARCUS, M., An eigenvalue inequality for the product of normal matrices. Amer. Math.
Monthly, 63 (1956), 173-174.

Received July 1, 1984
Received in revised form October 9, 1984



