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1 Introduction

In this paper we establish a priori interior gradient estimates and existence
theorems for n dimensional graphs S = {(z,u(z)) : x € Q} of constant mean
curvature H > 0 in an n 4+ 1 dimensional Riemannian manifolds of the form
M™ x R where M" is simply connected and complete and 2 is a bounded
domain in M. Our aim is to illustrate the use of intrinsic methods that hold
in great generality to obtain apriori estimates. In particular, we shall solve
the Dirichlet problem for constant mean curvature graphs analogous to the
results of Serrin [14, 15].

If ds* = 0;;dz;dz; is a local Riemannian metric on M, then M X R is given
the product metric ds? + dt? where t is a coordinate for R. As we shall see
in the next section, the height function u(z) € C%(Q) satisfies the divergence
form equation

D
(1.1) div W“ = nH(z), W = (1+ |Duf*)/?
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where the divergence and gradient Du are taken with respect to the metric

on M. Equivalently, equation (1.1) can be written in non-divergence form
1 ij
(1.2) WY D;Dju=nH(x) ,

where D denotes covariant differentiation on M and

g7 =0o" — ek u' =0o“Dju .
We can now state the main results of this paper. Let P be a point in €2
and suppose that the geodesic ball B,(P) C Q for p < R(P), the injectivity

radius of M at P.

Theorem 1.1. Let u € C3(Q2) be a non-negative solution of (1.1). Then
P u

(1.3) |W (P)| < 32max (1, (My))elGCu(P)elﬁC(%)?
p

for a constant C' independent of u, but depending on the C' norm of H(x),

a lower bound for the sectional curvatures of M and an upper bound for Ad?
on .

An interior gradient estimate for any bounded solution of (1.1) follows in-

mediately from Theorem 1.1.

As an application of Theorem 1.1 we have the following non-constructive

apriori lower height estimate for constant mean curvature graphs.

Theorem 1.2. Let  be a bounded domain with C* boundary whose inward
mean curvature satisfies the condition H > —*5 H+€ for some € > 0. Let u be
a solution of (1.1) for H(x) = H > 0 constant in Q@ and suppose w > 0 on OS2.
Then there exists C' > 0 independent of u such that u > —C'" in ).



It is also of interest to consider graphs moving by mean curvature. Let
Qr =Q x (0,27) ; then u(x,t) satisfies

(1.4) uy = g”D;Dju

Theorem 1.3. Let u(z,t) € C3(Qr) UC%Qr) be a non-negative solution of
(1.4). Then,

P)? w(P)s 2B | u(P)?
(1.5) W(P,T) < 32max (1, M)em‘ (P)+== ")
P
with C independent of u, but depending on a lower bound for the Ricci cur-

vature of M and an upper bound for Ad* on Q) .

We next turn to existence theorems. For simplicity we consider only con-
stant mean curvature graphs but analogues of Serrin’s results for prescribed

mean curvature also hold.

Theorem 1.4. Let ) be a bounded domain with C* boundary whose inward

_n_

n—1
that the Ricci curvature of M satisfies Ric(M) > —n"—lezon Q2. Then the

Dirichlet problem

mean curvature satisfies the condition H > H > 0. Suppose in addition

(1.6) divﬁf = nH inQ
(1.7) u = ¢ on S

is uniquely solvable for arbitrary continuous boundary data ¢.

The condition on Ric(M) insures that the mean curvature of the in-
ward parallel surfaces is increasing as a function of distance. This implies

—Ad > nH which is used in a barrier argument. There is further discussion
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of other possible assumptions (that give sharp results) in Section 5. Using
Theorem 1.3 we may dispense altogether with the condition on Ricci curva-

ture.

Theorem 1.5. Let Q be a bounded domain with C* boundary whose inward
mean curvature satisfies the condition H > "5 H + € for some € > 0. Then

the Dirichlet problem

(1.9) divﬁf = nH inQ
(1.10) u = ¢ on )

15 uniquely solvable for arbitrary continuous boundary data ¢.

As is well-known from the work of Finn and Serrin, our existence theorems
cannot in general be improved except for constant boundary data in certain
cases. An example of such result (which is well known for M = R" or
M = S") is the following.

Theorem 1.6. Let § be a bounded domain with C* boundary whose inward
mean curvature satisfies the condition H > (1 4 €)H for some € > 0 and
assume that that the Ricci curvature of M is non-negative on ). Then the

Dirichlet problem

D

(1.12) div Wu — nH inQ
(1.13) u = 0 on N
(1.14)

15 uniquely solvable.



For mean curvature flow, we have the corresponding existence result as
in the Euclidean case (see Huisken [7] and Oliker-Uraltseva [11, 12]).

Theorem 1.7. Let Q be a bounded domain with C* boundary whose inward

mean curvature satisfies H > 0. Then the Dirichlet problem

(1.15) uy = ¢”D;Dju in Q x (0,00)
(1.16) u(z,t) = ¢(x) on 02 x (0,00)
(1.17) u(z,0) = wup(x)

is solvable for arbitrary continuous boundary data ¢ and C*(Q)UC®(Q) com-
patible initial data ug. Moreover asT — oo , u(x,t) converges to the solution

of the minimal surface equation with boundary data ¢(x) given by Theorem

1.4.

Example 1.8. [t is probably useful at this point to give an example which

shows that there cannot be an interior gradient estimate of the form W (P) <

f(@) Let M be H?, two dimensional hyperbolic space and take H(z) = 3.

At a fized point, we choose geodesic polar coordinates ds® = dr?+sinh®r d#? .
We look for a solution of (1.1) of the form u = u(r) giving the ode

1 u’
——(sinhr———=)' =1
sinhr(sm 74\/1 + u’2)
Integrating once gives
u _coshr —1

Vi+ w2  sinhr
which yields u' = \/“’ShTT’l and so u = y/2(coshr + 1). Thus we have positive

entire graphs of constant mean curvature, unlike the situation for Euclidean

space.



For non-compact M", the existence of entire constant mean curvature

graphs is closely related to Cheeger’s isoperimetric constant

. . |00
h(M) = 1gf ‘]Q]’ ,
where () ranges over all compact domains in M with rectifiable boundaries.
Using the divergence form of (1.1), we see that if there is an entire H graph ,
then necessarily H < % for all bounded €2 and so H < h(M). For example
in H™, this gives the condition H < ”T_l which is sharp. Note also that in
this case, the condition Ric(M) > —n”—_le2 is exactly H > =1, When the
opposite inequality is satisfied, there is a non-negative entire solution, which

implies apriori height estimates for the Dirichlet problem.

In future work, we will study other curvature functions such as the “higher

or(rk)
or(1)’
Dirichlet problem for extrinsic Gauss curvature Ky > 0 is precisely

order mean curvatures” H,(k) = We just want to point out that the

det D, D,
(1.18) ST KgW? in Q

o
u = ¢ on 0f).

From the work of Bo Guan [4], we have

Theorem 1.9. Suppose there exists a locally strictly convex subsolution u ,

that s,
det Dz Dj u

g

KW in Q
u = ¢ onof).

Then there ezists a stricly convez solution u € C*(S)) of the Dirichlet prob-
lem (1.19).



2 Local calculations for the graph S

Let x1, ... x, be asystem of local coordinates for M with corresponding metric
0i;. Then the coordinate vector fields for S and the upward unit normal to

S is given by

0 0
2.19 X, = i,
and 5 5
1 . . .
2.20 N=—(—v—+— P =oYu,; .
(220) W, T
The induced metric on S is then
(221) Gi; =< Xi7 Xj >= 0y -+ UUj
with inverse o
ij ioou
(2.22) g7 =o" — T
We claim that
(2.23) g = det(g;;) = oW?, o= det (o)

To see this, assume |Du| # 0 and note that
[(O’ij>(gij)]kl = O'ki(dil + uiul) = 6kl + ukul .

Hence o7tg = det(p + ufuy) = W? since (6 + uFy;) has eigenvalues 1
with multiplicity n — 1 (eigenvectors orthogonal to the Euclidean gradient of

u) and eigenvalue W2 with eigenvector parallel to the Euclidean gradient of u.

The second fundamental form b;; of S is given by (D is covariant differ-

entiation on M X R)

0 0 1
— k . ko1
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Hence,

(2.24) bij = TJ

and so the equation of prescribed mean curvature H(z) is then
I

(2.25) nH(x) = W D;Dju .

Now consider the functional I(S) representing the area of S plus the

weighted volume under the graph. In local coordinates,
1(8) = / (W + nH(2)u(z)) Vo dr .

As a functional of u, this gives the equation of prescribed mean curvature

H(x) as Euler-Lagrange equation

(2.26) div 24— L

T ﬁDz(W) =nH(z) .

It is easily seen that (2.25) is the non-divergence form of (2.26).

We will also need the well known formulae

(2.27) Asu = ”bV[V(x)
(2.28) Asml/ _ —(]A|2+Ric(N)+N(H(x)))Ml/,

where |A] is the norm of the second fundamental form, Ric is the Ricci
curvature of M x R, N(H) is the directional derivative of H(x) in the normal
direction N and Ag is the Laplace-Beltrami operator of S given in local

coordinates by
. 1 ii
(229) AS = leS(DS ) = ﬁDl(\/gg]D] ) .

For a clean derivation of (2.28) using moving frames see [13, section 2]

where M is three dimensional but the derivation is valid in all dimensions.



Equation (2.28) is easily seen to be equivalent to (2.26).

For a discussion of Ag in terms of divg see [6], where the important

formula

(2.30)

k

Agé(z) = ¢"D;D; ¢ — nH(x)uWCbk :

is derived. From (2.30) follows the useful formula

(2.31)

As g(9) = ¢'(0)As ¢+ ¢"(¢)g”" Di¢D; .

3 The proof of Theorems 1.1 and 1.3

We will derive a maximum principle for the function A = n(x)W by comput-
ing Ag h. From (2.28) and (2.31) we find

(3.32)

2 .
AsW — 2" DIWD;W = —CW .

Then a simple computation gives

(3.33)Lh

(3.34)

We define

(3.35)

D;W

9
n(AsW — WQUDz‘WDjW) + WAgn > W(Agn —Cn) .

n(z) = g(¢(x)); glo) =e"?—1,

with the constant X > 0 to be determined and

o) = (4 - ()

2ug p

Here d(x) is the distance function from P, the center of the geodesic ball

B,(P) C © and we will bound W (P). Since u is non-negative, n(x) vanishes

outside of 0B,(P). To be more precise, we should replace 1 by 1-¢ in the

definition of ¢ so that n is smooth with compact support and later let € tend

9



to zero. For simplicity of writing, we will omit this.

The point is now to choose K so that Agn — Cn > 0 on the set where
h > 0 and W is large. A straightforward compution gives that on the set
where h > 0,

D2,
qu(P)?W? p2W?2

Puly _op L Ly
)~ OK (g7 +72) = C)

Agn — Cn > WeX{K*(

Hence on the set where h > 0 and W > 16 max (1, (“(f))Q), we find

K2 1
su(P)? CKI

(3.36) Agn — COn > Wele{

We now choose K = Mu(P)(1+ %) where M is large but independent
of u(P) and p. Then

(337 Agr— o> weo (M _oana + ug)

for M = 16C'". Hence by (3.34) and the maximum principle, W < 16 max (1, (“(;D))2)
at the point where h achieves its maximum. Therefore

h(P) = (6% —1DW(P) < (e — 1) - 16 max (1, (U(pfj)

)*)

or
P "
(3.38) W(P) < 32max(1, (M)2)6160u(zﬁ)6160($)2 ’
p

which proves Theorem 1.1.

The proof of Theorem 1.3 is very similar and follows the argument of

Evans-Spruck [1].

For later use in the proof of Theorem 1.4, it is convenient to have a global

maximum principle for W assuming that u is globally bounded.
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Theorem 3.1. Let u € C3(Q) be a solution of (1.1) where H(x) > H > 0

and assume |u| < M . Then

(3.39) supW < XM supW + 2 .
Q 89

Proof. From (3.34) with n = e we find

ni]/éx)_MI/(QqL(K—]C())ZKh(?;iI—MI/{QJF(K_;))‘

We choose K = (' and note that at an interior maximum of h,

Lh = Kh(

(C—1)W? +nHW < C
which implies W < 2. On the other hand if h assumes its maximum on 0f2,

supW < M gup W .
Q B19)

Combining the two cases proves Theorem 3.1.

4 The proof of Theorems 1.4 and 1.5

The main step is to obtain a global apriori estimate for supg, |u| and supyq, | Vu|
for a family of solutions u' of the constant mean curvature equation with
mean curvature tH and boundary values t¢ 0 < ¢t < 1, independent of t.
For Theorem 1.5, in step 1, we use Theorem 1.2 which we prove in the next

section.
Since the argument is the same for all t, we will do this for t=1. Then
by Theorem 3.1 (global gradient bound), we have a uniform bound for the

|u'|c1() and the remainder of the argument is standard.

Step 1. Estimation of supg, |u]
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Proposition 4.1.(yy li and nirenberg) Assume 0Q € C? and let Q° be the

largest open subset of points x € ) which have a unique closest point y € OS).
The the distance function d(z) to 0Q is C*(Q°).

Lemma 4.2. Assume Ric > —n”—leQ and Hapq > 5H. For xy € OO, let
H(zo) be the (inward) mean curvature of the level set of d(x) passing though
xo. Then H(wo) > "5 H.

Proof. Let H(t) be the mean curvature of the level set at a point where
d(x) = t along the geodesic o(t) joining yo € I to zp . By standard

comparison theory

n

H'(t) > H*(t) + Ric(o’(t), o' (t)) > H?(t) — (

n—1 n—1

H)? .

Since H(0) = Haq > "4 H, it follows that H'(t) > 0 and the lemma follows.
We now construct an upper barrier for -u (i.e a lower barrier for u) of the

form
w = sup —¢ + h(d(z))

where d(x) is the distance function to 9. Then if z € Q°,

1w
Mw = (0¥ - wW“; )(WD;D;d + h'D;dD;d)
1 h//
= e A ey
h/l h/
- - 1M
(14 h2)3 \/1+h'2(n H(z)
n /

(14 h2)32 VI+h?
eAC’

Choose h = 5 (1 — e~%) where A > 2maxqd is fixed and C is large.
Then b/ = e“A=9 and b = —Ch and so




for C' > nH.
Let v = —u. We Claim: v < w (we show that w is a viscosity supersolu-

tion)

Suppose M = supv —w > 0 is achieved at zy and let yg € 9N be
the closest point to zp. Then since v(x) — v(zg) < w(z) — w(zp), a simple

argument show that |Vou(zg|) = h'(d(x¢) > 0 so the local level set
F'={zeQ:v(zr)=w(xy) + M}

is C? near g and w(z) > w(xy) on I'. Since h is increasing this means that
d(x) > d(zg) on T

Hence we can find a small ball B.(z) tangent to I' at xy such that
w(x) + M > v(x) > w(xg) + M on Be(z) .

So w(x) > w(xg) , i.e. d(z) > d(xg) on Be(zp)
Therefore the ball of radius d(xg) + € centered at zj is contained in £ and
thus zp is on the extension of the geodesic from yo to zp (otherwise there

exists z € Be(zp) with d(z) < d(zy), a contadiction).

Hence zy € Q° and our earlier computation shows this violates the max-

imum principle. This completes Step 1.
Step 2. Estimation of supyq, |Vul

This argument is now standard and uses a barrier w = ¢(x) + h(d) where
h(0) = 0 in a neighborhood {0 < d(x) < dy} of JQ. For details see [3].
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Step 3. Existence for continuous ¢(x).

When ¢(x) is only continuous we approximate ¢ uniformly by smooth
boundary data and use the interior gradient estimate to obtain strong con-

vergence on compact subsets of €.

A local barrier argument show that the limiting solution achieves the

boundary values ¢
5 Other ways to obtain sharp sup norm esti-
mates

5.1 Moser iteration when the sharp isoperimetric (Sobolev)
inequality holds n =2,3,4 and K, < 0.

When the sharp Euclidean Sobolev inequality holds, then the assumption
Jo |H(z)|" dV < w, implies a sup norm estimate (see [3] p. 276).

For n = 2 and K, < —1 say, the sharp isoperimetric inequality
L?>4rA+ A?
leads to the sharp Sobolev inequality
(5.40) (/Q Vo dV)? > 47r/ w2 dV + / o] dV)?
(5.41) > (g + 1) / o] dV)?

Vv € Hy(£2). Using this improved Sobolev inequality as in [3, Theorem 10.10]

gives

Proposition 5.1. Let M? be complete, simply connected with sectional cur-
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vatures K, < —1 Let u satisfy div % =nH inQ C M. Then ifAH? < 1+%,
sup |u] < supgq|ul + C
Q

for a uniform constant C. In particular, the last condition is always satisfied

forOgHS%

Example 5.2. In H? let Q = Bg. Then |Q)] = 2n(cosh R — 1) and for

4H? +1 1
hR=——, H> -
cosh R 1 > 5
we have the equality
A
4H? — 1= —
Q )

and we have a radial “hemisphere 7 solution characterized by the ode
u'(r) Hcoshr -1
VI+u?Z o sinh r
Theorem 5.3. (after Bernstein-Finn) If u is any solution in Br then u is

the hemisphere solution (modulo a vertical translation).

The proof is the same as in Finn’s paper [2] using the hemisphere solution

as a barrier..

5.2 Entire solutions in H".

For H" |, Ric = —(n — 1)o and so the Ricci curvature condition in Theorem
3.1, is precisely satisfied when H > ”T_l For 0 < H < "T_l, analogous to
the n = 2 case, there is a complete entire positive radial solution. Such a

solution always give sup norm estimates by the maximum principle.

Theorem 5.4. Let Q C H" satisfy Hoq > -"5H (with strict inequality for
0< H< ”T_l) for a non-negative constant H. Then the Dirichlet problem
for constant mean curvature graphs has a solution for arbitrary continuous

boundary values ¢(z).
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6 The proof of Theorem 1.6.

We sketch the proof of Theorem 1.6 since it is basically well known. From
(2.28) we obtain (using that [A]> > nH?) that ;- and Hu+ 5 are superhar-
monic on S, the graph of w. In particular 0 > u > —% and both functions
achieve their minimum on 0f) at the same point P where |Vu| achieves its

maximum.

Introduce a local orthonormal frame e, ..., e, at P with e, the interior
unit normal direction and e, , @ < n the principal curvature directions to
0 at P. Then V,,(Hu + %) = Hu, — 35 Viu < 0 at P ie.

(6.42) Vot > HW? at P,

and also

(6.43) > Vet = (n—1)|u,|H > (1+€)(n—1)Hlu,| .
a<n

On the other hand, using the nondivergence form (1.2) of the equation gives
at P,
(6.44) nHW =Y Vaau+

Combining (6.42),(6.43)(6.44) yields

| | 1
A4 — <
(6.45) S1xe

that is |Vu|(P) < \/621+726

Now that we have C'! estimates, the theorem follows as before.

7 The proof of Theorem 1.2.

We sketch the proof of Theorem 1.2 . The first step is to show that solutions

are always uniformly bounded below in a fixed neighborhood of the boundary.
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Lemma 7.1. Let u be as in Theorem 1.2. Then u > —log2 in a fizved
neighborhood Q, = {x € Q: 0 < d(zx) < 1} for fized o0 >> 1.

Proof. Consider the barrier w = log (1 — $d(x)). Then as in Step 1,

Mw > nH in €, Moreover, w = 0 on 02 and w = —oco on d(z) = 2.
Thus v > w on 0f) 1, and so u > w in ) 1 by the maximum principle for

the difference of solutions. In particular, v > —log?2 in €2,.

Suppose now that Theorem 1.2 is false. Then there is a sequence of
solutions w,, in €2 with u,, > 0 on 092 and inf u,, = u,(P,) = —n. Note that
by Lemma 7.1, d(P,) > é and so we may assume by choosing a subsequence
that P, — P € Q. Now let v, = u, +n > 0 and note that v, > n — log?2
in Q, and v,(P,) = 0. We now use Theorem 1.1 as in Serrin [15] to prove a
local Harnack inequality for v,,. That is , the sequence v,, remains bounded in
a small fixed neighborhood of P and thus (by Schauder estimates) converges
uniformly to a solution v in a maximal open neighborhood D of P and diverges
to +o00 on ©Q\ D. But this situation is impossible for we can translate v up
until it is above v; in D and then lower it until there is a first contact. This
first contact must be over an interior point of D, violating the maximum

principle.
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