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1 Introduction

The analysis of holomorphic sections of high powers L of holomorphic ample line
bundles L — M over compact Kahler manifolds has been widely applied in complex
geometry and mathematical physics. Any polarized Kahler metric g with respect to
the ample line bundle L corresponds to the Ricci curvature of a hermitian metric
h on L. Any orthonormal basis {S{,...,SY } of H°(M,L") induces a holomor-
phic embedding ®x of M into C P . We call the pullback of the rescaled Fubini-
Study metric P} grs the Bergman metric with respect to LY. Tian[25] applied
Hormander’s L?-estimate to produce peak sections and proves the C? convergence
of the Bergman metrics. Zelditch[32] later generalized Tian’s theorem by applying
Boutet de Monvel-Sjostrand[6] parametrix for the Szego kernel. Namely

Theorem 1.1 (Zelditch[32]) Let M be a compact complex manifold of dimension
n and let (L,h) — M be a positive Hermitian holomorphic line bundle. Let g be
the Kdhler metric on M corresponding to the Kdhler form w, = Ric(h). For each
positive integer N, h induces a Hermitian metric hy on L. Let {SY, SN, ..., ng}
be any orthonormal basis of HO(M,LY), dy + 1 = dim H°(M, LN), with respect to
the inner product:

(152 = [ Bv(s1(2), sa(@))avy,

where dV, = %w;‘ is the volume form of g. Then there is a complete asymptotic

eTPansion:

dn
Z ||SZN(’Z)||i2LN ~ aO(Z)Nn + Cll(Z)Nn_l + az(z)N"_Q + ...
=0



for some smooth coefficients a;(z) with ag = 1. More precisely, for any k:

< CripN"E

fgnsf(z)ni]v — S ay(z)N

0<j<R

Ck

where Cry, depends on R,k and the manifold M.

In [17], Lu shows that each coefficient a;(z) is a polynomial of the curvature
and its covariant derivatives and gives a method to compute them explicitly. In
particular a;(z) is the scalar curvature with respect to g, which together with the
asymptotic expansion helps Donaldson[11] prove that a metric of constant scalar
curvature on a polarized Kahler manifold is the limit of balanced metrics.

Since orbifolds arise as degeneration limits of non-singular Kahler manifolds, the
property of such limits are crucial to the understanding of the notion of K-stability
conjectured by Tian to be equivalent to the existence of metrics of constant scalar
curvature. Unfortunately the asymptotic expansions of the Bergman metrics fail
near the singularities in the case of orbifolds. In this paper we generalize Zelditch’s

theorem to orbifolds of finite isolated singularities.

Theorem 1.2 Suppose M is a compact Kahler orbifold of dim > 2 with only fi-
nite isolated singularities {z;}", and let (L,h) — M be a positive holomorphic
orbifold line bundle. Let g be the orbifold Kahler metric on M corresponding to
the Kdihler form w, = Ric(h). For each N, h induces a hermitian metric hy on
LN Let {S},...,S.} be any orthonormal basis of H(M,LY), where dy +1 =
dim HO(M, LN), with respect to the inner product

< 51,82 Shy= /M(sl(z), sa(2))hVdV,.

Let {6.,(2)}™, be the corresponding distributions. Then there exists an asymptotic

erpansion

dn
Z ||SZN(Z)||,%N ~ agN" 4+ a1 (2)N" ' + .. 4 an(2) + Z b(i)é.,(z)
i=0 ;
Fans1 ()N + Gpyo(2) N2+ ..
in the sense that

N
Y18 )ny — (@oN" +ai(z) N"™H + .. 4 an(2))
=0
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weakly converges to >, b(i)6,,(z) as N — oo. Furthermore there exist constants

0 >0 and Cgy such that

HZHSN @2y = D ()N )l < Crp(N"F 4 N©Hh2e=0NT)

0<j<R

where v is the smallest geodesic distance from z to the singularities. In particu-
lar, ap = 1 and ay(z) is the scalar curvature of the orbifold (M,g) and b(i) =

ﬁ D 12geC m, where G; is the structure group of z; fori=1,...,m.
We can define the embedding ®x: M — CP by sending z € M to
Dy (2) =[S (2), .., S) (2)] € CPN
for N large enough and let wpg be the Fubini-Study metric on CP.

Theorem 1.3 Suppose M is a compact Kdahler orbifold of dim > 2 with only finite
isolated singularities {z;}*, and let (L,h) — M be a positive holomorphic orbifold
line bundle. Let g be the Kahler metric on M corresponding to the Kahler form

= Ric(h). For any smooth plurisubharmonic function ¢ with ‘/2—?35925 +w >0,
we denote h by he=® and w; by Ric(h). Let {SY, ..., ng} be any orthonormal basis
of HO(M, LN) with respect to the inner product

< §1,§2 Shy = (§1(2),§2<Z>>ﬁN£‘/§.
M

Then
||¢—*10g ZHSN 2)|n Meoar — 0.

Furthermore, if we assume that for each z; its structure group G; is abelian, then

||¢—*10gZ||SN iy leran =0,

for any positive a < 1. There also exist € > 0 and Ny > 0 such that for all N > Nj,
dy
: N s :
inf 3 1I8Y (), > eN™,

where {SNYIN is an orthonormal basis of HO(M, LN) in Theorem 1.2.



Corollary 1.1 With the same assumption in as Theorem 2.5, there exist constants

Cr > 0 and No > 0 such that for any N > No, we have
. 1

We conjecture that Theorem 1.3 should be true even without the assumption that
the structure groups be abelian. Tian proved that any sequence of Kéhler-Einstein
surfaces with positive first Chern class converges to a Kéahler-Einstein orbifold and
that the singular points must be rational double points or of cyclic types. If our
conjecture is true then there would exist a uniform constant ¢ > 0 such that for any

Kihler-Einstein surface (M, g) with Ric(g) = g we would have
dn
. N )
inf D157 () 5(a) = eN™
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2 Orbifolds and orbifold vector bundles

We recall the definition of orbifolds which were introduced by Satake as V-manifolds
[4, 20, 21].

Definition An orbifold structure on a Hausdorff separable topological space X is

given by an open cover U of X satisfying the following conditions:

1. Each U € U has a local uniformization {U, G, 7} where U is a connected open
neighborhood of the origin in C™ and G is a finite group acting smoothly on
U such that U = U /G with 7 as the projection map. Let kerGy the subgroup
of Gy acting trivially on U.

2. If V C U, then there is a collection of injections {‘7, Gy, my} — {U, Gu,mu}
Namely, the inclusion ¢ : V — U can be lifted to ¢ : V — U and an injective
homomorphism ¢y : Gy — Gy such that iy is an isomorphism from kerGy to

kerGy and i is ig-equivariant.



3. For any point « € U; N Uy, where Uy, U, € U, there is a U3 € U such that
x € U3 C U1 N UQ.

Definition An orbifold bundle B over an orbifold X with group I' and fiber F

consists of the following data:

1. For each local uniformization {(~] ,Gu,my} there is a bundle By over U with
group I" and fiber F' together with an anti-isomorphism Ay of Gy into a group
of bundle maps of By onto itself such that if b lies in the fiber over = € U,
then hy(g)b lies in the fiber over g7 for g € Gy.

2. For any i : V — U there is an induced ty-equivariant bundle map * : By —
By.

3. If i, : V — U and iy : U — W then (iyip)* = i,

Suppose that X = M/G and that E — M is a G-equivariant bundle then
E/G — X is an orbifold vector bundle.

The tangent bundle Tx of X is defined by taking for Ty the tangent bundle
over U, for hy (g) the inverse of the mapping of tangent vectors induced by g and i*
the inverse of the mapping of tangent vectors induced by i. If g is a metric on T
then for each {U, G,m}, gu is a G-invariant metric for ZU) We can also define the
cotangent bundle 7% and AP(X) the bundle of differential p-forms over X in the

Salne manner.

Definition Let {U;};c; be a locally finite covering of X by open sets U; such that
{U:, Gy, 7, } € U. By a smooth partition of unity for {U;};c; we mean a collection

of smooth functions {1;} such that supp(t;) C U; and for each x € X Y ;c; 9bi(z) = 1.

It is easy to show the existence of such partition of unity by shrinking each U;
a little so that we have a locally finite covering {V;};e; with V; C U;. Then we can
choose for each ¢ a smooth function u; on X such that u; = 1 on ‘71 and u; = 0

Us

outside U;. Then we can put ¢; = S

Example 1
Let X be the quotient of CP! by a cyclic group of order n defined by

2km

[Z())Zl] ~ [ZOG n aZI]
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for k = 0,1,2,....,n — 1. Then it is a "football” which has two isolated quotient
singularities [0, 1] and [1, 0] with the cyclic structure group .
Example 2

Definition Let dy, ..., d,, be n + 1 positive integers. The weighted projective space

Py, ....a, is a toric variety defined by

-----

-----

where C* acts by
MZo, .oy Zn) = (AN Zy, ..., X\ Z,).

As for the case of projective spaces, we let U; = {Z; # 0}, then

CUBE
AR

]

Ui =A{(

which is exactly C"/pugq, if d = ged(dy, ..., d,) = 1.

We have the following properties of weighted projective space:

1. The above C*-action is free if and only if d; = d;, for all 7,5 =0, ...n.

2. Let d = gcd(dy,...,d,) be the greatest common divisor of dy,...,d,, then
Py,

..........

3. Weighted projective spaces are orbifolds which have singularities with cyclic
structure groups acting diagonally. In particular if (d;,d;) = 1 for all ¢ # j,

1,7 =0,...,n, then Py, 4, has only isolated singularities.

-----

Now we will state the Riemann-Roch-Kawasaki Theorem which enables us to
determine the coefficients of the currents in the expansion in Theorem 1.2.

For each local uniformization {U, Gy} and each g € Gy, we consider U9 as
a complex manifold on which the centralizer Zg, (g) acts. For V' C U, the open
embedding i : V — U defines a natural open embedding V"/Zq,, (h) — U%/Za, (g)
of analytic spaces, where g = i#(h). We patch all the U9/Zg, (g) together by such

identification which gives a disjoint union of complex orbifolds of various dimensions:
X H ZX - U{U,GU},QEGU Ug/ZGU (g) .

We have a canonical map ¥X — X covered locally by the inclusion U9 C U. For

each z € X we can choose a local uniformization {Ux,Gx} such that x € UI is a
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fixed point of G.. G, is unique up to isomorphism. Then the number of pieces of
X is equal to the number of the conjugacy classes of G other than the identity
class.

Let ©X7,..., ©X; be all the connected components of Y X. We define m; for each
> X; by

= |ker[Zay (9) — Aut(U?)].

Let Y cq, £9(U; Ey) be the equivariant Todd form on X IT > X which represents
a cohomology class £(X; E) + £>(X; E) in H*(X I1 ©X;C). Then we have the

following Riemann-Roch-Kawasaki theorem.

Theorem 2.1 [16] Let X be a compact complex orbifold and let E — X be a holo-

morphic orbifold vector bundle. Then we have
X(X;0x(E)) =< L(X : E),[X] > +Z - < LE(X;E), [2X,] >

In particular, if X only has isolated singularities {xj}jzl,“m}, we have

1

(X0 (B) =< £(X: B).[X] >+, % det(1— gITy)’

i=11#£g€Gy,

Notice that since g|T;; is orthogonal and has no eigenvalue of 1, it follows that
det(1 — g|T3,) > 0.

3 The J)-equation

In this section we will establish the dy-equation for orbifolds and obtain subelliptic

estimates which gives the Hodge decomposition for d; operator. We will essentially

follow Folland and Kohn [12].

Definition Let X be a compact, orientable real orbifold of dimension 2n — 1. A
partially complex structure on X is an (n — 1)-dimensional orbifold subbundle S of
CTX such that

1. SNnS = {0},

2. if L, L' are local sections of S then so is [L, L'].



Definition If X is partially complex, we define the orbifold vector bundle BP4(0 <
p,g < n—1) by BP = APS* ® A?S”, which we can identify with an orbifold
subbundle of APT1CTX*. We denote by BP? the space of smooth sections of B,

and we define 0, : BP? — BP4*+! as follows:
1. If ¢ € BP?, then 0,¢ is defined by
< O, (LA AL) @V >=V < ¢, L1A...AL, >
for all sections Ly, ..., L, of S and V of S.
2. It ¢ € B,

(q + ].) < 5b¢; (LlAALp) X (%AA‘/q—l-l) >

q+1 ] R
= Y (=1 < ¢, (LA ALy) @ (ViA..V;. . AVy) >
j=1
Y (1) < @, (LA ALy) @ ([Vi, VJAVIA.. Vi Vo AVpyy) >
1<J

Oy is well-defined since 0;, commutes with G.

(g+1) < g9, (LA AL) ® (ViAo AV, 1) > |s

g+1

= Y (=1 < "¢, (LA AL,) @ (ViA.Vj AVyy) >;
j=1
3 (1) < g*p, (LA ALy) @ (Vi, ViJAVIA.. Vi Vi AV ) > |
1<J

= (¢+1) < 9pgd, (LiA..AL,) @ (ViA..AVy1) > |

Let Lq,...,L,_1 be a local basis for sections of S over U, so Li,...;L,_1 is a

local basis for sections of S. We choose a local section N of CTX such that

Li,....L, 1,Ly,...;L,_1, N span CTX|y and we may assume that N is purely imag-
inary. Then the matrix (¢;;) defined by

[Li i) = D _ags L+ bl Le + ci;N
is hermitian and it is called Levi form.

Proposition 3.1 The number of non-zero eigenvalues and the absolute value of the

signature of (c;;) at each point T are independent of the choice of Ly, ..., L,_1, N.
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We say that X satisfies condition Y (q) if the Levi form have max(q + 1,n — q)
eigenvalues of the same sign or min(q + 1,n — ¢) pairs of eigenvalues with opposite
signs at each point. Notice that for n = 2 and ¢ = 1 the condition Y(q) is never
satisfied and if X is pseudoconvex then Y'(q) is satisfied forn > 2 and 0 < ¢ < n—1.

We will now define the Sobolev norms on orbifolds.

Definition Let X be an n-dimensional compact orbifold. Let {U, }aca be a locally
finite covering of X with their uniformization {U,} and coordinate mappings @, :
U, — R™ Let {1y} be a partition of unity subordinate to {U,}. Then for s € R
and any k-form ¢ over X we define ||¢||2 = 3, [|(¥a®) 0 05 ||2. The norm || ||, is not
instrinsic, but it is independent of the choice of local coordinate charts, partition of

unity and the coordinate mappings up to equivalence.

We can choose a hermitian metric on CTX such that S, S and N are orthogonal
to each other and we can then assume that L, ..., L,_1, L1, ... , L,_1, N are
orthonormal. We can define the Sobolev spaces H?9 for all real s by completing B¢
appropriately and define the adjoint operator 5: and the Laplacian A, = 5;,52 +525b.
If wy,...,wn_1,@1, ..., On_1, 7 is the dual basis to Ly, ..., L,_1, L1, ..., L,_1, N, we write
¢ € BPas ¢ =3, ¢ryw'w’ and

Ot = (=1)P X175k 0% Li(d1.7)w! AWK +terms of order zero,

0yt = (=P s 07y Li(6ry)w! A @ +terms of order zero.

We define the hermition form @), on B”9 by
Q(@,9) = (940, 00) + (0,0, 0,%) + (6,))
= ((Ap+1)¢,9).

Lemma 3.1 If X satisfies condition Y (q), then for all ¢ € BP? with support in U
we have ||qb||%/2 < CQu(0, ).

This is a local subelliptic estimate which can be proved in the same way for non-

singular partial complex manifolds with the condition Y (Q) satisfied. See [12].

Theorem 3.1 If X satisfies condition Y (q), then for all ¢ € BP? we have ||gz§||f/2 <
CQu(¢,9).

Proof We simply apply the partition of unity and

Hol1T /e <D Cilleidll )y < Co D Qu(Wio, vig) < C3Qu(6, 9).



We denote the harmonic space by H}? = {¢ € BP? : Ay = 0} which is finite

dimensional. We then have the following Hodge decomposition
HE = 9,0, Dom(Ay) ® 040, Dom(A,) & HY.

Let Hy be the orthogonal projection on H}'? and G, be the inverse of Ay, on (HP4)+
and zero on HY'?. By the same argument in [12] we have the following theorem as

in the smooth case.

Theorem 3.2 Suppose X satisfies condition Y (q) then:
1. Gy is a compact operator.
2. For anya € H, a = 51,5:@ + 0,050 + Hya.

3. Gbe = Hbi = O,’ GbAb = Abi =1 - Hb on Dom(Ab); and Zf Gb 18
also defined on HYTT (HPI™Y), Gydy = 0,Gy on Dom(9,)(Gyd, = 9,Gy on
Dom(dy)).

4. GpBP9 C BP9 and ||Gpalls < Cllal|s—1 holds uniformly for a € BP? for each

positive integer s.

Corollary 3.1 If X = OM is pseudoconvex, then the Szeqi projector on X is given

by
S =1 —9,Gy0.

Proof For n > 2 and ¢ = 1 X satisfies the condition Y (1) since X is pseudoconvex

and we have by the previous theorem that
1= ngZGb + gngGb + Hy.

So Oy f = ngZGbgb f where Gy, is the Green operator. Thus EEZGb is the orthogonal
projector onto Imd, and EZGbgb is the orthogonal projector onto (Kerd,)* in L*(X).
Therefore the Szego projector S which is the orthogonal projection from L?(X) to
ker(0y) N L*(X) can be written as

S =1 —09,Gy0.

10



4 From line bundle to circle bundle

Let O(1) — CP" be the hyperplane line bundle and let <, > be its natural hermitian
metric. Let M € CP™ be a projective manifold and let L be the restriction of M

and h be the restriction of <, > to L. The following lemma is due to Grauert.

Lemma 4.1 Let D={(z,v) € L* : h(v,v) < 1}. Then D is a strictly pseudoconvec

domain in L.

Here L* is the dual line bundle to L. The boundary of D is a principal S* bundle
X — M defined by p: L* — R, p(z,v) = 1 — |[v|?, where v € L} and |v|, is its norm
in the metric induced by h. D = {p > 0}. We will denote the S! action by ryz and
its infinitesimal generator by % and p is S'-invariant.

Now replace M by an Kéahler orbifold on which there is an positive orbforld line

bundle L — M equipped with the orbifold hermitian metric h.

Lemma 4.2 Let D = {(z,v) € L* : h(v,v) < 1} and X = 90D. Then both D and X

have an orbifold structure. Furthermore, X is an orbifold circle bundle over M.

The defining function p(z,v) = 1 — |v|? is globally defined on the orbifold L*.
Since —¥-1981og h* = Ric(h*) < 0 we have ¥_190h* > 0. Therefore on each small

enough local uniformization p is convex with respect to a choice of trivialization of

L* and coordinates on M since Ric(h) > 0.

Proposition 4.1 There exists a smooth function (x,y) on each local uniformiza-

tion U such that
1. Y(z,x) = ;p(v)

2. dyp(z,y) and dpp(z,y) vanish on the diagonal {x =y} to infinite order.

3. w(xvy) = —¢(y>$)-

By making ¢ (x, y) = ﬁ > gec ¥(97, gy) and since p(z) is G-invariant we can assume

¥(.,.) is invariant under the diagonal action by G.
Proposition 4.2 There exists a constant C > 0 such that
Imi(x,y) > C(d(z, X) + d(y, X) + |z = y[*) + Oz — y[*)

11



Proof

1 9°8p hek’
(x+h,x+ k)~ - > 520557 (z) R

() + 6(,2) — 9@, 2) — Blys)] = Lle — ) + Oz — o).
Also

I, ) = 5 (6(e,) = B09)) = :(0(w9) + ¥y, ).

Notice 1) is only locally defined and in general i) cannot be globally defined as in
the smooth case in [6] due to the cancelling of the group action. Also we can always
assume I'mi) > 0 by shrinking the uniformization a little.

Denote by T"D, T" D € TD®C' the holomorphic and antiholomorphic subspaces,
and define d'f = df|p» and d” f = df |p» for f € C°°(D). Then X inherits an orbifold
CR structure CTX =T’ & T" ® C(). Denote by T"X the space of holomorphic
vector fields on D which are tangent to X. They are given in local coordinates by
vector fields Zaj% such that Zaj(%p = 0. A local basis is given by the vector
fields Z¥ = 8%]_ — (%)_1(8‘9—%)% for j # k.

The Cauchy-Riemann operator on X is defined by
Oy : C®(X) — C=(X,(T"))

5bf — df|T” .

It’s easy to see T, T7",00 and 0, coincide with S, S, N and 0, in the previous

section.
Lemma 4.3 [D}, D] = 0.
Proof It can be shown by straightforward calculation.

Lemma 4.4 The characteristic cone X of Oy is the real cone of T*X orthogonal to
T" and is generated by

1 1

*d/p‘X = —fd”p|X.

i i

Lemma 4.5 o([Z,W*]) = L,(Z,W) where Z and W are two C* local sections of
T".

12



Proof If 7 = Za] a5 W = Zb] then

52
1, 1
o([Z,W])(-dp) = —o([2,W])(-d )

_ 1 8b
= —<[Z,W] dp>=— <ZJ k2 d’p>\X

Since < W,d'p >=< W,dp >= 0 on X and Z is tangent to X we have

Ob, Op i 9?p

Ly < W,dp>=a;( 22 P
z<Wdp>=a(g s T o

) = 0.

Therefore

o2, W) () = L,(2,17).

The Hardy space H?(X) is the space of boundary values of holomorphic functions
on D which are in L*(X), i.e. H*> =kerd, N L?*(X). The S' action commutes with
Oy, hence H*(X) = ®yH%(X), where H%(X) = {f € H3(X) : f(rpz) = N0 f(2)}.

A section of L determines an equivariant function s on L* — {0} by §(z, \) =<
A, 8(z) > where z € M and A\ € L}. Similarly, a section sy of LY determines an

equivariant function sy on (LV)* — 0 by 5V (z,\) =< AN sny(2) >.

Lemma 4.6 The map s — § is a unitary equivalence between H°(M, L") and
H?*(X).

We can generalize the above statements to orbifolds and holomorphic orbifold
line bundles without difficulty.
We denote by IT: L*(X) — H*(X) and Iy : L*(X) — H%(X) respectively the

orthogonal projections. Their kernels are defined by

If(x) = [ TG, y)f(y)du(u)
Iy f(x / Uy (z,y) f(y)dp(u).

Let {SN} be an orthonormal basis of H°(M, LY).

Proposition 4.3 ||SN(2)|3, = |SN(x)|? for any x with n(z) = =.

13



Proof Let ey, be a local G-invariant holomorphic section e of L over a local uni-
formization {U, G'}. Tt induces sections e} of LN |5 and let SN(z) = fN(2)el () for

a holomorphic function f¥ on U. Then

~

SN(z,u) =< u™, SN (2) >= fN(2) <™, el (2) >= le(z)a% < u, 6—L(z) >N

So we have
S57(2,0) = fla(2)M2e ™.

Hence |5 (2,0)1 = a(2)V[ [V (2)]* = 1SN (2)]]3,-
Proposition 4.4 {SN} is an orthonormal basis of H*(X).

Proof Let dV, = %%L be the volume form of (M, g). Then we have

<S¥.SY > = [ ha(SY,sa
= [N E T EW,
M
[ SN d,
X

where dy = a A da™/n! = df A T wy is the Gy-invariant volume form on any local

uniformization U.

5 The local model

In this and the following section we will follow the method by L. Boutet de Monvel
and J. Sjostrand in [6] with a little modification near the singularities to prove a
similar formula for the Szegd kernel for pseudoconvex domain with quotient singu-
larities.

Let (x,y) € R* = RPx R? and (£, n) be the dual variable. Let 3 be the cone {z =
¢ = 0}. Let D be a system of pseudo-differential operators Dy = %(% + ;| D,|),
j=1,...,p. Let R be a linear continuous operator: C§°(R?) — C*°(R") defined by

Rf(z,y) = (27T)_q/eiyn_%'m'Q'"'(|77|/7T)”/4f(77)d77-

14



One has DyR =0, R*R = I and
I ~ RR* + LoD.

where Ly € OPS™ "1 R™, ).
The operator RR* is defined by the oscillatory integral

RR f(x,y) = (QW)*Q//ei<yfy’m>+%(|m|2+\w/l2)|n|(’n‘/ﬂ)pﬂf(x/,y/)dxldy/dn_
The phase function is defined by
/ 1 2 /12
¢=<y—y,n>+5(z[" + [l
Let X% be the cone defined by the complex equation
O'(D[)) =0.

Then %N X0 is the complexified cone of the real cone {x = ¢ = 0}. The canonical

relation Cy is the complex cone satisfying

Y =y+i/2(|z]* +|2']?)
£ = iz|n|
§' = —ia'|n|
n' =n.

It is easy to see that Cf is contained in X% x 39 and contains diag(X x ).
Proposition 5.1 The canonical relation Cy is unique and satisfies

1. Cf X0 x 0

2. The set of all real points of CT is exactly the diagonal of ¥ X ¥

3. Cf is positive.
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6 The Szego kernel on X

Proposition 6.1 [5] Let {Z,}, j = 1,..,v be homogeneous pseudo-differential oper-
ators of degree m and X the characteristic cone. If {Z;} satisfy

1. o{|Z;, Z}]} is positive definite on 3
2. [Zj, Zk] ~ ZA;kZz;

then there exists an elliptic Fourier integral operator transforming the left ideal gen-

erated by the Z; into the ideal generated by the %(% +ix;|Dy|), 7=1,...,v.
J

Therefore, for any £ € X, there exists a canonical isomorphism & defined on a
neighborhood of £ and an elliptic Fourier integral operator V' associated with ¢ on
a neighborhood of ¢ such that 0, = V~"'CDyV on a neighborhood of &, where C is

a matrix of elliptic pseudo-differential operators.

Proposition 6.2 There exists one canonical relation Ct which is almost analytic

on T*U x T*U, unique up to equivalence and satisfies
1. Ct C X0 x 30,
2. The set of all real points of CT is exactly the diagonal of ¥ x X.
3. C* is positive.

Proposition 6.3 C* is the canonical relation associated with the phase function

t(z,y) on U x U x Ry.
Proof Observe that

1. i) has no critical points

2. %tw = 1 = 0 implies that the real critical points is diag(X) x R, and on
diag(X) dutp = —dyio = Ld'p| X #0

3. Imy >0

4. The set of real points of C'" is exactly diag¥™ as above.
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5. Since djy and d 1) vanish to infinite order on diagonal, C™ is contained in
0 x X0,

Proposition 6.4 For each point x of X there exists a neighborhood of x with its

local uniformization U and reqular operators S and L such that
1. S~ S~ §?
2. 0,S ~0and I~ LOy+ S,
where S is uniquely determined up to an operator of degree —oo and S € [3((72, ct).

Proof If A and B are two operators defined on distribution on U. then by A ~ B
we mean R = A — B is an operator of order —oo, or the kernel distribution of R is
C>®onU x U.

Uniqueness: Suppose there exist S” and L’ which also satisfy conditions 1 and 2.
The assertion of the theorem is local. Suppose W is an open cone of T*U — 0, then

on W
S~ (S"+L'0y)S ~8'S

and S’ ~ 5™ on W. We have on W
S~ 88 ~ (89) =875~ S5'S~ 8.

Local existence
Let S, = V'RR*V, Ly = V" 'LyC~'V. Then we have
S? =V RR*RR'V ~ V7 IRR*V ~ S|,
0S; ~VICDW S, ~VICDWVVIRR'V ~ V- '\CDyRR*V ~ 0,

Sy + L0,
~ VI'RRV +V 'L,C'VVICDyV
~ V'RR'V +V~'LyDyV
~ VIRRV +V (I - RR )V ~ I.

Since R*(V~1)*V 1R is an elliptic pseudo-differential operator, we denote by B
its parametrix. Let S = V"'RBR*(V~')*. Then B ~ B* so S ~ S*.
SS; = (VIIRBR* (V")) (VIRR*V) =V 'R(BR*(V )V IR)R*V ~ S,

17



$1S = (V'RR*V)(V'RBR*(V-Y)*) ~ V'RBR*(V-1)* ~ §
0pS ~ 0,55 ~ 0
S?~ 8515 ~ 88~ S. Let L =(I—S)Ly, then we have

S+ Loy=S+(I—-8)L10y~S+{T—-S)I—-85)~S+I-S5—5+8S ~1I.

Thus we show the existence of S.

Let {W,} be an open covering of T*U — {0} and suppose we have S, and L,
satisfying (1) and (2) on each W,. By the same argument as in the proof of unique-
ness we can show that on W, N W3 we have S, ~ Sg. Using partition of unity as in
section 2 we have ), with >, Q. ~ [ and @, ~ 0 outside W,,.

Let S =3 QuSy and L = aL,. Then on W3 we have

S= ZQ&SQ ~ QaSB ~ SB

which gives S ~ S* ~ 52 Also we have on each Wy

LIy =) QaLady ~> Qu(I—Ss)~> QoI —8)~I1-5.
This completes the proof of the proposition.

Such an S admits the following integral representation

SF@) = [ [ e ala,y.0) 1 (y)dtay,

where f has support in U and a is an symbol of degree n:

o0

a(z,y,t) ~ > " Fag(z,y).
k=0

The kernel of S can be written as
S(z,y) = / ez, y, t)dt,
0

and it is smooth off the diagonal. However S is only defined on U because S f (x) is
not invariant under the action of the structure group Gy . Since we wish to have S
defined on U instead of its local uniformization, we define

S = ﬁ Y geqy 95971 e

Sf(x) = g Lyec, Sf(gr) where f(z) = f(g~'x).

Now S admits the following integral representation

18



Sf(z) = > // e (gr, y, t) f(g~ y)dtdy

geGu
— mb gwgy ’ dtd
gEXGZ // a(gzr, gy, t) f(y)dtdy
= @ : dtdy.
gGZG: // a(gr, gy, t) f(y)dtdy

The last equality holds since the volume form dy is Gy-invariant and v is invariant

under the diagonal action of GGy . The kernel can be written as

Z/ ¢V a(ga, gy, t)dt = / DGz, y, t)dt

geGy

which is also smooth off the diagonal. We also define L = ﬁ SgLgt
Now since S is Gy-equivariant, it can be considered as an operator defined on U

instead of on U. The same is true for L.
Lemma 6.1 On U we still have

1. S~ S~ S?

2. ngNO andlwfﬁb—i—g,

where A ~ B means R = A — B is an operator of order —oo and is Gy-invariant

(or equivalently its distribution kernel is C* on U x U ).
Proof

o~ 1 _
S = Z 0pgSqg~t = @ Zg@ng_l ~ 0

10, = =Y gL ~ S g(I—S)g " =1—§
Gyl |Gyl

S* — Sfl
|G|Zg T |Zg ’

= @ Y (g7h) Syt ~ @ > gSgt~S

S ~ LOyS + 52 ~ 52
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Now let {U,};es be an open covering of X with their uniformization {U;,G,}

with partition of unity @); and let S'j and ZNLJ- be the corresponding operators on U -
Let SX = ZQ]'S’]' and LX = ZQ]ij

Definition If A and B are two operators defined on distribution on X, then by
A ~ B we mean R = A — B is an operator of —oo, or equivalently the kernel
distribution of R is C*° on X x X.

Lemma 6.2 Given U; and Uy, on the local uniformization Uj N U, the phase func-

tions ¥, and Yy, of Sj and Sy, are equivalent. Furthermore we have S*j ~ Si.

Notice that gj and Sy, have the same canonical relation on T*(Uj N Uy) so they
can be composed with each other. And the claim can be easily shown by the same

argument in the proof of the uniqueness in Proposition 6.4.

On each U, we have Sy = ZQ]-S]- ~ Zngk ~ ZQjSk ~ S’k and hence
S% ~ S% ~ Sx

ngX ~ 0,

and
Lng - ZjSjgb ~ Qj(l - gj) ~ [ - Sx.

So we have proved the following theorem:

Theorem 6.1 There exist reqular operators Sx and Lx on X such that
1. Sx ~ S% ~ S%
2. 0y ~0and I ~ Lx0, + Sx,

and Sx is uniquely determined up to an operator of degree —oc.

Let S denote the Szego kernel of X. Then, by uniqueness of Sx and the fact
that I = S + Q0 we have S ~ Sx. For each point (z9,7¢) € X x X we can find
a neighborhood U of z with its local uniformization {U, Gy} such that the Szegd

kernel S has the local representation

Sx(z,y) = > /0 em ) g (g, gy, t)dt,

9eGu
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which is smooth off the diagonal. However Sx(x,y) is not defined on U x U. Re-
member for any distribution f defined on X it is on a local uniformization {U, Gy}

Gy-invariant. So for f supported on U we have

Sxf@) = X [ [T e matga, gy, ) (y)dedy

geGu

= > / / em (g, gy, )G f(hy)dtdy
g9,heGy | ’

_ // o) o (g hy, 1) —— G F(y)dtdy.
9,heGy ‘ ’

This enables us to rewrite the Szego kernel as

M(z,y) = Z/ eI o g, hy, t)dt.

g heGy

And such I1(z, y) is well-defined on U x U. Although the set of singularities of II(x, y)
sit off-diagonal on U x U, II(z,y) is smooth off the diagonal of U x U.

Corollary 6.1 For each point (xg,z9) € X X X we can find a neighborhood U of x
with its local uniformization {U, Gy} such that there exist smooth functions F(x,y)

and G(z,y) on U x U such that the Szego kernel has the following representation

S(z,y) = > (F(gz, hy)(—iv(gz, hy)) ™" + G(gz, hy) log(—iv(gz, hy))).

g,heGy

7 Proof of the main theorems
On any uniformization (U,G) we choose a local holomorphic coframe ¢} and let
a(z) = |ex|? and (z,y) = (2, A\, w, ) on X x X, we have p(z,\) = a(z)|\|* and

9z A, ) = a2, w)AT

where a(z,w) is an almost analytic function on U x U satisfying a(z, z) = a(z).

On X we have a(2)|A|2 = 1, so we can assume that A = a(z)"2¢’, then

1 A
b b bo) = (W) oo gy



The weight space projections Il are Fourier coefficients of II and hence can be

written as
) = 35 [
g.heG =0 St
_ Z / / N (=0+t0(roga,hy)) s(regz, hy, Nt)dodt.
gheG = 0JSt

In particular on the diagonal x = y, we have

Blrage ) = 1) o

So the phase ¥(t,0; gz, hx) = %(%ew —1)—0. If g = h, then V(¢,0;x,2) =
Le® —1) — 6. We have d,¥(t,0; 2, x) = +(e — 1) and dpV(t, 6; x,2) = te” — 1 thus

the critical set is {# = 0, = 1}. The Hessian ¥” on the critical set is equal to

~1).

1
of x and we can apply the theorem in [14]. However if g # h there is no critical

01
( . ) . S0 the phase is nondegenerate and the critical points are independent
1

point except z = 0 and we cannot apply the theorem and this makes the asymptotic

expansion fail near the singularities.

Iy(z) = Y, /tO/Sl N (0T rogeh)) o (py g har, Nt)dOdt

g,heG

- ¥ / [, e g, ) ddt
t=0 /St

g=heG
Fyno

—1N6O
- Z / a(gz,hz) i@)nJrldQ

g#heG a(2)

h )
+ > / ZNeEg,hﬁ log(1 — a(g2, h2) Z)eza)dﬁ
g#heG a(z)

= W) + 0P (2) + TP (2).

H%) has a converging expansion similar in [32] while HE\Q,) might cause difficulties

near the singular points.

(2) —iN® Fyno
P = ¥ [ o a6
sinec g(z/; ) 10)n+1
» E+n)! a(gz, hz)., ;

_ Z / N@the Z( n‘k') ( (G(Z) ))keke)de
g#heG k=0 v

S i\f: (I +n)! ( a(gz, hz)) k
g#heG k=—oo nli! g’ a(z) ’
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and

, hz) |
H(3) — / —ZNGE 1 1— a(gn’i, 6 do
V= Ja e e losl =D
» 1 a(gz, hz)., ;
— e zN@E he( ( ) )kezké)de
Q%G /Sl ! kz—%) k' oa(z)

g#hEG k+I=N

k) i k)
Here we assume F ;9 = >y f;’}kuw and Fgpo =>4 e;,ge“"e.

Lemma 7.1 There exists 6 > 0 such that for any positive integers | and s there is

a constant Cy s such that

1. ||H§\%)| cs < CSJ(% + Nn+s/2€,5NT2)‘

2 H(g) < (C.(L Ns/2-1 _§Nr2

. || N|C’s ~ sJ(Nl + e )
Proof

N

¢ (N_k+n)' k a(gz’ hZ) B

’HEV)| < Z N = k)l \f;g“ ( ‘N k
g#heGk=—co ¥ ! a Z)
(N =k+n)! ), algz, hz) vy
<

by SR e

9#heq |k|<VN

n n a(gz, hz) n_
< X AG X W—k+n)lfl+C 3 Nl ==
g#heG  |k>VN [k|<VN

Since |fg(kh)| < Gk, we have

2 1 n k)| (N—k)log|2gz:hz)
Y] < G +CN"( X 30 [l
9#h€G |k|<VN

1 n - T‘2
< Ciag +GN"( 3 30 [fgnhe™™™
g#heG |k|<vN

1
< Cl,O(ﬁ"f_Nne_&Nr?),

and

N

L a(gz,hz) n_

n¥ < o®) , N
s g%ck:z_:oo]\f—k’ Ml a(2) ‘
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1 a(gz,hz)
k N—k)lo
< X {X 5 k|6§,,;)z|+04 > N'fg,hl(k)e( o8 Zar
g#hEG |k\>xf |k|<VN
_ a(gz,hz)
< lel+C4N Z e(N k) log(| =5y |

g#heq

k)|\ —6Nr2
< Ot O X X 1EDe™
97#heq |k|<VN
1 1

76N7“2
< Ol,O(Nl + v )-

We have similar bounds for |H§\2,) lor and [T |, TEN > S where r is the distance
from z to the singular set. Hence Hﬁ) and Hg\%) converges to 0 uniformly away from

the singular point. This also proves the first part of Theorem 1.2.

Lemma 7.2 Suppose zy is an isolated singularity on X. Then there is a constant
b(zo) such that for any C*° test function ¢(z) supported in a small neighborhood of
zo, with zy its only singularity, we have

Jim < TP + (=), 6(2) >= lim | (I17(2) + T (2))0(2)e” = blzo)(z0)

where b(zg) = 2 14geGay ngo)‘

Proof
[ _nQsav
|z|<e B
— / (N — k+n)!f(k)(1+gZhZ)N_k¢dV
|z]<e n!(N —k)! 1+ |22
g#hed k| <VN
= (N—k+n)! 4 1+ gzhz y_p
g#heG = ‘k‘g\/ﬁ
(N —k+n)! a1+ gzhz y_y
O z|dV
(lg#heG/|Z<€|k| oy TN —k)! J (1+|Z|2) |2|dV])
(N —k+n)! r(1— gghz)) Nk . ®)
- (- YN r £5)(0)}6(0)
ngmgf/T 0/52"’1 nl(N —k)! 1+7 gh
N k+n) (1= €9hE) Nk e

9#heG |k|<yN "

Lets:H_
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Y ¢dv

|z|<e

o 2 2 [ i (= (= a5y st 0)deo 0
+O(5)

= s %G“Ef I kfk?!) (N—k:)...(]\?!—knLn— 1~ &)™
T gy s R 0)dE}6(0) + O(5p)

= s B, F 0RO L0100 + <1>

“ Y 1@d5)(lk§ﬁfﬁ(0))}¢(0) +O().

Taking N — 0o, we have
- 1 pdv

= (3 o e 1P (0,00, (20,0000

= b(20)9(20)-

The last equation comes from the fact that F'((20,0),(20,0)) = 1. Also we have
fz|<6 ®pdv = O(;) which converges to 0 as N — occ.

We know that 25\1,) has an asymptotic expansion: HEE\P — (agN™ 4+ a; () N" ! +
ot an(2)||er < CeN7L So Ty (2) — (agN™ + a1 (2)N" 1 + ... + a,(z)) converges to
>, b(i)6,,(2). Therefore we prove Theorem 1.2.

Corollary 7.2 vy = % log(Ily) converges to 0 in CO(M).

Proof It suffices to show that IIy is bounded from below by a uniform positive
constant for N large. This can be shown by constructing equivariant peak sections
as in [26, 27].

Actually we can obtain much stronger result for the special case where the struc-
ture groups are all abelian and from now on we assume X only has finite isolated

singularities with abelian structure groups.
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Lemma 7.3 If G is a finite abelian subgroup of U(n) then there exists a uniform

constant Cq,, > 0 such that for integer N > 0 and any z € C™ we have

1+ g2z
Z(ﬁ)N > Ca .

Proof Since G is a finite abelian group of isometry of 7,, G can be linearized as a

finite abelian subgroup of U(n) and therefore all elements of G can be diagonalized

at the same time. Any element g € GG can be expressed as

i2py (g)™

e a9 0 0
i2po(g9)™
0 e 4209) 0
g = )
0 0 0
i2pn(g)™
0 0 ... e an(9)

where p; and ¢; are relatively prime for i =1, ..., n.

Then

Z (1+ gzZ)N
geG

NI

i2a1ﬁ1(9)ﬂ+i2a2p2(9)ﬂ i2anpn (9)™

= Z Z m|zl|2al|22|2a2--~|zn|2a"€ ) ) nbnl
g€G ap+ai+ap=N “0-&1:---Ln:
! 1201 1 (9)7 , i2a9py(9)r , i
- 2 l ]\uf ‘|le2a1 20|22 ]z [P [ o AT RGBT Bena
aotartan=N Qo0 :...Qp ! pre

Fix a = (ap, a1, ..., ay, ), we can construct the following group homomorphism

a:G—U(Q1)
209 py ()7 | i2a9pa(9)7 | i2anpn(g)™
@(g) —e a@ T a9 T anl9)
. i2a1p1(9)m | 2a9py(g)m | 2anpn(g)m . .
It is easy to see that 3° cqe 0@ a2(9) a(a) — is nonzero only if « is a
L. k . X 2a1p1(g)m | 2a9p2(9)7 | i2anpn(9)m .
trivial homomorphism and in this case Y ,oe @@ a2(9) () is a positive
geG
integer. Therefore
Z (1+ g2z)N
geG
N!
: 2c 2« 20,
>y 5> e E R EAEIEN
9eG Q0.0

g + oy + oy = N
|Gl|ag, for k=1,..,n
> Can(1+ 21",
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Lemma 7.4 There exist constants Ny, C' and ¢ > 0 such that for N > Ny we have
forall z € M
cN" <Tly(z) < CN™.

Proof For the proof of Theorem 1.3, we have the upper bound. For the lower bound

it suffices to prove it near the singularities.

_ Y (N—k+n)! ), a9z, hz) n_p
e = thGGkZoo nl(N —k)! o a(z) )
= > X N k+k7;,) fg(,’?(a(iz];z))NMO(N"l)
gheG\ka -
-y ¥ = @(?% o)
gheG\ka
S SR SR LRI SOTINE
9.heC k<Y N a(z)
= Z fk) Z—O Z (M)N_\/ﬁ—i‘()(]vn_e/)
! k| <VN g#hEG a(z)
> CW”Z(iﬁj)N VN L O(N™) > eN™
geG

by lemma 7.3 and here 3, _ /5 f®) (2 = 0) converges to F(0,0) which is positive.
Proposition 7.1 xy = + log Iy converges to 0 in C*(M) for any o < 1.

Proof .
1yl + Iy + oIy

VXN = N Ty

Since we have the above lemma we can do the same calculation in Lemma 7.1 and

it is straightforward to prove the lemma.

Proposition 7.2 Let w(N) = & log( 2 1ST (2)17,) be the pullback of the scaled
Fubini-Study metric then

1 k
||w(N) . chk < Ok(ﬁ + (Z Nk/?(NTQ)l/2+1>6—6NT2)'
=0

In particular, ||w(N) — w||cr < CLN*/2.
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The proof is straightforward by induction.
Let P(M,w) ={¢p € C*(M) |wy = w + %85¢ > 0,sup,,; ¢ = 0} be the set of
all plurisubharmonic functions on M. Let

. V=1

—1

= —00 0
wf w+ o ¢ >
h = he®.

.....

thonormal basis of H(M, LN)(1 + dy = dim H°(M, LN)) with respect to h,ws.
Then we have the following holomorphic approximation theorem which has been

proved by Lu.

Corollary 7.1 ¢y = %log(ZZﬁO SN (2)|[2x) converges to ¢ in C°(M) for any
a < 1. If for each singularity its structure group is cyclic, then the ¢n converges to
¢ in CY*(M) for any o < 1.

8 Examples

Let X be the quotient of CP! by a cyclic group of order n defined by

2k

[ZOa Zl] ~ [ZOGT; Zl]

for k=0,1,2,....,n — 1.

Let L be O(n) the orbifold line bundle over X and the Fubini-Study metric on X
is defined by gz = %&éﬁlogﬂZ{)P +1Z1]?). Then {,/%ZQ’“Z?N_M}?:O
is an orthonormal basis of H°(X,O(nN)) with respect to the Fubini-Study metric.

On the patch Uy = {Zy # 0} we write r = }2}2 and we have

S(N)( ) i\f:( N_'_1)cnm|ZO|2nm|Zl|2nN_2nm
z) = n n ”
m=0 (AR
N nm

= HZ(HN+1) gﬁm

k=m

P 1+r

n—1
= nN+1+nN _—
kz::l( 1+7r
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And
[SMI([L,00) = [SM2([0, 1)) = n(nN + 1)

1SN 2([Zy, Z1])

=1.
N—00,[Z0,21)#[0,1],[1,0] nN +1

Also we have

_ i2km
[t gy P

|SM(2) = (N +1)| = (N +1)] Y ( )"
= 1+r
1— 5"
< n(N + Dmax [l — "E=¢" )
1+7r

IN

n(nN + 1)e N

IN

1
CZNa
if N> 4.

By similar calculation we have

n—1

— ({10, 113 + [{[L, 013D,

SN N +1+

as a distribution on X and if we integrate S™V) over X we obtain the Gauss-Bonnet
theorem for the quotient sphere. It also verifies Theorem 1.2 since a(0) =1, a(1) =1

as the scalar curvature and

1=l n—1
boa) = b =~ D o= =

N l—en
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