10. LECTURE 10: 3.3 BASIS AND DIMENSION

Recall that by,...,b,, form a basis for a subspace V'if they spanV and are linearly independent.

Th If {vy,...,v,} is a spanning set for V' then any collection of p vectors {uy, ..., u,}, where
p > n, are linearly dependent.
Pf Since vy, ..., v, span V we can write each u; as a linear combination:

U; = a;1Vy + ... + Qi Vp

A linear combination of the u; can be written

cuy + ...+ cpu, = (allvl + -4 alnvn) + -4 cp(aplvl + -4 apnvn)
= (cramn + -+ 4 cpap ) vi + -+ + (Crap + - + Cpapn) Vi

Hence ciu; + - - 4+ cyu, = 0 if
i L ClCL11+"'+CpGp1:O

Claip + ++ + Cppy, = 0

Since p>n this is a homogenous system for ¢y, - - - , ¢, with more unknowns than equations
so it has a nontrivial solution. Hence there are constants cy,...,c, not all zero such that
cau +---+cu, =0, ie uy,...,u, are linearly dependent.

Cor If {vy,...,v,} and {uy,...,u,,} are bases for V then n = m.
The number of elements in a basis for V'is called the dimension of V, written dim V.

Ex Subspaces of R?:

1-dimension Span{v} is a line through the origin.

2-dimensions Span{u, v}, where u, v are not parallel is a plane through the origin.
3-dimensions Span{u, v, w}, where {u,v,w} are linearly independent is all of R

The Basis Theorem Let V be an n dimensional subspace. Any set of nvectors that spans
V'is a basis. Any linearly independent set of n vectors in V is a basis.
R 12040
00150
Ex 1 Find a basis for the column space of the matrix B = |bibabsbsbs| = 0000 1
I 0000 0
Sol This is easy since matrix is in reduced row echelon form. One sees immediately that
by = 2b; and by = 4b; + 5bs, i.e by and by are redundant. Moreover by, bs, b5 are linearly
independent, because each of them has a 1 in a component where the other two are 0 so it
is impossible to write any of them as a linear combination of the other two. Alternatively

1 0 0 T 0
0 1 0 x 0
z1by + x3b3 + w5bs = 14 0 + x3 0 + Z5 1= iﬂi =10 = x1=1x3=1x5=0,

0 0 0 0 0
so they are linearly independent. It follows that by, b, bs form a basis for the column space.



BASIS FOR COLUMN SPACE

Ex 2 Describe the column space of RN 12 0 4 0
A= |ajaazauas| = 24 -1 30
36 2 221
Sol Are the columns of A linearly independent? N 4 8 0 16 0
The columns are linearly dependent if Ax = 0 has a nontrivial solution.
Row reduction on the augmented matrix gives that xo, x4 are free variables;
120400 120400 120400 T4 21 4+ Az -0
24—1300NOO—1—500NOO15OO:> ot Bar _0 =
3622210 (0021010 |[000010 BT
48 01600 000 00O 000000O0 25 =0
[ T —2]72—4.%4 —2 | —4
To To 1 0
T3 | = —51y =29 0 |4+x4| =5 | = oWy + 24W>
T4 T4 0 1
x5 0 0 0

i.e. Ax=0 has infinitely many solutions so the columns are linearly dependent.
If vt =1, x4 =0 then Ax = —2a; +a, =0, if x9=0, x4,=1 then Ax = —4a; —baz+a,=0
Quest Can we find a linearly independent subset of {a;, as, a3, a4, a5} that span Col A?
Using the linear dependency relations —2a;+a; =0 and —4a; —baz+a, =0 we see that
a;=2a; and a;=4as+baz. If y € Span{ay, ay, ag, ay, a5} then y = a;+castczagteiastcsas =
(c142c2+4cy)a; + (c3+5cq)as + csas. Hence Span{ay, as, as, aq, a5} = Span{a;, a3, as}.
Are ay, a3, a5 linearly independent? To answer this we use the reduced row echelon form:
1] [rzoa0) fr2oa o)
A=|ajaazasas| = g 2212?; (1) ~ 8 8 (1] 8 (1) =|bibobszbsbs| =B
LT T] Jasoso] [ooooof LT T T
Elementary row operations do not affect linear dependency relations among the columns:
Ax=0 < Bx=0, i.e. r1a;+xas+r3a3+ra4+ 1585 =0 < 11b1+15bo+23b3+1,bs+25b5 =0.
by, bz, by are linearly independent since the only solution to zib; 4+ x3bs+ xz5bs = 0 is
x1=x3=x5=0 (since each have a 1 in a component where the others are 0, Ex 1). Hence the
only solution to xia;+xs3aszt+xsa; =0 is x1 =x3=1x5=0, so aj, as, a5 are linearly independent.

Th The pivot columns of A form a basis for Col A.

To form a basis for NulA use row operations to find the reduced row echelon form [A 0] ~ [B O]
and use it to find the general solution of Ax =0.The vectors in its parametric form is a basis.
To find a basis for Col A, use row operations to find the reduced row echelon form A~ B
and use it to find the pivot columns. The columns of A corresponding to these form a basis.
rank A = dim Col A = number of pivot columns of A.

nullity A = dim Nul A = number of nonpivot columns of A.

Since the number of pivot columns plus the number of nonpivot columns is equal to the total
number of columns we have proven:

The Rank Theorem If A is an m X n matrix then rank A + nullity A = n.



THE ROW SPACE (OPTIONAL FOR NOW)

Let us instead write A and its row reduced form B in terms of the rows

- 12040 [12040 — s —
Ao |m 2o _]2423 0| j00150| | -8 —|_g
— 13 — 36222170000 1 — 83 —

— 1y — 480160| (00000 — sy —

The row space of an m xn matrix A is the subspace of R" spanned by the row vectors of A.
The row space of the row reduced form of a matrix is the same as the row space of the matrix
since the row vectors of the reduced matrix are formed by taking linear combinations of the
row vectors in such a way that the process is reversible.

In this case Span(ry, ra, r3,ry) = Span(sy, S2, 83,84) = Span(sy, Sg, S3). Further it is clear that
S1, S2, 83 are linearly independent (this is because each of the vectors have a 1 in a component
where the others are 0). Therefore si, sy, 83 form a basis for the row space of A.

For an m xn matrix A the row space Row A and the null space Nul A are both subspaces of
R", that coincide with the row respectively null space of its reduced row echelon form B.

Moreover these spaces are the orthogonal complement of each other. This is seen from the
row picture of matrix multiplication. The null space consists of all the x that satisfy Ax=0:

- I — | ri-x 0
— Iy — ro - X 0
AX_ X = —= s
—r3 — rs-X 0
— 1y — | ry X 0

i.e. all x that are orthogonal to all the row vectors r; - x = 0 for ¢ = 1,2,3,4 and hence
r-x =0 for all r € Row A and x € Nul A.

The vectors s, S, 83 considered as column vectors in R? form a basis for the row space of A.
The vectors wq, ws in Ex 2 form a basis for the null space of A. We claim that si, so, s3,W1,Wo
form a basis for V = Span(sy, So, 83,W1,W2) so dim V' = 5 and hence V = R5. First, it follows
from the fact the row space and the null space are orthogonal, that there is only one way to
write a vector in x€V as x=r+w, where r € RowA and w €Nul A. In fact, if there was two
ways r+w =r+w’ then r—r'=w'—w would be both in the row space and in the null space,
but this is impossible since the only vector that is orthogonal to itself is 0. Then r can be
expressed uniquely as a linear combination of s1, s9, 83 and w can be expressed uniquely as
a linear combination of wy, wy. It follows that every vector x €V can be expressed uniquely
as a linear combination of sy, s,,s3,W1,wy and they therefore form a basis for V.

The transpose AT of a matrix A is the matrix with rows and columns interchanged, (A”);; =
(A);;. Hence the column space of A becomes the row space of A7 and therefore we can
alternatively find a basis for the column space of A by performing row operations on AT.



SUMMARY AND QUESTIONS

Recall that by,...,b,, form a basis for a subspace V'if they spanV and are linearly independent.

Th If {vy,...,v,} is a spanning set for V' then any collection of p vectors {uy, ..., u,}, where
p > n, is linearly dependent.

The proof of this theorem just boils down to that a homogeneous system with more unknowns
than equations has a nontrivial solution.

Cor If {vy,...,v,} and {uy,...,u,,} are bases for V then n = m.

The number of elements in a basis for V' is called the dimension of V, written dim V.

The Basis Theorem Let V be an ndimensional subspace. Any set of n vectors that spans
V'is a basis. Any linearly independent set of n vectors in V is a basis.

How do find a basis for the column space of a matrix A?
BN 12040 12040 L]
Perform row operations A= |ajazagasas| = g 25122 (1) ~ 8 8 (1) (5) (1) =|bibsbsbsbs| =B
PP {4a80160] |ooooo| LTI 1
Since by, bs, bs are a basis for the column space of B it follows that a;, az, a; form a basis
for the column space of A. In fact Ax = 0 has the same solution set as Bx = 0.
Since by = 2b; and by, = 4b; +5b; it follows that a; = 2a; and a;, = 4a; +5a; are redundant.
Moreover, by, bz, bs are linearly independent since the only solution to x1b;+x3bs+x5bs=0
is 1 =x3=x5=0, and therefore the only solution to xja;+ r3as+ rsa5=0 is r1 =x3=1x5=0,
SO ajp, ag, a5 are linearly independent. We conclude that a;, a3, a; form a basis for the column
space.

It follows that the dimension of the column space the rank is the number of lead variables.
The dimension of the null space, called the nullity is the number of free variables.

The Rank Theorem If A is an m x n matrix then rank A + nullity A = n.
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