Lecture 23: 7.5 Linear systems of differential equations.

Ex 2 Find the solution to the system
x = Ax, where x= {1‘1}7 A= {_6 _2] , x(0) = {a] ,

T2 -2 -9 b
Sol First we want to find the eigenvalues r and eigenvectors & # 0:
(7.5.5) A€ =r€ & (A—rl¢ =0.
The eigenvalues are solution of the characteristic equation:
0=det (A —rl) = _Sr —9_37« = (=6 —7)(=9 —r) — 2% =% + 157 + 50
B 2_'_215 +<15>2 225+200 B ( +15>2 <5>2 B ( +15+5>( +15 5)
BT RN 1 e T UTy 2) ~ T2\

Hence det (A — rI) = (r 4+ 5)(r + 10) so the eigenvalues are ry =—5 and ro =—10.
If r = r; = —10 then (7.5.5) becomes

_ 14 -2 1& |0 461 —26 =0 S=a,  ,u_ |1

If r = ro = —5 then (7.5.5) becomes
-1 2| |& 0 —§1—25 =0 §1=2p3 (2) 2
(A=raD) {—2 4 } sz} M 26, -dey=0 T 6=-p" & |
where we picked o = 8 = 1. We have found eigenvalues and eigenvectors so that
AEW = €0 and AEP) =763 Tt follows that for any constants ¢; and ¢y
X = Cle'l”]_tg(].) _|_ 626T2t€(2)
is a solution to x’ = Ax. In fact, then
X/ = Tlclerltg(l) + T‘2626T2t€(2)

and
Ax — ClerltAE(l) + C2er1tA€(2) — Clerltrls(l) + cze“trzﬁ(z).

Since £, £(?) are not parallel they form a basis and we can find ¢; and ¢, so that
x(0) = c1&W) + 6@

In fact
al|l 1 2 c1+2c =a c1 = (a+2b)/5
{b}_cl{2]+c2{—l] < 2c1 —co =D e co = (2a—1b)/5
and hence
|z _at20 51 2a=b _y01| 2
(7.5.6) X—{xJ— - 5| T s e E

Note that the solution (7.5.6) tend to 0 as ¢ — oo for any initial condition, i.e. 0
is a stable equilibrium. However, to conclude this it would have been sufficient
to calculate the eigenvalues and note that both are negative.

The Direction field and phase portrait are pictures in the xixzs-plane. By
evaluating and plotting the vector Ax starting at a number of points x we get the
direction field and the phase portrait is obtained by also drawing a few solution
curves which are tangential to the direction fields. In particular if we do this in the
above example we will see that all solution curves go towards the origin 0.
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Discrete Dynamical systems, linear transformations and eigenvectors.
Ex 1 In a certain town, 30% of the married men get divorced each year and 20% of
the single men get married each year. Suppose that initially there are 8000 married
men and 2000 single men. What is the proportion of married as k — co?

Sol Let

Wi — | WrL| _ number of married men after k years
~ |wpo | | number of single men after k years

Let A be the 2 x 2 matrix such that

Wk+1 = AWk,

proportion of married proportion of single
A that stays married in a year  that gets married in a year {0_7 0,2]
B proportion of married proportion of single - 103 08
| that gets divorced in a year that stays single in a year
8000 0.7 0.2 | 8000 6000
Wo= 9400 |- After the first year we get wi = Awy= [0.3 0.8] {2000} = [4000] :

After the second year we get wo = Aw; = A%?w( and so on:

wi = AFwyg

5996 6000 6000

In fact, any initial condition will converge to the steady state (4000,6000)% for
which the number of divorces 0.3-4000 is equal to the number of marriages 0.2-6000.
If we start with x; = (2, 3)” proportional to the steady state we get back x;:

A — [07 02 02] _[2] _,
"Tlo3 o8 [3] 3] 7!
There is another vector xo = (—1,1)T that A acts on by simply multiplying by 1/2:
CJo7 02)[-1] [-1/2] 1
Axz = {0.3 0.8} { 1 } - { 1/2 } — 7

The vectors x1,x5 form a basis so we can write our initial condition in terms of these:

. 4004 4000 4000
It seems like as k — 0o, wy converges: wig= , Wog = , W30 = .

8000 2 -1
wW(o = [2000] = 2000 {3] — 4000 [ 1 } = 2000x; — 4000x2

Then )
wi = APwy = 20004%x; — 40004%x5 = 2000x; — 40002—ka
4000
and w; — 2000x; = [6000] , as k — oo.

A scalar A\ such that Ax = Ax for some x # 0 is called an eigenvalue and a
corresponding vector x is called an eigenvector.
We just calculated A*x for large k using the eigenvalues and eigenvectors.

We express x=c1X; + co2X2 in terms of the basis of eigenvectors Ax; =\;x;, 1=1, 2.
Change of coordinates x = P [zl ], where P = [x; X2, so [zl = P~ 'x. Then
2 2

1
0 )\lg Co 0 /\2
Hence A = PDP~! and A = (PDP‘l)k = PDP~'PDP~'...PDP~! = PDFP~1,

k
AFx = 01)\IfX1+C1)\l§X2 = [X1 XQ} [)\ 0 } [Cl] = PD*P~1x, where D = [Al 0 } )



