Lecture 3: The Fourier transform. The Fourier transform F : f — f is
defined to be

(3.1) f(&) = (z) e da.
Rn
The Fourier transform is invertible, in fact we will prove Fourier’s inversion formula:

1
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The Fourier transform makes sense for a very general class of functions and even
distributions. However, it is natural to first define it for a more restrictive class
and afterwards extend the definition by continuity. This is the Schwartz class S
consisting of all infinitely differentiable functions that are rapidly decreasing;:

(3.2) flz) = F(&) et da

sup |2°0%¢(x)| < oo

for all multi-indices  and . The importance of this class is that F : § — S.
which follows from the following identities for the Fourier transform:

~

(3.3) F:0;if(x) = i& f(6), Frajf(z) —i0; f(€)

(3.3) follows from integrating by parts in (3.1) respectively differentiating below
the integral sign. That F : S — S now follows using (3.1) and integrating by parts

£ 0l H(€) = / £(=i)laPe € () da = (—1)1°)(—i)l / 92 (27 () da

which can be bounded by sup, |02 (2 ¢(2))|(1 + |z)*™™ [(1 + |z])~*""dz < C,
since ¢ € S.
Note also that by changing variables we get two more simple properties

(3.4) F: flax) — a " f(£/a), F:fx+h)— f(&)ehs

The proof of (3.2) uses:

Lemma 3.1.

(3.5) F e lazl®/2 (27r)"/2a_"e_|€/”’|2/2

Proof. Let ¢(z) = e~1#I°/2. Since (0j + zj)¢(x) = 0 it follows from (4) that (i&; +
i9;)p(€) = 0, j = 1,..,n. This differential equation has the solution ¢(&) =
cne~|€7/2 In fact, if we integrate it for j = 1 we get B(&) = Fy(&s, - - ,fn)e_ﬁf/Q.
Plugging this into the same equation gives (i + i0x)F2(&2,+, &) = 0, for k > 2.
Integrating this equation for k = 2 gives Fy(&a, -+ ,&,) = F5(&s,--- ,§n)e*5§/2.
Repeating this gives that q@(&) = cpe=S1/2. . e=60/2 = ¢, e~ 161°/2 Tt therefore only
remains to calculate ¢,. However, by (3.1) ¢, = ¢(0) = fe_|“|2/2 dx. If n = 2 this
integral can easily be calculated by introducing polar coordinates fRQ e~ l2*/2 gy =
2 [ e /2 dr = 27, In general we can write Jrn e~ 121*/2 gg = (Jr e~ T1/2 dgy )"
and [, e=1/2 dyy = (. e~ 1o /2 4x)1/2 50 ¢, = (2m)"/2. O
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Lemma 3.2. If ¢ € S set ¢-(z) = ¢p(x/e)/e™, then
/f ) ¢e(x dx—/fz—:x x)dxr — f(0 /qﬁ Ydx e—0, for feS

Proof. Since |f(ex) ¢(x)| < sup, |f(y)||#(x)| the lemma follows from the theorem of
Dominated converge. It is also easy to prove directly;  since
|f(ex) ¢(x) — f(0)p(x)| < esup, |[y|f'(y)|[¢(z)| the difference of the two integrals
is bounded by Ce. [0

We also have

(3.6) [évas= [ oids, sves

In fact, both sides of (6) are equal to the double integral

[[ ot ase

It follows from using (3.3) that it suffices to prove (3.2) for z = 0 since its translation
invariant. Using (3.6) gives

[ b stewydo = [ o) fede

By Lemma 2 we get as € — 0

[ b1z £0) = 0(0) [ F) e

Picking ¢(z) = e~1%I’/2 we get from Lemma 1 and its proof that / o(x) dx = (2m)"
and Fourier’s inversion formula (3.2) follows. Using Fourier’s inversion formula and
(3.6) we get Parseval’s formula

(3.7) / 6(2) (@) dz =

In particular;
6() di =
/ (2m)

We can therefore extend the Fourier transform by continuity to a map F : L? — L2
(This follows since for any f € L? one can find a sequence of functions f,, € S such

that f, — f in L? and it follows that fn € S converges in L? to some function f )
It also follows that

n X B 1
> [l i =

It is now natural to define the Sobolev norms

(3.8) ||| s = J / (14 [€[2)*[$(€)[2 d¢

€)|? dé.

€)|* d¢

1
) d =

For integer values of s this corresponds to L? norms of derivatives of ¢, but the
norm makes sense and is useful also for real s. This shows that there is a relation
between decay of the Fourier transform and regularity of the function.

Problem 3.1 Find the Fourier transform of e~1*l, z € R.

Problem 3.2 Find the inverse Fourier transform of sin [£]/|£], £ € R.
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Lecture 4: Solving initial value problem with the Fourier transform. Recall
that the Fourier transform is given by

(4.1) f(6) = / f(x)e " da

Let the convolution be defined by

(4.2) K g(r) = /K(y)g(w —y)dy = /K(fv —y)g(y) dy
It is easy to see that

(4.3) F:fxg—fi

The heat equation. Let us now look on the heat equation

(4.3) Owu(t,x) — Au(t,x) =0
u(0, ) =g(x)

taking the Fourier transform with respect to the space variables only:

(4.5) alt, &) = / u(t, z) e~ dy

gives

(46) Byi(t,€) + €20(t,€) = 0
4.7 a(0,8) =g(§)

Hence

(4.8) a(t, €) = e g(¢)

By Lemma 3.1 with a = 1/\/2_t

_ _1el2 1 —lzl2
(4.9) Ki(w) = F e ) @) = e ™ £>0
and by (4.3)
1 e
(4.10) u(t,z) = Ky * g(x) :/We e g (y)dy,  t>0

Problem 4.1: Verify directly that K; * g(x) — g(x), when t — 0.
We can solve the inhomogeneous problem

Ow(t,z) — Aw(t,x) = F(t, x)
w(0,z) =0
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using the formula for the homogeneous problem. We claim that

t
w(t,x) = / ws(t, x) ds
0
where w; is the solution of

Ows(t, ) — Aws(t,z) =0
w(s,a}) = QS(x) :F(s,a:)

In fact
¢ ¢
(0 + A)/ w(t, z)ds = we(t, ) +/ (O + DN)ws(t,x) ds = F(t,x)
0 0

We have

1 —ul? /4(t—s
ws(t,x) = Ki—s x gs(x) = / (4 (t — S))n/Ze A )F(Say) dy

and hence

t t
1 2
— — —lz—y[*/4(t—s)
w(t, x) /0 K s *gs(x)ds /0 / (Gn(t — )72 e F(s,y)dyds
More generally, the solution to the inhomogeneous problem

Ou(t,z) — Av(t,x) = F(t,x)
v(0,z) =g

is linearity given by
t
v(t,z) =u(t,z) + w(t,x) = K¢ * g(x) + / Ki_sxgs(x)ds=....
0

The Schrodinger equation. Let us now consider the Schrodinger equation

(4.11) i0wu(t, ) + Au(t,z) =0
(4.12) u(0,x) =g(x)

taking the Fourier transform a(t, &) = [u(t,z) e~ dx gives

(4.13) i0ya(t, &) — [€]*a(t, &) = 0
(4.14) a(0,€&) =9(¢)
Hence

(4.15) a(t, €) = e (¢)



By Formally replacing t by it in (4.9) we get

_ 1/ it|¢)? _ 1 i|z|? /4t
(4.16) Ki(z)=F (") (z) = —(4m't)”/26 , t>0
where we interpret i'/2 as €™/, and if we can justify (4.16) we get

(417) ) = Kong(o) = [ cmme ™ () dy
Now for ¢ > 0 it is easy to see by direct calculation that

(4.18) (i0y + N)K =0

But

(419)  (i0, + O / Ki(z — ) g(y) dy = / (10 + A Koz — y) gly) dy = 0

so (4.17) is a solution of (4.11). However, it still remains to prove that K; % g(x) —
g(z), when t — 0, which requires stationary phase which we will deal with later on.
One can also prove that (4.16) follows from (4.9) by analytic continuation, once we
show that that the Fourier transform of K; is well defined. Since K; ¢ L? we so
far have not defined its Fourier transform.

The wave equation. Let us now look on the wave equation

(4.20) OPu(t,x) — Au(t,z) =0

(4.21) u(0,2) = f(@),  w(0,2) = g(a)
taking the Fourier transform @(t,&) = [ u(t,z) e dz gives
(4.22) ofa(t,€) + [€l*a(t,€) = 0

(4.23) a(0,8) = £(&),  a(0,6) = §(¢)
It is easy to see that this second order ODE has the solution
(4.24) it €) = cos (tf¢]) f(&) + % 9()

The inverse Fourier transform of cos (¢[¢]) and sin (¢|£])/|¢| are so far not defined
since these functions are not in L?, in R™, if n > 2. not functions but distributions.
In fact the inverse Fourier transform of these functions can not even be defined as
a function. Instead we will in the next section define the inverse Fourier transform
of these functions as distributions.
Problem 4.2 If ¢ € R find the inverse Fourier transform of cos (¢|£]) = cos (t§) =
(e"* 4+ e7) /2 and sin (¢£])/]¢] = sin (t€)/€ and use it to obtain the following
integral representation of the solution of (4.20)-(4.21):
1 1ot

(4.25) u(t,r) = 5(f(:zz: +1)+ f(z—1)) + 5/ t g(y) dy
Problem 4.3 Show that

Bui(t, O + €l O = 1§ + | ()P

and use it to prove the energy identity

/Iatu(t,:c)lz+Zlaiu<t,x)!2dx=/lngZr&f\Qd:c
i=1 =1
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Problem 4.4. Show that that the solution to the inhomogeneous wave equation
OPw(t,x) — Aw(t,x) = F(t,x)
w(0,z) =0, (Opw)(0,2) =0
is given by w(t,z) = fg ws(t, x) ds, where w, are the solutions to
Q2w (t,x) — Aws(t,z) =0
ws(s,x) =0, (Orws)(s,z) = gs(z) = F(s,x)

Some fundamental solutions using the Fourier transform. Let us first con-
sider the transport equation

(3.10) Opu(t, x)+0u(t, x) =0,
(3.11) u(0,z) = g(z)

Let a(t, &) = [u(t, z)e™ "¢ dz be the Fourier transform of u(t,z) with respect to z
for t fixed. Then

(3.12) Byii(t, &)+ica(t, &) = 0,
(3.13) a(0,€) = g(§)

Solving the PDE (3.10)-(3.11) now reduces to solving the ODE (3.12)-(3.13) for
fixed &:

(3.14) at, €) = e7*g(¢)
Taking the inverse Fourier transform gives
1 jwg  —ift A 1 i(z—1)¢
315 ulta) =5 [ e g(ds = o= [ %€ = gla -1

Note also that by (3.15) |a(¢,£)| = [g(€)| so by Parseval’s formula (3.6) we get the
energy identity

(3.16) [lutt.o) do = [ lgta)f dz
and more generally ||u(t,)||gzs = ||g||zs- One can now also solve the inhomogeneous
problem

Owu(t, z)+0u(t, z) = F(t, x),
u(0,z) =0

We claim that u(t,z) = ft

o Us(t, ) ds where u, is the solution of

Opus(t, x)+0,us(t,x) =0,
us(s,z) = gs(x) = F(s,x)
In fact
t t
(0r + (990)/ us(t,x) ds = ue(t, z) + / (Or + Ox)us(t,x) ds = F(t,x)

0 0

It follows that is given by a translation of the solution of (3.10)-(3.11) so
us(t,z) = F(s,z — (t —s))

SO

u(t, z) = /Ot ua(t,2) ds = /OtF(s,x— (t—s)) ds



