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Introduction. We will consider the Cauchy problem in R, x R?

3
(0.1) Ou= 0% — Z@iu = G(u,v/,u"), wu=euy,0u=eu; whent=0,
i=1

where ug,u; € Cf° and G is a smooth function of u, {u}}3_, and {uf,}3,_,
vanishing to second order at the origin. In case G(u,u’,u”) = G(u/,u”) it was
proved in John-Klainerman [7] that the equation (0.1) will have a C'* solution u
for 0 <t < T,, where T, satisfies

(0.2) log T, > c/e,

when ¢ is sufficiently small. ”Without loss of generality” they assumed in addition
that G(u’,u”") was linear in u”. It was mentioned without proof that (0.2) should
also hold if G(u,u ,u") = Eg 0;Hj(u,u’). Here we shall show that (0.2) holds in
the case when G(u,u’,u”) also depends on u and satisfies GI/,(0,0,0) = 0. We
shall also show that in general, when G’/ (0,0,0) # 0, then

(0.3) T. > c/é.

Actually, in case G(u, v, u") = u?+ H(u'), where H is a positive definite quadratic
form, nothing better holds. (See John [5] and Lindblad [11].)

In section 1 we state some well known results of Hormander and Klainerman.
The new results here that will enable us to get control of the L? and L° norms of
u are provided by Proposition 1.8 and Proposition 1.9. Also Lemma 1.10 will be
useful. In Section 2 we give the theorems on the lifespan. L. Hérmander’s L' — L>°
estimate is so important in this paper that we give a new and simplified proof, due
to L. Hormander, in an appendix.

1. L? and L' — L™ estimates for the wave operator. For (¢,z) € R!™3 denote
0y by 0o and 9., by 9; for j =1,2,3. Let
(1.1) ij = )\jl’jak — )\kl’kaj, 0<j<k<3,
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2 HANS LINDBLAD

where A = (1,—1,—1, —1) and z¢ = ¢, which all commute with [J. Let

3
(1.2) Zoo =Y ;0
0

which satisfies [ (], Zoo] = 20 . Set Zj, = 0, if j > k > 0. We will write Z! for
a product of |I| of the vector fields (1.1), (1.2) and 9;, j = 0,1,2,3. Let Z! be
defined by [ Z! = Z! [0, which means that Z! differs from Z! only in that Zg
should be replaced by Zoo + 2. We note that [81, Zji| is either 0 or else equal to
10, for some I. We will write |u/|? = |Qu|? = Zo |0jul?. Tt follows that

(1.3) 1Z"05ul <C ) (0274l
[JI<|T]

Introduce the usual polar coordinates r? = |z|? = Zi’ |z;|?, w = x/|z| and 9, =
Z? w;0;. Let E be the fundamental solution of [1. For the solution of [Jv = f,
with initial data 0, where f € C([0,T) x R?), we extend f to be 0, when ¢ < 0 and
write v = E * f.

The operators {ij}?,kzo span the tangent space at every point where ¢ # |z|.
But when ¢t = |z| they only span the tangent space of the cone t = |z|, which
explains the Lemma 1.1 below. (The 1 in the left-hand side of (1.4) is due to the
fact that 0;, j = 0,...,3, are included in the right5-hand side.) Lemma 1.2 then
gives an inequality for L? norms which will be used together with (1.4) to estimate
L? norms of products; see Lemma 1.10. Inequaliy (1.5) shows that (1.4) can be
improved when ¢ + |z| if we also have an estimate for a derivative which is not
tangential to the cone ¢ = |z|. Such an estimate can be obtained from a bound of
[] u; see Lemma 1.7.

Lemma 1.1. Let u € C([0,t] x R3). Then

(1.4) (|t = |=]| + 1)%|0ul <4 Y |27,
|I)1=1
(1.5) (t + [2])[ou] < 2(2lz|0wul + Y |Zjkul),
J.k
V6|z|
(1.6) D 1Zul < D Zjl
0<j<k 7.k

Proof. (1.4)-(1.6) are implied by the rotationally invariant estimates

3
(L.7) (t =[x D[05ul* <> 1 Zjwul,
=0 ik

3
(1.8) (2 + [2*) Y 105ul* < 2(4f2*|0ul® + ) 1 Zjpul?),
J=0 gk
2 |$’ 2
(19) Z ’ZJku’ — t2 4 ‘.Z"Q Z ‘Z]ku|

0<j<k
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In fact when proving (1.4) we may assume that [t—|z|| > 1. We note that ¢2+|z|? >

(t + |z])?/2 so (1.5) and (1.6) follow from (1.8) and (1.9). When proving these
estimates we may assume that zo = x3 =0, ¢t > 0 and x; > 0. Then

2] Zla uP =6y | Zuf® = |af? ZIZOkUI

0<j<k
which proves (1.9) and shows that
3 3
(1.10) 2+ 21D (ol = D 1 Zpul> + | Zowul?,
j=2 0<j<k k=2

With ZOO = t@t + 1'181 and Z()1 = t(f?l + a:18t we have
(t? — |2[*)0pu = tZoou — 1 Zo1u,  (t* — |z|2)Oyu = —21 Zoou + t Zo1u.

Hence
(t — |z)*(|9eul® + |01ul*) < (|Zooul? + [ Zorul?),

which in view of (1.10) proves (1.7). We also have

(2 + |22 opu = tZoou — 1 Zo1u + 2|z |04,
(t? + |2*)01u = 1 Zoou + t Zo1u — 2tz1Osu.

Hence

(t% + |2*)?(10eul® + |01ul?)
< 2|tZOOU — 1'1Z01U|2 + 8|a:|4|8tu|2 + 2|ZL‘1ZO0U + tZ01U|2 + 8t2|x|2|0tu]2.

It follows that
(t2 + |x\2)(|8tu]2 + |31u\2) < 2(4|x\2\8tu\2 + |Zoou|2 + ]Z01u|2),

which in view of (1.10) proves (1.8). O
Lemma 1.2. Ifu € C'([0,t] x R3) and t — |x| > —p, in suppu then

(L.11) u(t, )/([t = ()l + Dll2 < Clldrult, )2, where r(z) = |z|.

Proof. We claim that if |z| < R in supp u, then

/(|“£ |)|!) dz <4/]8ru]2dx.

In fact if we introduce polar coordinates this is implied by

R 2,2 R
/ Lerr </ |0pul?r? dr,
o (R—r) 0
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for every w. If we set v = ru and note that

/(v'2 — %) dr = /u(u +2ru’) dr = /d(ruQ) =0,

this inequality reduces to Hardy’s inequality

R 2 R
——dr <4 " d
I

proved immediately by a partial integration. [J

Below are some further standard results. Proposition 1.3 states the most classical
energy estimate, Lemma 1.4 shows the decay of solutions of the wave equations,
and Proposition 1.5 is a Sobolev type of lemma, it gives a bound for the L*> norm
in terms of L? norms. Proposition 1.6, on the other hand, gives the L norm of
w in terms of L' norms of [Jwu. In Lemma 1.7 we also use a bound of [Ju to
get control of the L> norm of |Qu|. Bounds of [Jw can the be otained using the
equation for u.

Proposition 1.3. Let u € C? satisfy
Ou=f 0<t<T

and assume that u =0 for large x. Then it follows for 0 <t < T that
t
[/ (£, )2 < (Hu'(Oa')Her/o [1f (s, )]2 ds).

Lemma 1.4. Let w be the solution of
Hw=20
with initial data w(0,z) = wo(z), wi(0,2) = wi(z) € C§° such that |z| < R in
suppw;, j = 0,1. Then
(1.12) [lw(t, )ll2 < CR[[Ow(0, )|z,
(1.13) (R4 t)|w(t, )||oo < CR2||Ow(0,)|]co-

Proof. Since |t — |z|| < R in supp w it follows from Lemma 1.2 and Proposition 1.3
that
[lw(t, )2 < CR[[Ow(t,)[|2 < CR||0w(0,-)||2,

which proves (1.12). The proof of (1.13) is an immediate consequence of Kirchoft’s
formula

w(t,x) = t/ - (w1 (z + tw) + (wh(z + tw),w)) dS(w) + /| wo(z + tw) dS(w),

=1

where dS(w) is the normalized surface measure on S2. In the support of the inte-
grand we have |z + tw| < R, hence |w + x/t| < R/t, which means that the measure
is < CR?/(t+ R)?. Since |wg| < Rsup |wjl|, we get the bound

CR%*(t+ R)"2(t + R)sup |w'(0,.)|.
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Proposition 1.5. There is a constant C such that

(L4t 4 |2 (L +[[¢] = |al) 2wt 2)] < O Y (127 w(E, )l
[]<2
forw € CZ in [0,t] x R™, say.
Proof. See Klainerman [8]. [

Proposition 1.6. Let g € C%([0,t] x R?) and assume that g(t,xz) = 0 for large |x|.
Let v be the solution of
v=g, t>0,

with initial data 0. Then

(1.15) o(t, 2)|(1+t+z)) <C Y /0 1(Z7g)(s,) /(L + s +7(-))l1 ds,

7|<2

where r(z) = |z|, and
(1.16) o, )l < (1 +t)/0 g (s, )1 ds.

Proof. (1.15) follows from Hormander [2]. (See also the appendix, Klainerman [8]
and Hormander [4].) Since |v| = |E * g| < E x |g| we may assume that g > 0 and
hence v > 0. Then

8f/v(t,x) dm:/ O w(t, z) dx:/g(t,x)dx,

/v(t,x)dx:/Ot(t—s)ds/g(s,:r)d:n. 0

Lemma 1.7. If u € C2((0,t] x R?) then

which proves that

(117)  (t+ [z])|ou] <2 | Z;ul
7,k

+4 / (1) DV uls, Miow + V8 D7 11 Zimu) (5,7)/ (5 + 7))l ) ds,
7,k,l,m
where r(z) = |z|.

Proof. We have
07 =0} (ru) =r Du+r' > Ziu.

0<j<k

Regarding this as a two dimensional Cauchy problem and using (1.6) we obtain

ol < [ (1) Dt M+ VB S 1 ZiZim)s,/ (54 7)) o) s

j7k’l7m
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Hence the lemma follows from (1.5).

Proposition 1.3 together with Proposition 1.5 will give us the L? and L> norm
of u'. To get hold of the L? and L* norms of u we have Proposition 1.8 and
Proposition 1.9, which are the main technical inovations of this paper. It turns out
to be important that Proposition 1.8 does not involve any estimates of |0f| and
that, in Proposition 1.9 we can put all derivatives on one factor. To motivate these
propositions let us give some idea of how they are going to be used. (This will be
explained in more detail in the beginning of section 2.)

Hu= Zajaju2 + Z b;r(0ju)(Oku),
with initial data eug, euq into three parts wi, ws and ws:
] w1 = ZajajUZ, ] Wo = Zb]k(aju)(aku), ] w3 = 0,
where w; and wy have initial data 0 and w3 has the same initial data as u. Propo-

sition 1.8 will the give us estimates for w; and Proposition 1.9 gives estimates for
wo. Finally, ws can be estimated by Lemma 1.4.

Proposition 1.8. Suppose that f € C*([0,t] x R?) and t — |x| > —p in supp f.
Let v be the solution of

3
o= Zajajf, a; € R,
0

with initial data 0. Then there is a constant C' depending on p and a; such that

(119 ot < CC[ 18l ds + 1£0.9)2)
(1.19)

t Nz fs L B
(a0l <C [ ||f(s,-)||oo(1+8)d8+01|2§4/0 127 5.l 7y

Proof. Let u be the solution of
Hu=f,

with initial data 0 and let g be the solution of
Llg=0,

with initial data g(0,z) =0, 9;g(0,z) = f(0,z). Then

3
v = E a;0;u — apg.
0

Hence
o (@, )2 < lal([|Ou(t, )]z + [lg(t, -)]|2)-
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Since |t — |x|| is bounded in the support of g it follows from Lemma 1.2 and Propo-
sition 1.3 that

g (t,)ll2 < ClAg(t, )ll2 < CIIf(0,)]|2-
Again by Proposition 1.3 we have

t
9u(t, )12 < / £, )2 ds,

which proves (1.18). By Proposition 1.6 we have

(1+ Do, HooSCZZ/HZ’@f Mg,

[I1<23=0

which proves (1.19) if f € C§°([0,2) x R?), say. On the other hand if f € C§°((1,1] x
R3) then v = ZS a;05u. Note that Z'u = Z'E x f = Ex (Z'f), where Z! differs
from Z! only in that Zyo should be replaced by Zoo+ 2. Then if we use Proposition
1.6 to estimate || Zu(t,-)||oo it follows from Lemma 1.7 that

e < 55 S [ 1 sl

<3 1—i—s
¢ dv ds
+C r Oods+C/ / ZI .
1,01 (2 ) Fewaar

If we note that (x) < C(1+1t) in supp f and change the order of integration in the
last integral (1.19) follows. In general we obtain (1.19) by writing

where x € C§° is equal to 1 when 0 <t <1land¢<2insuppyx. U
Proposition 1.9. Assume that u; € C?([0,t] x R?) and let v be the solution of

v = |ujusl,

with initial data 0. Then

(1.20)
t ds
(14+)2[|u(t, |4 gC’/ (Z HZIU1(8,-)] 2 us (s )2 =
0 r<2 |I|<2
and
2 ds 9
1.21 <C 7! -
(121) ()3 / |I§<:2H (s, )ll)* 2= [ (eI

proof. By Cauchy-Schwarz’ inequality and the positivity of the fundamental solu-
tion ,E, we have v? = (E * [ujus]) < (E * u?)(E * u3) so (1.20) follows from (1.15)
in Proposition 1.6. In the same way with

vi(t,z) = ur(t,x)(1 + 2+ ]x\2)1/8 and  vo(t,x) = us(t,z)/(1+ 2 4+ |:c\2)1/8,
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we obtain
v? = (E*|U11)2\) (E*Ul)(E*’UQ)

Hence
v, )13 < (1B * vt )l|ool |B * 5 (£, )],

and thus by (1.15) and (1.16) of Proposition 1.6 we have

ot B < € [ (S 1736/ s el ds [l s

0 1<2

Since
1Z1(1+ 82 + [z)Y8) < Cr(1 + 12 + |2|?) V8,

this proves (1.21). O

Lemma 1.10. Suppose that v; € C*, j = 1,2, with t — |x| > —p in the supports.
Then
1500 )va(t, Iz < Cp Y (12701t )loo |02 (2, )2
1T|=1

Proof. By Lemma 1.1 and Lemma 1.2 we have with r(z) = |z|

b)) < 0 S 1200t o100t . O

V1 )U3 2 Ivl t—r()+1
1@so0va(t Nl < C 3 N2 01t =57 =

l71<1
Proposition 1.11. Let u € C? satisfy

3
Du+ Y *t2)00m=f 0<t<T,
§,k=0

and assume that u =0 for large x. If

. 1
M= h*<5 0<t<T

it follows for 0 <t < T that

waNbSXWﬂ&Nb+AHﬂ&ﬂb®wm(ﬁ2h%ﬂ®)

where

V' ()] = sup [977% (¢, ).

Proof. See Klainerman [10]. O
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2. The lifespan estimates. We will start by proving the estimate (0.2) for the
lifespan of the solution of

Ou=G(u,u') = Zajaju2+z bjr(0ju)(Oku), u=eug,0yu=eu; whent=0,

in Theorem 2.1. This will be done with a continuity argument. We will assume
that we have bounds

(2.1) ||0Zlu(t, Iz < Mye, HZIu(t, M2 < Maevt+1, for |I| <k,
and
(2.2) (1 —i—t)HﬁZIu(t, Moo < N1e, (1 —i—t)HZIu(t,-)HOO < Nae, for |I| <k —4,

where k is an integer such that 2(k — 5) > k. Then we use the differentiated

equations [1 Z1u = Z!G(u,u’) to obtain bounds for the the quantities in (2.1) and

(2.2) in terms of integrals of these quantities for smaller values of ¢, which will be

used to show that the estimates (2.1) and (2.2) for smaller values of ¢ implies the

same estimates diveded by 2 if elog (¢ + 1) is sufficiently small. It follows from the

beginning of section 1 that we can write

(2.3)

] ZIU = ZIG = Z cﬂllzﬁj(ZthI2u)+ Z biﬂlb(&ZIlu)(@jZI?u).
2|1, |[I2| <] 2/}, [z <[]

To get hold of ||0Z u(t,-)||2, for |I| < k, we shall use the energy integral method,
Proposition 1.3. This involves estimates of ||ZG(u,u')(t,")||2. which by Lemma
1.10 can be estimated by ||[0Z71u(t, )| and [|Z11u(t,-)||sfor |] < [k/2] + 1
multiplied by ||0Z"2u(t,-)||2 for |I2| < k, (for d; acts on at least one factor in every
term in Z/G). To get hold of || Z u(t,-)||2, for |I| < k, we first note that E* (Z/QG)
only differs from ZZu by the solution of [Jv = 0 with the same initial data as
Z'u, and for this Lemma 1.4 gives an estimate. To estimate E * (Z/G) we apply
Proposition 1.8 to the first sum in (2.3) and Proposition 1.9 to the second. By
the same propositions we get an estimate for ||Zu(t,-)||s, for |I| < k — 4 and the
estimate for ||[0Z%u(t,")||oo, for |I| < k — 4, follows from Proposition 1.5.

In Theorem 2.2 we shall show the shorter lifespan estimate, (0.3), when u? is
present in GG. In Theorem 2.3 we shall generalize these results to the case when
G(u,u ,u") is any smooth function vanishing to second order at the origin. The
principle will be the same (see the discussion before Theorem 2.3).

Theorem 2.1. Let ug,u; € C5°. Then there exist constants 6 and ey such that for
€ < €

(2.4) Ou=>Y a;0;u® + > bjr(0;u)(Oku)

has a C* solution with initial data eug, eu; for 0 <t < T, = exp(d/e).

Proof. Let k be an integer such that 2(k —5) > k. From the local existence theory
(see e.g. John [6] or Klainerman [10]) we know that it suffices to prove that if a
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solution exists for 0 < t < T there are bounds

(25) M(0) = 3 1102"u(t )l < Mre
(26) My(t) = |Z_ 1Z1u(t, 2 < MoeVT T,
2
(27) M= 3 l0zult e < Mief(e 1)
(23) Nat) = |Z 127, Mo < e/ 0+ 12,

for 0 <t < T, which are independent of T" if elog T < §. (In fact then the solution
can be continued for some further time.) Again by the local existence theory this is
clear when T is small if the constants are large enough. We will use (2.4) to prove
that these bounds will imply the same bounds divided by 2 for ¢t < T < exp (§/¢)
if € and § are sufficiently small and the constants M, Ms, Ny, No are sufficiently
large. Hence by continuity we conclude that (2.5)—(2.8) hold.

From the discussion in the beginning of section 1 we know that Z79; may be
written as a linear combination of 9y Z” for |J| < |I|. Hence if we apply Z! to both
sides of (2.4) we obtain
(2.9)

O Zu = Z Cj]ljzaj(ZIluZIZU) + Z biﬂlfz(&iZ“u)((?jZIQu),

2[11], [ 12| <] 211, 12| <]
where the sums are also over all i,5 = 0,1,2,3. If |I| < k then || < k and
|I1| < k/2 < k — 4 by assumption. Hence

1(0: 2" u)(8; 22wz < Ny (t) M (t)
It follows from Lemma 1.10 that
110; ((ZBu)(Z"2w)) (8, )2 < (Z27ud; 2= u) (¢, )2 + (052 u) (Z72u)) (¢, )]

<1Z5ult, Mool0; 22 ult, )2+ C > 127 Z5u(t, ) lso |02 ult, -2
<1
< O'No(H) M (2),

since 1 + |I;| <14 k/2 < k — 4, by assumption. Hence by Proposition 1.3
102" u(t, )2 < 1027 u(0, )2 + C/Ot (N1(s) + Na(s)) Mi(s) ds.

It follows that

(2.10) Mi(t) < C /O " (Ny(3) + No(s)) My (s) ds + M (0),

Since by (1.3) |Z10;v| < CX < |0Z7v| it follows from Proposition 1.5 that

L+ 00027l <C Y 11027u(t, )]l
[T]<2+|1|
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Hence
(2.11) (L+t)N1(t) < CMy(t).

It we convolute (2.9) with the fundamental solution E, we obtain

Zlu=" Y ennEx(0;(ZMuZmu)+ Y biynnEx ((0i2"u)(0;2"u))+w',

21|, 12| <[] 2|, 2| <[]

where w! is the solution of [Jw! = 0 with the same initial data as Z’u. Hence by
Proposition 1.8, Proposition 1.9 and Lemma 1.4 we have

12" u(t, |2 < € (/Hflfé »u@+uzmzmm»m>
2|11| |12\<u|
DY (D 11279;2"u ) I, ds \'*
2|1, |2 |< |1 7]<2 m

+C102"u(0, ) 2.

It follows that
(2.12)

Ma(®) <0</ No(s)Ma(s) ds + Na(0) M (0 /M1 M1(0)>.
Finally by the same propositions
127 u(t, oo (1 +1) < 7 </ 125 uZ2u(s, -)||oo (1 + 5) ds
2|I1], |Ig\<|I|
ds
J I, 71y .
+ Y [ el
|J|<4
t t 1/2
2 ds 2 ds
+ </ (Z 12792 u(s, )||2) 1+S/ (Z 127922 u(s, )2 ) ) )
0 <2 O <2

+ C"[0Z (0, ) || 0o

If we take |I| < k — 4 it follows that
(2.13)

Ng(t)(H-t)SC(/OtN2(5)2(1+s)ds+/0tM2(s 1—|—s /M1 )2

If we use (2.5)—(2.8) it follows from (2.10), (2.12) and (2.13) that

S+N0)).

M, (t) < C(Ny + No)Mie*log (t + 1) 4+ M, (0),
(2.14) Ms(t) < C(NaM2€®2v/1 + t + NoMae® + M7e*2v/1 + t + M;(0)),
(1+t)Na(t) < C((N3 + M3 + M7)e?log (t + 1) + N1(0)),
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and for N;(t) we have the estimate (2.11). Choose My, My and Na such that
(2.15) Mie > 4M;(0), Mae=CMye >4CM;(0), Nae>4CN;(0),
and set Ny = CM;. Then for elog (t + 1) < § we have

M (t) < (CO(N1 + Ng) +1/4) Mqe,
(2.16) Ms(t) < (Ce3Ny 4 2CeM{ /Ms + 1/4) MaeV/1 + ¢,
(1+t)Na(t) < (C(No + MZ/Na + ME/N3)5 + 1/4) Nae.

Hence the assertion follows if § and e are chosen sufficiently small. [

Theorem 2.2. Let ug,u; € C§°. Then there exist constants v and €y such that
for e < €

(2.17) Du= > cap(0”u)(0"u)

leef,1B]<1

with initial data eug, eu; has a C° solution for 0 <t < T. = u?/e2.

Proof. Let 2(k — 3) > k and let M (t), Ma(t) N1(t) be defined as in the proof of
Theorem 2.1 except that we sum now over |I| < k — 2 also in Na(t). We are going
to show that there exist €y and p such that if € < ¢g and e/t + 1 < p then

We have
(2.19) 0 zlu = > Capl, 1, (021 u) (0P Z120).

leel,|B1<1, 2|11, [T2]<|1]

Hence it follows from Proposition 1.3 that
t
(2.20) Mi(t) < C/ (N1(s) + Na(s))(Mi(s) + Ma(s)) ds + M;(0)
0

It follows from (2.19) that

(2.21) Ztu = Z capn 1, B x ((0°Z1u)(0°Z"7u)) + w',
leel,|B1<1, 2|11 ], [T2| <1

where w! is the solution of [J w! with the same initial data as Z u. It follows from
Proposition 1.9 and Lemma 1.4 that

(2.22) Moy(t) < 0(/0 (M (s) + My(s))? \/lds? + Ml(O)).
We have
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In fact this follows in the same way as for ¢ = 1 in the proof of Theorem 2.1. If we
use (2.18) in (2.20) and (2.22) we obtain

093 M (t) < C(Ny + No)(My + My)e? log (1 + t) + My (0),
(2:23) My (t) < C(M; + Ms)?€®2/1 + t + CM;(0).

Let elog (t+ 1) < 0 and ey/1 + ¢ < p and choose M;, i = 1,2 such that
M1€Z4M1(0), M2620M1624CM1(0), NZ:CM“ 1= 1,2.

Then

M;i(t) < (C(Ny+ No)(1+ Mo /Mq)d + 1/4)Mie,

<
(2.24) My(t) < (C(M; + M) (My /My + 1)2 + 1/4) Mae.

Hence the theorem follows if we choose § and g sufficiently small. O

In Theorem 2.3 we shall generalize the results in Theorem 2.1 and Theorem 2.2
to the case when G(u,u’,u”) is any smooth function vanishing to second order
at the origin. Below we shall briefly discuss the generalization of the case when
G(u,u’) is a quadratic form without the u? term to the case when G”/,(0,0,0) = 0.
The principle will be the same but we must take extra care of the terms in Z!G,
when |I| = k, that contain 0*Z”u, with |a| +|J| = 2+ k, as a factor because these
can not be estimated by the quantities in (2.1) and (2.2). We must also estimate
third order terms, but that will be easy because by (2.2) we then have an extra
factor €/(1+t) which means that in places where we used to have Z7u we at worst
instead have \/eZ”7u/+/1 4t and by (2.1) the L? norms of these will be smaller than
the L? norm of Z”u. The terms in Z'G, for |I| = k that contain d*Z”u, with
la| + [J| = 24k, as a factor are (0G/0u};)8;0;Z"u so we can use Proposition
111, with 4”7 = —(0G/duj;), instead of Proposition 1.3 to get an estimate for
[10Z1u(t,-)||2 for |I| = k. Since G ,(0,0,0) = 0 we can write

3
G(’LL, ulv ’LLH) = Z azGZ (U, ’LL,) + G4 (ul? U”) + G5 (’LL, ulv UH),

1=0

where G; for i =0, ..., 4 are quadratic forms and G5 is a smooth function vanishing
to third order at the origin. If |I| < k the estimate for ||Zu(t,-)||s follows as
before but when |I| = k we must take care of the terms in Z1G,,, for m = 4,5, that
contain 9*Z7u, with |a| + [J| = 2+ k, as a factor. These are (0G,,/0u};)0;0; Z"u
which is the same as

If we convolute with the fundamental solution F, and use Proposition 1.8 we see
that the first term can be estimated by means of the quantities in (2.1) and (2.2).

To the second term we can apply Proposition 1.9.
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Theorem 2.3. Let ug,u; € C§° and let G(u,u’',u”) be a smooth function of u,
{u}3_o and {u}}.}3 o vanishing to second order at the origin. Then there exist
constants 6 and e€g such that for e < g

(2.25) O u = G(u,u,u"),
with initial data eug, euy has a C*° solution for 0 <t < T., where

(2.26) T. =5/€, if G, (0,0,0) # 0,
(2.27) T. =exp(d/e), if Go,(0,0,0)=0.

Proof. First we shall prove (2.27). Let k and [ be positive integers such that
k—4>1>[k/2]+ 1. Set

= > lloz"u(t,)le, = > 102" u(t, )lloo,

1<k [11<l
(2.28) My(t) = 3" 112" u(t, ) |2, = > 12" u(t, )|,
|1|<k 1<

Ms(t) = Mi(t) + My(t),  Ns(t) = Ny(t) + Na(t).

As before it sufficies to prove that if the solution exists for 0 < t < T then there
are constants M;, N;, ¢ = 1,2,3 and §, which are independent of T such that if
elog (1+T) < then

(2.29)

Mi(t) < Mye, M;(t) < Mey/1+t fori=1,2, (1+t)N;(t) < Nje, fori=1,2,3.

We know that there are constants M;, N;, i = 1,2,3, such that (2.29) is true for
small t.
From the discussion at the beginning of section 1 it follows that

(2.30) DZw=2Z"(0uw=2"(0uw+ Y d;Z/(0u
I<1|
(2.31) Z'o*=0"z"+ > dp,0°Z.
| I<|1],18]=la]

We can write
(2.32) Glu, v/, u") = 0:iGi(u, ) + G, u") + G5 (u, v, u"),

where G; for i =0, ..., 4 are quadratic forms and G5 is a smooth function vanishing
to third order at the origin. In what follows I7, Is and «;, §; for i = 1,2 will always
denote indices such that

(2.33)  |L|+ || <, L] <|L|, and o) <2, |G| <1 fori=1,2.

We start with the estimate for ||0Z7u(t,-)||2. If we use (2.30) and (2.31) we see
that Z1 Z?:o 0;G;i(u,v') and Z'G4(u',u"") consist of terms

(2.34) (0% Z1u)(0%2 Z'2u),  with |oy| + |ag| > 0.
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If |I| < k then |I;| < [k/2] <1—1 by assumption. If in addition |Io| + |ae| < k + 2
we claim that

[[(0% ZT u)0*2 Z 2 u(t, )| |2 < C'N3(t)Ms(t).

For the proof recall that d;, j = 0,1,2,3 belong to the family of operators Z7, so
if || > 0 this is obvious and if |az| = 0 then we can use Lemma 1.10. By (2.29)
|9%0 ZTou| < Nze/(1+t) if |ap] < 2 and |Ig] <1 —1s0 a term in Z!'Gj is either
bounded by a term of the form (2.34) or bounded by

(2.35) &](Zhu)(Zlgu)].

By Lemma 1.2 ||Z2u(t,-)|]2 < CM;(t)(1 +t) so the L? norms of these terms are
also bounded by a constant times N3(t)M;(t). Hence if |I| < k it follows that

127 G(u, /' u")(t, )2 < ON5(t)My(2),

which implies
¢

(2.36) 10Z7u(t, )| < [|0Z7u(0, )]s + C/ N3 (s)M;(s) ds,
0

by Proposition 1.3. If |I| = k then the L? norm of the terms in ZG that contain
0%2 712 as a factor with |I3| + |az| = 2+ k can not be estimated by CN3(t)Mz(t).
By (2.30) and (2.31) these terms are Z?,j:o (0G /0u});)0;0; Z"u and we have instead

3
1(Z"G = > (0G/0u}})0;:0;Z"u)(t,-)||2 < CNs(t) M (t).
irj=0

To get an estimate for |[0Z%u(t,-)||2 in this case we are going to use Proposition
111, with 4" = —(9G/duj};), instead of Proposition 1.3. Now if (2.29) is true then

3
(2.37) > (! u)| < C(Ny + NaJe < 1/2,

1,7=0

if € is sufficiently small. Moreover, with |/(¢)| defined as in Proposition 1.11, we
have

t
(2.38) 2/ |7/ (s)] ds < CN1§ < log 2,
0

if elog (t+ 1) < § and ¢ is sufficently small. It follows from Proposition 1.11 that
(2.36) holds with an extra factor 4 on the right-hand side. Hence

(239) M1<t) S C/ /t Ng(S)Ml(S) ds + Kle.
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When estimating ||Z7u(t,-)||2 for |I| < k we are going to use one of the three
following estimates to treat the three kinds of terms in (2.32). By Proposition 1.3

t
(2.40) [|0:E * f(t,-)|]2 < C/ Ns(s)Ms(s)ds, if |f] < |(0°Z7'u)0% Z72ul,
. 0

where |J;| <, |J2] <k, and |G| <1 fori=1,2.

(In fact v = E « f is the solution of [ v = f with initial data 0.) By Proposition
1.9 we have
(2.41)

t ds
E «|(8;Z7w)0: Z72ul(t, - <C/M 2 ,if | S| +2<Ek, |Jo] <E,
1B+ |( w)d; Z72u(t, )|z < ; 1(s)m if [Ji|+2<k, [Jof <
and
(2.42)
i SRR < 0 oo g, {AIT2ER SR
1+s ’ - Jo (1+5)3/2° 13| <1 fori=1,2 '

where s in the convolution denotes the time variable ¢.
Let |I| < k. Now by (2.30) and (2.31) we can write

3 3
ZI Z@sz = Zé)jHj, where Hj = Z CijJZJGZ‘.
=0 7=0 i=0,...,3, |J|<|I]
We have
3
Z'w =Y 0,ExH;+Ex(Z'Gy) + Ex(Z'G5) +v
i=0

where v is a solution of [J v = 0 with the same initial data as Z'u — 0y E * Hy, and
for this Lemma 1.4 gives an estimate ||v(t,-)||2 < Ke.
The terms in H; for i = 0, .., 3 are of the form

(2.43) (07 21 )02 712y, with |3 <1, i=1,2.

Since |Io| < k and |I;| < [k/2] < we can use (2.40) to estimate ||0; E * H;(t,-)||2
for 7 =0,...,3. The terms in Z/G, are

(2.44) (01 Z1 )02 220 with |ay| >0, i=1,2.

Here |I1]| < [k/2] < k—3 by assumption so if |as|+ |I2| < 24k we can use (2.41) to
estimate these terms. By (2.29) |0%0 Z1Toy| < Nze/(1+1t) if |ap| < 2 and |Ip] <1—1
so the terms in Z/G5 are bounded by expressions of the form

Ce aq 7l az 7l

and for these we can use (2.42) if |ag| + |I2] < 2+ k.
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If |I| < k then |as| + |I2] < 2 + k and the above estimates directely give an
estimate
(2.46)
125t < [ Na(ois(s) s [ a2 B o [Caner Bk

u(t, )|z < s s)ds 5)° ———= $)" ———==+Ke.

When |I| = k we must first subtract the terms in Z'G,,, m = 4,5 which contain
022 712y with |ag| + |I2] = 2 + ||, as a factor. By (2.30) and (2.31) these terms
are Z” _0 (0G,, /0u};)0;0;Z u, m = 4,5, and we can write

(0G [ 0ul})0;0; Z"w = 0; (0G| Ou;)0; 2 u) = Y~ (97 G /OU) Oulf;) (0;0%1)0; Z" u.

o] <2
For m = 4,5 let
3 3
F=Z'Gm— Y (0Gm/0u};)0:0;Z" u— Z D (087G /Ou ™ 0u;)(0:0°u)0; 2w,
i,j=0 i,j=0 || <2
and for 7 =0,..,3 let
(2.47) F; = Hj + > (0G| O];)0; Z" u.
m=4,5, i=0,...,3
Then
3
j=0
and hence

3
ZIu:ZﬁjE*Fj+E*F4+E*F5—|—vI,
5=0
where v! is the solution of [1v! = 0 with the same initial data as Zlu — Oy E * Fy.
Now we can estimate || E * Fy,,(t+)||2 by (2.41) if m = 4 and (2.42) if m = 5. In fact
in Fy we have subtracted the terms which could not be estimated by (2.41) and
add new terms which can be estimated by (2.41) since |(82G4/8u(°‘)8u;’j)\ <C.In
the same way the terms in F; can be estimated by (2.42) since \(82G5/0u(a)8u§’j)| <
C(lul+|u'[+[u"]). ||0; ExFj(t,)||2 can still be estimated by (2.46) since [(0G /0u;;)| <
C(Ju] + |u'| + |u"]), for m = 4,5. Since as before |[v!(t,-)||2 < Ke it follows that
(2.46) also holds for |I| = k and hence
(2.49)
t t ds

Ms(t) SC/O Ng(S)Mg(S)dS+C/O M, (s)? 1+3+0/ 1—1—5)3/2 +Kse.

When estimating ||Z u(t,)||so, for |I| < I, we are going to use one of the three

following estimates to estimate the three different sorts of terms in (2.32). By
Proposition 1.8

(2.50)  (L+8)||E* (9;((9°* Z7 )02 Zu)) (¢, )| oo <

/N (1+ d+/M ds ) i |Ji| <1, |Ji| +4 <k,
3 o ’ (1+5)2/7 1 13| <1 fori=1,2 "
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By Proposition 1.9 we have
(2.51)
ds

t
(14| Ex|(0; 27 1) 0; Z72ul (¢, )| oo < C/ Ml(s)Qﬁ, if |J;|4+2 <k, fori=1,2,
0 S

and

(651ZJ1U)852ZJQU
1+ s
it +2<k and |B] <1 fori=1,2,

(a4 nlEs| () <€ [ Mo

(2.52)

where s in the convolution denotes the time variable ¢.
We have

3
(2.53) ZIu:ZE*(@iHi)+E*(ZIG4)+E*(ZIG5)—|—wI,
i=0

_as
+5)2’

were w! is the solution of [J w! = 0 with the same initial data as Z'u, and for this

Lemma 1.4 gives

(2.54) (1 +)|Jw! (t,)]]oo < Ke.

Let |I| <, where | < k —4 by assumption. The terms in H; are of the form (2.43)
with [I1] < |I2] < |I| so for the first terms in (2.53) we have the estimate (2.50).
The remaining terms in (2.53) are either of the form (2.44) or of the form (2.45)
with |o;| < 2. Since |I;| < |I2| < k—3 and 0;, for j =0, ..,3 are in the family of
operators Z! we can use (2.51) or (2.52) to estimate these terms. Hence we get an
estimate for (1 +t)||Z%u(t,)||so, for |I| <1 < k — 4 by adding the estimate (2.54)

and the estimates (2.50)—(2.52). It follows that
(2.55)

(14+t)Na(t) < C”(/Ot Ns(s)* (1 + s)d8+/0t M;(s)? (1188)24-/: M (s)

Assume that (2.29) holds. Then (2.37) and (2.38) are true if € is sufficiently

small so we obtain by (2.39), (2.49) and (2.55)

(2.56) M (t) < C'N3M;€e*log (t + 1) + Ke,
(2.57) Ms(t) < C'(NsMs + M7 4+ M2)e*2(V/1 +t — 1) + Kae,
(2.58)

(1 +t)No(t) < C'(N3 + M3 + M7)e* log (t + 1) + Kye.
By Proposition 1.5 and (1.3) we also have
(2.59) (L+t)N;(t) < CM;(t), for i=1,2,3.
It follows that we can choose

M, =2K,, My =2Ky, Ny=2K4, N;=CM, Ms=M-+Ms,,

N3 = N1+Ns.
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Then (2.56)—(2.58) implies the estimates (2.29) with strict inequality as well as
(2.37)—(2.38) for € < €y and elog (t + 1) < 0 if ¢g and ¢ are sufficiently small.

In case G} ,(0) # 0 then (2.39) and (2.49) remains true with M (s) in the right-
hand side replaced by Ms(s). If we use (2.59) in (2.39) and (2.49) we obtain

ds

74_[{ ,
V1+s 3¢

t
My(t) < C' / M(s)?
0
which proves that
Ms(t) < 2Kgze, if C'K38¢vV1+t<1

and € is so small that (2.37) and (2.38) holds with M; = M3, N; = CMj for
i=1,2. O

3. Appendix. Here we give a new proof, which is also due to L. Hormander, of
the first part of Proposition 1.6. Recall that E denotes the fundamental solution
of [J.

Lemma 3.1. Let X = (¢, ) Y = (s,y) € R'3 and let L(X,Y) = ts — (z,y).
Assume that f € C1([0,00) x R3) and set u= E* f. Then if L(X, X) > 0 we have

ay

(31) wx)= g [ Gt snm oo

where
Zoo = tO + Z?:o x;0; and Ax is the backward light cone, (with interior), from X.

Proof. Since E(X) = 6(L(X,X))H(t)/2n, where H(t) =1 when t > 0 and H(t) =
0 otherwise, we have

(3.2)
u(X):/ jTu(TX)dT—/ (Zogu—i-u)(TX)dT:/o Ex(Zoof +3f)(tX)dr

/ / L(rX — Y, rX — Y))H(rt — 8)(Zoof +3)(Y)dY dr.

Now
(3.3) L(rX -Y,7X -Y)=71°L(X,X)—-2rL(X,Y) + L(Y,Y)

L(X,Y)+/D(X,Y) L(X,Y) - /D(X,Y)
-seen(r - SRR ) (- e

Here D(X,Y) > 0 since L(X, X) > 0. (See Lemma 3.2 below.) The largest zero of
(3.3) corresponds to Y being on the backward light cone from 7.X so

/lé(L(TX—Y,TX—Y))H(Tt—s)d — H(L(X-Y,X~-Y))H(t—s)/(2y/D(X,Y))
0

and the lemma follows if we change the order of integration in (3.2). O
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Lemma 3.2. Let X,Y, D(X,Y) and L(X,Y) be as in Lemma 3.1 and set | X|? =
t2 + |x|?. Then if L(X,X) > a|X|?, with 0 < a < 1, we have

S
(3.4) D(X,Y) 2 alXPly - Sap

and if we also have L(Y,Y) < b|Y|?, with —1 < b < a, then
(3.5) D(X,Y) > a(a — b)*|X[*|Y|?/16
Proof. For reasons of homogeneity we may assume that s = ¢ = 1. Since the

discriminant D(X,Y + ¢X)) is independent of ¢ and since L(X — Y, X —Y) =
—|z — y|? it follows that

D(X,Y)=D(X,Y = X) > L(X, X)|z - y|* > a| X]*|z — y/?,
which proves (3.4). If we subtract the inequalities
a(l+[2f*) <1z, b(1+[y*) > 1 -y,
which imply |z| < |y| since b < a, and add a(|y|* — |z|?) to both sides, we obtain
(a=b)(1+y*) < @ +a)(lyl® —|zl*) < 4Y](|ly| - [2]).
Hence
ly— 2| = |yl — |z| = (a = B)[Y]/4,
and (3.5) follows O
Lemma 3.3. If g € C}(R?) then

/Ig Idy/!y|</\g ) dy/2.

Proof. In polar coordinates this just means that

/ lg(rw)|rdr §/ |0,g(rw)|r? dr /2
0 0
which follows at once by a partial integration. [
Lemma 3.4. Let f € C%([0,00) x R3). Then
(3.6) allE < e <C Y [[ |2 sl luldsd

|1]<2 0<s<t
where we only have the vector fields of the Fuclidean rotations in the sum.
Proof. By Sobolev’s lemma

Mt,r) = sup | (t,rw)| < O3 / 12T F(t,rw)| dS (),
|1]<2

where we only have the vector fields of the Euclidean rotation in the sum. Hence in
the right-hand side of (3.6) we have an estimate for [, _._, M (s, p)pdpds. Replac-
ing f by M we increase |E x f|, so it is enough to estimate U = E % M. Expressing
[] in polar coordinates we have

(02 —O*)rU(t,r) = rM(t,r),

1
< // M(s,p)pdsdp. U
2 0<s<t

which implies that
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Theorem 3.5. Let f € C%(]0,00) x R3?). Then

(1+t+|z)|Ex* f(t,z)| < C Z // 1Z7 f(s,9)|/(1 + s + |y|) ds dy,

[J]<2 0<s<t

Proof. First we shall prove that

(37 (et |e)Es tw|<02//0 127 (5, 9)1/(5 + [y]) ds dy,

‘J‘<2 <s<t

where we only use homogeneous Z’s in the sum. In the proof we may assume that
f(t,x) = 0 in a small neighborhood of (¢t,z) = 0. Let x € C*(R), x(¢) > 0,
X(¢) = 0 when ¢ < 1/4 and x(q) = 1 when q > 3/4. Set ¥(Y) = x(L(Y,Y)/|Y|?).
Then for the homogeneous Z!’s we have |Z14(Y)| < Cr so writing f = (1—) f+ f
we see that it is enough to prove (3.7) in the two cases i) L(Y,Y) > |Y|?/4 in the
support of f(Y) and ii) L(Y,Y) < 3|Y|?/4 in the support of f(Y).

i) Assume that L(Y,Y) > |Y|?/4 in the support of f(Y). Then if L(X, X) <
| X12/8 (3.7) follows from (3.1) if we use (3.5) but with X and Y interchanged. If
instead L(X, X) > |X[2/8 then by (3.4) /D(X,Y) > \/1/8|X ||y — sz /t| so if we
for fixed s take z = y — s/t as new variable in (3.1) and use Lemma 3.3 we get an
estimate

(t+ 2B fta)<C Y // 19,230 f (s,y) ds dy.

i=1,2,3, j=0,1 <s<t

Since L(Y,Y) > |Y|?/4 in the support of f(Y) (3.7) follows from (1.7) in this case.
ii) Assume that L(Y,Y) < 3|Y|?/4 in the support of f(Y). Then if L(X,X) >
7|X|?/8 (3.7) follows from (3.1) if we use the estimate (3.5). If instead L(X,X) <
7|X|?/8 then |z| > |t|/v/15 > 0. Since by assumption |y| > s/+/7 in the support of
f(s,y), (3.7) follows from Lemma 3.4 in this case.
The theorem follows immediately from (3.7). In fact if s+ |y| > 1 in the support
of f(s,y) this is obvious and if s+|y| < 2 in the support of f(s,y) then (3.7) applied

to f(s,y1 + 3,42, y3) gives (1 +)|E* f(t,2)] < O <0 [foeuer 107 F(s,y)| ds dy.
Hence the theorem follows from (3.7) by one more partition of unity. [
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