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Abstract. Existence of breather (spatially localized, time periodic, oscillatory) solutions of the
topological discrete sine-Gordon (TDSG) system, in the regime of weak coupling, is proved.
The novelty of this result is that, unlike the systems previously considered in studies of discrete
breathers, the TDSG system does not decouple into independent oscillator units in the weak
coupling limit. The results of a systematic numerical study of these breathers are presented,
including breather initial profiles and a portrait of their domain of existence in the frequency—
coupling parameter space. It is found that the breathers are uniformly qualitatively different
from those found in conventional spatially discrete systems.

AMS classification scheme numbers: 70K99, 34C25, 34A12

1. Introduction

Soliton dynamics in spatially discrete nonlinear systems plays a crucial part in the modelling
of many phenomena in condensed matter and biophysics. One also encounters such systems
in the numerical simulation of soliton dynamics in high energy physics where they arise
as approximations of continuum models. In this case one is concerned with the extent to
which these discretizations resemble their continuum counterparts—of course one hopes
for a close resemblance. On the other hand, for applications in condensed matter and
biophysics it is crucial that in certain respects the discrete systems have features not found
in their continuum counterparts. One aspect in which recent work has revealed such a
distinction is in the appearance of so-called breather solutions—that is spatially localized,
time periodic solutions. Such solutions are conventionally called breathers, by analogy
with the breathers of the continuum sine-Gordon equation. While it is rare for a nonlinear
partial differential equation (PDE) to possess breather solutions (such solutions seem to be
a feature of integrable systems), there has been mounting evidence that they are ubiquitous
in spatially discrete systems. After numerical work and some heuristic arguments for the
existence of such solutions, the existence of breathers in a weak coupling limit of a class
of discrete systems was proved by MacKay and Aubry [1]. Subsequently these ideas were
extended to a wider class of discrete systems by Sepulchre and MacKay [2]. The idea of
both proofs is that each model has a parametehe coupling constant, and in the special
casea = 0 (called variously the anti-continuum, anti-integrable or weak coupling limit)
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the system decouples into independent oscillator units. If one sets one such unit oscillating
while holding all others at rest, one obtains a trivial one-site (or unit) breather. Persistence
of breathers in a sufficiently small neighbourhoodoof 0 then follows from an implicit
function theorem argument.

In this paper we present a study of breathers in the topological discrete sine-Gordon
(TDSG) system [3]. The system is so called because it reduces to the sine-Gordon equation
in the continuum limit, and because it preserves many of the ‘topological’ features of this
equation, namely a topological lower bound on kink energy, and a continuous moduli
space of static kinks saturating this bound. As a consequence of the preservation of
these properties, kink dynamics in this system is remarkably close to that of its continuum
counterpart, even in the highly discrete regime (kinks experience no Peierls—Nabarro barrier,
and may propagate freely, indefinitely). One motivation for this work is to see whether this
continuum-like behaviour extends to breathers also. The TDSG system falls just outside the
scope of the existence theorems actually proved in [1, 2] (although both papers indicate that
their methodsshouldapply in situations not directly covered by the theorems they state).
The reason is that there is no limit in which the system decouples into independent units.
Nevertheless, the analysis of the model and, in particular, its kink solutions suggest that
there is an anti-continuum-like limit. For example, there are one-site breathers in this limit
and one suspects that despite the lack of complete decoupling the continuation methods of
MacKay et al can be adapted to this setting. We show that this is indeed the case and prove
a theorem about constant period continuation of the one-site breathers.

Furthermore, the continuation can be performed numerically by searching for fixed
points of the period mapping of the system using a Newton—Raphson method, a technique
developed for other systems by Aubry and Maf4]. In this way we obtain a portrait
of the period-coupling parameter space showing how far breathers of any particular period
can be continued away from the zero coupling limit. We also obtain approximate breather
initial profiles, and these display a rather unusual feature. Namely, the sites adjacent to
the central oscillating site (the only one moving in the= 0 limit) shift away from
equilibrium in the opposite direction to the central site. So the initial profiles are all,
roughly speaking, sombrero shaped, rather than hump shaped as have usually been observed
in discrete systems. The direction of continuation of breathers away &om O can
be computed by a completely different (and very simple) numerical method, providing
independent confirmation of this behaviour. The conclusion is, then, that breathers in the
extremely discrete regime of the TDSG system are qualitatively quite different from those
which appear in its continuum limit, and the two types of breather appear to be unrelated.

The rest of this paper is arranged as follows. Section 2 introduces the TDSG system and
derives the one-site breathers in its weak coupling limit. In section 3, persistence of these
breathers away from zero coupling, and exponential spatial localization of the continued
breathers are proved. Section 4 presents the results of the numerical search for breathers
using the Newton—Raphson method. In section 5 the direction of continuation is rederived
by independent means. The work is summarized in section 6.

2. The topological discrete sine-Gordon system

The TDSG system (introduced by Ward and first studied in [3]) is a field theory4irll
dimensions where space is discrete, with lattice spakcjragnd time is continuous. It is most
conveniently defined in the Lagrangian formalism. To each two-sided sequenZe— R
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one associates the potential energy

h 2 2
Eply] = gzjwn +F) (@)
where
2 . .
Dy = SiNG (Yar1 — ¥n), Fy = SiN3(Yur1 + V) @)
In the limith — 0, D — ¢, and F — siny, so Ep reduces to
Pl =4 [ sy, 3)

the potential energy functional of the continuum sine-Gordon model. The key feature of
this particular discretization is that

1
Dy Fy = = (COSYrn+1 — COSYrn), 4)
so any configurations satisfying kink boundary conditions
Iirp Y, =0, lim ¢, =n (5)

is subject to the inequality

0< %Z(Dn —F)*=Ep+ % > (cosys —cosy,) = Ep—1.  (6)
nez nez
So Ep > 1 with equality if and only ifD,, = F, for all n. Solutions of this first-order
difference equation foty,, are minimizers ofEp among all sequences satisfying the kink
boundary conditions (5), and hence static solutions of the model. The general solution of
the first-order difference equation is

¥, = 2tanm 1 e/h=b) (7)

wherea = h~log[(2+ h)/(2— h)] and b is a real-valued parameter, identified as the kink

position. So, rather remarkably, the TDSG system has a continuous moduli space of static

kinks (parametrized by € R) and no Peierls—Nabarro barrief 4 = 1 independent ob).
Dynamics is introduced into the system by defining the obvious kinetic energy

Ex=5 ) 02 ®)

nez

The action functional is thers[y] = [(Ex — Ep)dr. The Euler-Lagrange equations
associated with this functional,

4 — ph? 44+ h?

Yn = ap2 COSYn(SiNYiuia +SinYy_1) — — 5= SiNY, (COSYiu11 + COSY-—1) 9)

provide the equations of motion for the TDSG. The analogue of the anti-continuum limit
of this discrete sytem is ndt = oo, but ratherr = 2, where the coefficient in front of the
first term of (9) vanishes, and where the static kink solutions (7) degenerate to step-like
functions. It is convenient to define a coupling constant
4 — h?
o = W
so that the ‘anti-continuum limit’ is« = 0. In this limit the equations of motion reduce to

Yy = —3 SiNY, (COSY 41 + COSY,_1). (11)

(10)
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Note that the lattice does not decouple into separate oscillators, but maintains nearest-
neighbour interactions. Nevertheless, as was observed in [3} theO system (11) has
one-site breather solutions

Yty = S (12)
o) n=0
wheref(¢) is any periodic solution of the pendulum equation
6 + sing = 0. (13)

We have chosen to locate the one-site breatherat0, but clearly any other site would
do just as well. In fact, one could construct multisite breathers where any number of sites,
none adjacent to any other, oscillate according to the pendulum equation, with periods in
rational ratio. In this paper we will consider only one-site breathers, however.

As a system of autonomous differential equations, there iR-action on solutions of
the TDSG system corresponding to the time translation symmetry of the system. Thus any
breather solution gives rise to a one-parameter family of breathers. As a consequence, a
breather solution is never d@gsolatedsolution [5]. To apply an implicit function theorem
argument one needs to deal with this degeneracy—on the full phase space of the system the
linearization of the equations of motion at a breather always has a non-trivial periodic
solution which generates time translation along this breather. We deal with this by
considering a subset of the phase space corresponding to solutions with a certain time
reversal symmetry. We choose to work with solutions which are odd with respect to the
time reversal symmetry, i.e. solutions that sati€¥fy—r) = —W¥(¢) cf [1]. The main reason
for this choice of symmetry is simply that odd solutions of the pendulum equation are
simpler to write down in terms of elliptic functions than are even solutions. We will then
prove that the continuation theorem in the space of odd functions implies a similar result
in the space of even functions. Were we to consider continuation of multisite breathers, we
would need to remove several phase degeneracies (one for each excited site) in order to
apply the implicit function theorem. In fact the same procedure (restriction to odd solutions)
removes all such degeneracies.

3. Continuation of one-site breathers: analytic results

Our proof of the existence of discrete breathers for the TDSG system in the weak coupling
regime follows the method used by Aubry and MacKay in [1]. The proof proceeds in two
steps; the first shows that certain periodic solutions persist and the second that these solutions
continue to be exponentially localized. In this section, after introducing the function spaces
we choose to work with, we state and prove the two halves of the continuation theorem.

3.1. The function spaces

Let C;, denote the space af? real-valuedT-periodic functions orR with odd time
reversal symmetry. Equipped with the stand&finorm

[¥l2 = suRpmax{|w<r)|, [y @I, ¥ @)1}, (14)

C;, becomes a Banach space. Similarly, &, denote the space af® real-valued
T-periodic functions orR with odd time reversal symmetry, equipped with the standard
C° norm

¥lo = Sup(lv (1) (15)



Breathers in the weakly coupled TDSG system 1655

Consider the linear spae®,<zX,, where eachX, = C;,, equipped with the natural sup
norm, i.e. if ¥ = (Y,,)nez € Bnez X, then

¥l = SUP[W,|. (16)

nez

Definition 1. Q7 , :={¥ € @,z X, : [[¥]2 < oo}.

Similarly, equip the linear spac®,czY,, where eacly, = C; ,, with its natural sup norm,
i.e. if U = (¥,)nez € ®nez Y, then

1l = SUP[Wyo. (17)

nez

Definition 2. Q7 o :={¥ € §,czY, : [|¥[lo < o0}

Both @}, and @, are Banach spaces. The equations of motion (9) give a natural map
F:Qp,®R— Q;, defined by

F(¥, ), = Y — & COSY, (SiNYiy1 + SiNYu_1) + (o + 3) SN, (COSY41 + COSYy—1).
(18)

The zeros ofF correspond precisely to the odt-periodic solutions of the equations of
motion (9).

In section 2 we argued that = 0 should be considered as something akin to an anti-
continuous limit for the TDSG system. Although the equations of motion (11) do not (in
the terminology of MacKay and Sepulchre) decouple ilatcal units the energy density
of the kink solutions becomes concentrated at one site—as one would demand for an anti-
continuous limit. Moreover, like the models considered by Aubry and MacKay, -at0
the system admits single site breather solutions—in our case the single non-stationary site
moves according to the pendulum equation. So, analogously to the continuation of one-site
breathers from the anti-continuous limit considered by various authors [1, 2, 4], one can
ask what happens to these solutions as the couplirgyincreased. Despite the somewhat
different nature of the TDSG system we find similar continuation results to those of the
authors mentioned above.

3.2. Statement of the continuation theorem

GivenT € (2r, 00)\ 27N, denote by the unique odd -periodic solution of the pendulum
equation (13) with positive initial velocity. Lé&d denote the corresponding one-site breather
solution of the TDSG atr = 0 given by (12). Then we have the following theorem.

Theorem 3. There existg > 0 such that forx € (0, €) there is a unique continuous family,
©,,, of oddT -periodic solutions of TDSG at coupling such thal®, = ®. Moreover, these
solutions are exponentially localized, i.e. there exist positive constamatsd C (depending
on T and«) such that|(®,),|, < C exp(—B|n|) holds for alln € Z.

In other words, for small enoughthe one-site breath@ has a locally unique continuation
among oddT-periodic solutions and these continued solutions remain exponentially
localized. The proof of this theorem is given in the next two sections. Section 3.3 establishes
the continuation througlf'-periodic solutions while section 3.4 deals with the question of
localization.
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3.3. Persistence of periodicity

By our remark in section 3.1 is an odd solution of the TDSG system with perigdor
couplinge, if and only if, F(¥, «) = 0 for the functionF defined by equations (18). The
odd one-site breathé® of period T gives us a solution fosx = 0. The proof proceeds by
showing thatF is a C* function to which the implicit function theorem may be applied.
Thus a locally unique zero (and hence an ddgberiodic solution of TDSG) ofF for «

close enough to 0 is demonstrated. It remains to show that the implicit function theorem
can be applied td&F, i.e. we need to check that is C* and thatDF, its derivative with
respect to the2; , factor is invertible at the one-site breather solution.

Proof. The verification of the first fact is straightforward. A short computation gives us
the following. If we let

DF: (Q,®R) @ (Q;,®R) — Q7 (19)
be the derivative o and write

DFyo(8%, 8a) = (Yu)nez (20)
then DF is defined by
Y = 81, — [SINY, (COSYyu11 + COSY,_1) — COSY, (SINYyt1 + SN, _1)]8cx

+a siny, (siny,1.1 + SiNY, 1) + B COSY, (COSY 41 + COSYr,—1)]8Yn

- COSIﬂn (005¢n+151ﬁn+1 + COSWn—lSwn—l)

+ B Siny, (SiNY,118Yy41 + SINY,_18Y,-1), (21)
whereg = a + % From this it is easily seen thdDF is bounded. Atwv = 0, DF, the
derivative of ' with respect to the; , factor, reduces to
DFy(8®), = 8V, + 5 COSY, (COSYy 1.1 + COSY,—1) 3V,

+ % Sin‘/fn (Sian+18wn+l + sin l/fnfl(h//nfl)- (22)

In general this is a tridiagonal but not diagonal operator. Howeld?, evaluated at any
one-site breather is diagonal. Explicitly, substitutiig= ©, the one-site breather of the
form (12), into (22) yieldsD Fe = @,ezL,, WhereL, : C;, — Cro is,

v + cosfyr if n=0,
L,(y)=1{ ¥ + 2(1+ cost)y if n==+1, (23)
U+ otherwise.

Clearly, to prove invertibility of DF at a one-site breather it is sufficient to prove
that each operatoi., is invertible, since thenDF~1 = GB,,ezL,jl and we see that
IDF~Y < max{|LyY|, L7, IL; ). Invertibility of the operatorL, will follow (see
section 3.3.2) from standard facts about linear differential equations once we establish that
kerL, = {0}.

3.3.1. Injectivity of DFg. For T ¢ 277, one sees immediately that key = {0} for
|n| > 1. So it remains to consider the central=£ 0) and off-central §f = £1) equations

¥ +cosfy =0 (24)
¥ + (1 +cost)y =0 (25)
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whereé is a T-periodic, odd solution of the pendulum equatiéns= — siné, with positive

initial velocity. Both (24) and (25) are Hill equations, that is ordinary differential equations
(ODES) of the formys = ¢(r)y wheregq is periodic. Such equations have a long history.
They arise, for example, in stability analyses of celestial mechanics [6]. Note that in both
(24) and (25) the potentia,(¢), has basic (i.e. smallest) peri@2 since cos is even. Such
equations may have periodic solutions only with basic period not less7ian To prove

that Lo and L1 have trivial kernel, we will have to prove separately the non-existence of
T /2- andT-periodic odd solutions of (24) and (25).

This task is simplified slightly for equation (24) by the observation that 6 is an
evenT-periodic solution. This is, in fact, a consequence of the time translation symmetry
of one-site breather solutions previously mentioned. A standard result of Floquet theory [7]
implies that (24) cannot have boffy2-periodic andr'-periodic solutions, so it suffices in
this case to rule out existence Gfperiodic odd solutions. No such simplification occurs
for the off-central equation (25).

To proceed further one must consider the specific form of the solatafrthe pendulum
equation. If9(0) = 0 and6(0) = 2k, wherek € (0, 1) then the solution has amplitude of
oscillationép € (0, ) satisfying6y = 2 arcsink, and periodl’ = 4K where

2 d
K — / P % (26)
0 V1—k2sir’z
is the complete elliptic integral of the first kind [8]. The paramétes called the modulus
in the literature on elliptic functions. In fact this solution satisfies

sin30(r) = ksnt (27)

where sn is the sn-oidal elliptic function of Jacobi. Note that sn itself, like all elliptic
functions, depends parametrically én This dependence will always be suppressed in our
notation. Substitution of (27) into (24), (25) recasts them as a pair ofeLeguations [9],

v+ 1 —2k%srtr)y =0 (28)
U+ @A —k?srtr)y = 0. (29)

A standard technique when seeking 2and 4K -periodic solutions of a Laiequation is
to make the following elliptic change of time coordinate,

t = x(t) = am(t) (30)

where am is Jacobi’'s amplitude function, that is, the unique continuous function satisfying
sinx(¢t) = snt, x(0) = 0. Under this coordinate change the pair of léasguations above
becomes a pair of Ince equations [9],

(A+acos)y” —asiny' + (1 —a+2acos)y =0 (31)
(14+acos)y” —asin2xy’ + (1+acosx)y =0 (32)

wherey’ denotes ¢/dx etc, anda = k?/(2 — k?) is a period-dependent parameter taking
values in(0, 1). Note that the coefficients in these ODEs are periodig imith periodr,
independent ok, and hencel'. So all k dependence is now explicit and resides in the
constantaz (k). Odd 2K - and 4K -periodic solutions of (28), (29) correspond to addand
2 -periodic solutions of (31), (32), and vice versa.

So, we need to prove that (31) has no oddriodic solutions, and that (32) has
neither Zr- nor w-periodic odd solutions. Assume, to the contrary, that such solutions
exist. Lety!, v be 2r-periodic odd solutions of (31) and (32) respectively, antbe a
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sr-periodic odd solution of (32). Functions of such parity and periodicity must have purely
sinusoidal Fourier expansions of the following forms:

o
Yo =Y A7sin2n — 1)x c=12

n=1

~ (33)
Y3 =" A¥sinnx.

n=1
Since the coefficients in (31) and (32) are analytia jreachy? (x) is analytic in a strip of
the complexx plane containing the real axis [10]. It follows that the Fourier coefficients
A%, 0 =1, 2,3, must satisfy strong decay criteria, namely
lim n?A; =0 (34)

n—oo

for every p > 0. Substituting the Fourier expansions féf into their appropriate Ince
equations one obtains the following linear second-order difference equatioAg for

AT+ AL =0,
Al n? —4n+a 1 n—ZAl _0 0 2 (35)
M aen -+ " -1t -
A%2 4543 =0,
_ 2_ 36
2 8n—1 ., 4dn 10n+5A’2171:O 2 (36)

”+1+a(4n2+2n—1) " A2+ 2n —1
6A3 + 11aA3 =0,

- 2% -1 . P —6n+1 , _o s (37)
LT an2+6n+1)" " 2+ 6n4+1 "L -

Lemma 4. For all a € (0, 1), all non-trivial solutions of the difference equations (35)—(37)
are exponentially divergent. (By trivial we mean identically zero.)

The proof of this lemma is straightforward, but rather involved. The interested reader is
directed to the appendix.

Since none of the sequenca§ satisfy the decay criterion (34), we conclude that no
such solutiongy® exist. Hence ketg = kerL., = {0}.

3.3.2. Invertibility. Having established that eadh, as a linear operato€;, — C; is

injective, we apply standard linear ODE theory to show that daclis invertible (i.e. its
inverse is bounded). Considéy, acting on the full spac€r, — Cro. EachL, respects
the splittingsCr.. = Cf, @ C7,, whereCy , denotes the subspace of even loops.

Lemma 5. kerL, C Cf,.

Proof. This is immediate from previous work except for the capgs= 1. Suppose
v =vT+¢~ € CrpandL,y = 0. Then since., preserves the odd—even splitting, we
must haveL, ¥t = L,¥~ = 0 and hence/~ = 0, by the previous section. O

Let kerL,> = {¢ € Cro : (¥, kerL,)> = O}, where( , ), is the standard.? inner
product.

Corollary 6. C; C kerL,™.
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Proposition 7. EachL, : C;, — C; 4 is an invertible linear map.

Proof. Standard linear ODE theory implies thaf, : Cr, — kerL,* is surjective. In
particular,L,, : Cro — Cr o C kerL,* is surjective. But sincd., preserves the odd—even
splitting, L, : C;, — C; 4 is still surjective. Now we have a bounded, injective, surjective
linear map and hence the closed graph theorem implies/th&tas a bounded inverse.]

3.4. Exponential localization

We now turn to the question of localization. Issues related to exponential localization in the
general class ofietworkshave been treated by MacKay and Baesens in [11]. Localization
of our continued periodic solutions will follow from an application of their results. To state
the relevant results from [11] we need to recall some definitions from that paper.

Consider anetwork that is a countable metric spaSavith metricd (in our caseS = Z
with d(m, n) = |m —n|). To eachs € S associate two normed spac€sandY,, with nhorms
|.lx, and|.|y,, to be considered as a local state space and a local force space respectively—in
our case eaclX, is the space o2 odd T-periodic loops inR with the norm given by
equation (14) and eadh is the space of ® odd T-periodic loops inR with the norm given
by equation (17). Defin& by

X = {x € B X, : [lx]lx = suplx,|x, < oo} (38)
ses

andY similarly (in our caseX = Q;,, ¥ = Q; , and the norms oX andY are just those

already given on these spaces of loops in section 3).

Definition 8. A bounded linear majL : X — Y is said to bep-exponentially locaif there
existse > 0 and a continuous functiog : [0, €) — R such that
SUPY  |Lys 20 < (), z €0, ). (39)
res ses

The tridiagonal linear ma@ Fe : Q2 , — Q7 ¢ is an exponentially local map (e.g. we can
taked(z) = [DFell(2z + 1)).

Definition 9. u € Y (or in X) is (C, 1)-exponentially localizedbout a site € S, if there
existC > 0, 0 < A < 1 such thatu,| < CA96-2),

Certainly, a one-site breather is exponentially localized about the single oscillating site
(e.g. we can tak&€ = |u,|, and anyr > 0). We now state the main result of [11].

Theorem 10 (Baesens—MacKay)lf L : X — Y is ¢-exponentially local and invertible,
andu e Y is (C, »)-exponentially localized about site € S, then L™'u is (WC, u)-
exponentially localized about, whereW and i depend only orjZ~2||, » and a functions
related to the functiorp.

As an application of the above theorem, MacKay and Baesens prove a theorem
concerning continuation problems. Lé&t : R@® X — Y be aC? function, which at
o = 0 has a regular zero, i.e. there is a soluti®p of F(0, ®) = 0 at whichDF is
invertible. Then, by the implicit function theorem there is a neighbourhood of 0 in which
F(a, ® = 0 has a unique solutio®, close to®y. The solution satisfies

dOq =L (d—F(@a, a)) (40)
do

do
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where L, = DF,(®,) and may be continued as long as remains invertible. In this
setting they prove the following theorem.

Theorem 11 (Baesens—MacKay)Supposed, is exponentially localized about sitee S,

with continuation®, for @ € [0, o] and with L, ¢-exponentially local. If‘j—g(@o) is

(A, n)-exponentially localized about, F € C?, and %DF is y-exponentially local for
O] < SUR,e[0,0e) 1Ol @and & € [0, ao], then ®, is exponentially localized about for

o€ [O, Oto].

We have shown that for the functiofi defined by (18), for eaclf’ € (27, o0) \ 27N
the odd one-site breathe®, of period T is a regular zero of’. Choosexp > 0 so that
for a € [0, ag] the continuation®, exists. We claim that the conditions of theorem 11
obtain. For eachr € [0, ag], L, is ¢-exponentially local where(z) = A(2z + 1) and
A = MaXyeo,aq] I Lell. From

2sind if n =0,
dF : .
d—(®o)n = { —sind if |n| =1, (41)
(07
0 otherwise

we see tha%(@o) is exponentially localized about= 0. It follows from

d
_DF\I/ (8\1})11 = [(COS(WH-H. - wn) + COS(Wn—l - Ipn))‘%”n

do
+ COS(%H + w;1)8Wn+1 + COS(Iﬂnfl + er)awnfl] (42)

that %DF is y-exponentially local fory(z) = 2(1 + z). It is straightforward to check
that F is C?. Hence theorem 11 may be applied in our situation: the continued periodic
solutions®, remain exponentially localized and thus are discrete breathers as claimed.

3.5. Continuation of even breathers

We have proved that for an§ € (2, c0)\27N there exists a locally unique continuation
©, throughQ; , of the odd one-site breath®. The purpose of this section is to prove
that a similar result holds for continuation efienone-site breathers also. Since this is not
guite so obvious as it may seem, we will state and prove this result carefullyQigthe
the space of alll-periodic C" loops, and2}  be its even subspace, both equipped with
their natural norms (see section 3.1). Translaﬂl,gthe odd one-site breather of peridd
through a time off’ /4 one clearly obtains an even one-site breather, c@l (5o explicitly,
O(r) = O(t + T/4). Note this is a slight abuse of notation: we are usigo represent
both a point in2;. , and the value of the corresponding function at a particular time). If one

similarly translates the family®,, one obtains a continuatio®, of © through breather
solutions inQ27 .. We will prove that, fore small enough, this continuation actually lies in
the even subspacef ,

Corollary 12. For eachT € (27, o0)\27N there exists > 0 such that there is a locally
unique continuous famil®,, € Q;Z of solutions of the TDSG system at couplkng [0, €),
with ®¢ = ©. These solutions are exponentially localized.

Proof. By theorem 3 there exists> 0 such that fow € [0, ¢) there is a continuous family
©, € Q; , of odd breather solutions wit®, = ©. Choosinge sufficiently small, eacl®,,
is unique (i.e. is the only zero af) in the open ball3.(®) C ;. ,. Consider the family
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©, defined by®, (1) = ©,(t + T/4). Clearly @, is a continuation of the even one-site
breather® through exponentially localized breathersSy ,. It remains to prove that this
continuation actually lies i1 ,.

_ For eacha € (0,¢) define another breather solutid®, of the TDSG system by
©,(t) = —O,(t + T/2). By periodicity and oddness d®, one sees tha®, € Q; ,.
Also, ||(:)a - 0|, = |19, — 0|, < € since the one-site breath@ satisfies the identity
O +T/2) = —O(). But the continuatior®,, is unique in the balB.(®) C Q7 ,, so we
conclude that(:)a = 0,. Hence@a(T/Z) = -0,(0), and by time reversal symmetry of
the TDSG system®, (T/4) = 0. But ©,(0) = ©,(T/4) =0, S0, is even.

Local uniqueness of the even continuati®y is immediate. For if the continuation
were not unique on a small enough neighbourhoo@®gfone would be able to construct
an alternative odd continuation, again by time translation, in violation of local uniqueness
of O,. O

4. Continuation of one-site breathers: numerical results

For each non-resonant peri@d corollary 12 yields a one-parameter family Bfperiodic

even breathers, but fails to give detailed information about these solutions. For example, it
gives little information about the domain of existence of the continuation, how this domain
varies with the periodl’, or the profiles of the breathers. We have obtained some such
information through numerical work. This section describes in detail the numerical scheme
used and the results obtained.

Before describing the numerical work we note that there is one established mechanism
which puts limits on the extent of the continuation being attempted. Namely, one expects
unique continuation to fail once the breather enters into resonance with the phonons of the
system. Linearizing the equations of motion about the vacuum and seeking solutions of
travelling wave type yields the phonon dispersion relation

.ok
a)z = l+4OlS|n2§ (43)

relating frequencyw to wavenumbetk [3]. From this we see that the phonon frequency
band at couplingr is [1, /1 + 4a]. Suppose we fix a frequenay € (n~ %, (n — 1)™1),

n = 2,3,... so that its lowest harmonic above the bottom edge of the phonon band is
nw. Then during continuation of the frequen@yone-site breathet; increases from 0 and

the phonon band expands, eventually capturing the harmaniwhennw = /1 + 4 (if
continuation persists this far). Beyond this point one expects not only loss of uniqueness of
the continuation, but also a breakdown in exponential localization [12], since the phonons
themselves are not localized. Thus the union of the curves

o = %(nsz_l), nl<w<mn-11 n=23,... (44)

with vertical line segments at the resonant frequeneies» ! provides an upper boundary

to the possible breather existence domain in(thex) parameter space (see figure 1). We
will find that the existence domain is considerably smaller than the region bounded by this
curve.

The idea behind the numerical method used to map out the existence domain is to convert
the existence proof of section 3 into a constructive means of finding periodic solutions. By
the analysis of that section, we know that the nonlinear funcfionlefined therein is
invertible at a one-site breather (provided the frequency of the breather is non-resonant) and
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Figure 1. The continuation domain of one-site breathergdn«) space. The upper, jagged
curve is the boundary obtained from the phonon resonance argument, and consists of parabolic
segments. The shaded region beneath this curve is the actual continuation domain obtained by
numerical analysis fow € [0.25, 1], one vertical line for each frequency sampled. The region

to the left ofw = 0.25 is inaccessible to our numerical scheme.

hence, by the implicit function theorem, we know that in a neighbourhood of the one-site
breather,F~1(0) is a smooth curve. This curve is the one-parameter family of periodic
solutions we seek, parametrized by the couplingGiven one point on the curve (e.g. the
one-site breather at = 0) one can find sufficiently close neighbouring points by using
the given point as initial input in a root-finding algorithm fér. Working piecemeal from

o = 0, we can in this way construct the entire curve. To safve= 0 we may use a
Newton—Raphson method, which will converge provided is invertible at the root and

we attempt a small enough step along the curve.

As it stands, this scheme is impractical since the spaces on Whigklefined are infinite
dimensional. We may seek a finite-dimensional truncation of the scheme in several ways.
One approach is to truncate the lattice to finite size, and approximate the space of periodic
functions associated with each lattice site by some finite Fourier series representation. Then
the problem is reduced to that of determining the finite number of Fourier coefficients at
the finite number of lattice sites, which is solvable by Newton—Raphson. This is somewhat
complicated in the TDSG system because one must compute Fourier transforms of non-
polynomial nonlinear terms, necessitating the use of fast Fourier transforms [13].

For this reason we prefer an alternative approach, wiieis replaced by a function
stemming from the Poincarreturn map for period’, which we shall denote T. We again
truncate the lattice to finite size (say2-1 sites symmetrically distributed about the breather
centre), and consider the map on phase space which maps the initial data of a solution to
its phase space position after tirffle This map may be computed in practice by solving
the lattice equations of motion using a fourth-order Runge—Kutta method. Fixed points
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of the map T, or equivalently, zeros of ¥ Id, are clearly periodic solutions. However,
on the whole phase space, solutions are never isolated because of the time translation
symmetry. ConsequenthyDT is never invertible, and hence we cannot directly apply a
Newton—Raphson algorithm.

The solution to this difficulty is to consider some restriction of T which has no
such time-translation symmetry. Marand Aubry [4] consider the restricted return map
Tp : R+ 5 R2V+1 which takes initial positions of time reversal symmetric solutions (so
that initial velocity is 0) to their positions at timg. That fixed points of F are truly T-
periodic is an immediate consequence of energy conservation. An unfortunate consequence
of this choice is that a = 0, D(Tp — Id) is singular for allw. Explicitly,

DTp = diag(cosT, ..., cosT, yi(T), yo(T), y1(T), cosT, ...,cosT), (45)

whereyyg, y1 are solutions of (24), (25) respectively with initial datg0) = 1, y,(0) = 0,6
now being theevenT -periodic solution of the pendulum equation. Lgtbe the odd solution
of (24) with fO(O) = 1. Then a short calculation reveals thgtr) = —6(¢)/ sind(0) which
is T-periodic. Conservation of the Wronskiagy, — yojo then implies thatyo(7) = 1.
Hence detDTp —1) = 0, and one is not guaranteed good behaviour of the Newton—Raphson
algorithm for Tp — Id at, and close tog = 0. This problem is not specific to the TDSG
system, and was in fact pointed out in [4].

An alternative restriction, which we denote ,Tarises by mapping the initial position
of a time reversal symmetric solution to its velocity after one period. Certdiiyeriodic
solutions are zeros of I, although the converse is clearly false since tiiegeriodic one-
site breather is a zero dfy at« = 0. (In fact any zero ofly mustbe 2T'-periodic by
time reversal symmetry of the system.) This is not a problem provided the zero we seek
is isolated, which is guaranteed by the inverse function theorem so lolgrasremains
invertible along the continuation curve. The advantage of this approach is that &,

DTy =diag(—sinT, ..., —sinT, y1(T), yo(T), y1(T), —sinT, ..., —sinT), (46)

which turns out to be non-singular except at the resonant perfods 2nm, where
continuation is not expected anyway, and also at the ‘false resondhceg2n + 1). As
continuation proceeds, care must be taken, once a zero @fTdethas been encountered,

that we do not follow a spurious, non-periodic branch Q?(D). At the end of the Newton—
Raphson algorithm we check separately that the proposed periodic solution really is a fixed
point of Tp to within numerical tolerance (note that this involves no extra computational
cost sinceTp is an inevitable by-product of the calculation of )T So it is possible that

the continuation could fail prematurely at a zero BTy if it is diverted from the true

curve onto a spurious branch. This turns out to be a problem only around the false resonant
frequencyw = % in our work (see discussion below).

To test whether the continuation has failed we use two criteria, beyond mere failure
of the Newton—Raphson algorithm to converge. First, we check that each new solution
does not differ greatly from the previous one, by computjj@,, — ©4,|l2. This is to
ensure that the continuation has not jumped across to some distant zerpaxd Newton—
Raphson output is wont to do close to singular points. Second, we seek bifurcations of
the continuation by applying a simple, necessary, but not sufficient, test. Namely, we
terminate continuation if ever d&tTy and detDT, simultaneouslywanish (note that this
test requires minimal extra computational effort sindd@, is required by the Newton—
Raphson algorithm, and cannot be calculated without produgifig as a by-product.

The only extra cost is that of thé U decomposition of DTp, insignificant compared
with the cost of the Runge—Kutta method). That this test is not sufficient is clear from
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consideration of the false resonant frequencies= % at « = 0, where no bifurcation

can exist by corollary 12. A full bifurcation analysis, along the lines of [13], would
remedy this insufficiency, but only at considerable computational cost, and would be
well beyond the scope of this paper. We hope to perform such an analysis in the
future.

The results of the continuation algorithm, using a 13-site lattice with fixed endpoints and
the implementations of the Runge—Kutta and Newton—Raphson methods outlined in [14],
are presented in figure 1. The phonon resonance boundary clearly curtails continuation
just to the right of the resonant frequencies= 3, £, . However, for large regions ab
space, continuation fails before phonon resonance can occur, at what appear to be genuine
bifurcations (at least dédT, = detDTp, = 0) the underlying physical mechanism for
which remains mysterious. The exception is a smallange around the false resonance
w = % where the continuation seems to fail spuriously due to its encountering a zero of
detDTy which is not a genuine bifurcation point (defT» # 0), but which derails the
Newton—Raphson algorithm nonetheless. The [0.27, 0.3] part of figure 1 should thus
be viewed with a little scepticism.

Closer examination of the results arouad = 3,1, % (figure 2) reveals that the
continuation slightly oversteps the resonance boundary defined by equation (44). This
can be well understood as a finite size effect: equation (43) is the dispersion relation for
an infinite lattice, whereas we have & 2 1 site lattice, divided by the central site into
two ‘tails’ of length N which remain close to the vacuum. The relevant spectrum for small
amplitude oscillations is doubly degenerate, consisting of two copies of the normal mode

spectrum of thev-site linearized lattice (one copy for each of the two tails), which itself

consists ofN distinct frequencies;, j =1, 2,..., N, easily shown [15] to satisfy
2 . ]T[
2 — 1+ 4o sir? : a7
@) =L st <2N + 2) (7)

So bifurcation should be expected at that value é6r which wy coincides with the lowest
harmonic ofw above 1. This leads to a slightly different boundary from that previously
discussed. Since the ‘phonon’ spectrum is now discrete, it is possible for the continuation
to skip over this first bifurcation point occasionally, and detect a later one instead, due to
wy_1, wy_2 €tc. In our caseN = 6, so there are six parabolic resonance curves, one for
each normal mode frequency. These are included in figure 2.

As a by-product of the numerical work described above we also obtain breather initial
profiles within the continuation domain. The resulting profiles are highly spatially localized,
and remarkably uniform, all exhibiting basically the same shape: compared with the one-site
breather of the same period, the central site of the continued breathers is displaced slightly
more than in the one-site breather, the two adjacent sites are displaced negatively by a small
amount, and the remaining sites are barely displaced at all. Figure 3 shows breather profiles
of the same frequency at increasing coupling, and profiles at the same coupling and various
frequencies. Breather shape will be discussed further in the next section.

Finally, we remark that the numerical methods described above are inefficient for
investigating the long-period breathers of the system. Indeed, if one used the same time step
in the numerical integration schemes independent of the pefipthen of course the time
to compute T, and DTy, which occupies the vast majority of the computing time, would
grow linearly with T. If one wanted to investigate long-period breathers then it would
seem more efficient to switch from the Runge—Kutta scheme to a symplectic integrator, of
which one expects reliable long-time integration at modest time step size. The efficiency
of the algorithm could also be improved by enabling it to take larger stepssim that the
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Figure 2. Details of the continuation domain around three resonant frequenaggsy & %,

b) w = % and €) w = % In each case, the full curve with crosses represents the numerical
results, the broken curve is the phonon resonance boundary for an infinite lattice, and the six
full curves without crosses are the parabolic resonance curves for the 13-site lattice.
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Figure 3. Initial profiles of breathersa at frequency 0.6 with coupling = 0.0 (x), @ = 0.059
(O) anda = 0.084 (); and ) at couplinga = 0.084 with frequencyw = 0.8 (x), v = 0.52
(0) andw = 0.44 (+).

bifurcation edge is reached more quickly. One method to do this (resulting in a so-called
Euler—-Newton scheme) is to generate the initial guess for the Newton—Rapshon algorithm
by extrapolating along the tangent vector to the continuation curve at the last established
point. Calculating this vector involves solving an extra set of coupled linear ODEs, but it is
thought that the benefit of an enlarged parameter step length generally outweighs this extra
computational cost [16].

5. The direction of continuation: a linear calculation

Corollary 12 shows that for each even one-site brea®af non-resonant period there
exists a family®, € QJT”Z, for « in a neighbourhood of 0, satisfying the continuation
equation

F(©y,a) =0, (48)

with ®¢ = ©. In this section we describe a simple method for computingditertion of
continuation away fron®, that is @, /da|,—o € Q;Z, which will henceforth be denoted

®' = (x.)nez. The method has previously been used to provide the ‘predictor’ step in
predictor—corrector schemes for continuation problems mentioned above [16], although we
shall require only a greatly simplified version since we consider only the gase 0.
Differentiating equation (48) with respect éoat @ = 0 yields

oF
5-(.0) + DFo® =0. (49)

Denoting theT -periodic even solution of the pendulum equatinone easily obtains the
following explicit expressions,

o F 2sing n=20
[B_(G)’ 0)} =] —sind n==+1 (50)
o
" 0 |n| > 1,
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and
Xn -+ COSO x,, n=20
1
[DFe®'T, = { jn + §(1+ c0S9) Xy n==+1 (51)
Xn + Xn |n] > 1.

So invertingD Fg to find ® amounts to solving an infinite set of ODEs,

X0 + €0s0 xo = —25sind (52)
Xe14 3(1+4 cos0) x.1 = sing (53)
Xn + xXn = 0 Ii’l| > 1, (54)

in the spacesz;’z. ProvidedT ¢ 2n7Z, equation (54) has only the trivial solution, = 0,
so to first order the continuation leaves th¢ > 1 sites fixed at O.

For the|n| < 1 equations (52), (53), the question remains how one should choose initial
datax,(0) € R, x,(0) = 0 in order to generate @-periodic solution. Lety,(z) be the
solution of the homogeneous problem with initial dat&0) = 1, y,(0) = 0, andY,, (¢) be
the particular integral of the inhomogeneous equation with initial dat@) = Y, (0) = 0.

Then

Xn (t) = Xn (O)yn(t) + Yn (t) (55)
and demanding that, be periodic gives an overdetermined pair of linear equations,
0= yn(T)Xn(o) + Y, (T) (57)

for x,(0) in terms of the constants,(T), y,(T), Y,(T), Y,(T). Equation (57) can be
solved for x, (0), leaving (56) as a linear consistency condition for the constants. Clearly
x-1(0) = x1(0).

So the direction of change of the initial profile of a breather can be deduced by solving
a coupled set of five second-order ODEs (the pendulum equation, and the homogeneous and
inhomogeneous equations far= 0 andn = 1), over the time interval [0I'], computing
the endpoint constants and solving (57). This has been done numerically using the fourth-
order Runge—Kutta scheme implemented by Maple. The results are presented graphically
in figure 4, a plot ofxe(0) and x+1(0) against frequencw = 27 /T. Note that for all
w, xo > 0 and x+1 < 0, so the continuation starts by pulling the two off-central sites
downwards, and the central site further upwards, as previously observed yBatid x1
appear to grow unbounded as— 1 (the small-amplitude limit) in agreement with the
observation that the length of the continuation neighbourhood vanishes in this limit. The
graph suggests that as — 0 (T — o0), xo vanishes, whilex.; tends to a non-zero
constant. Of course, this limit is numerically inaccessible, so these remarks are necessarily
speculative. One can estimatg(0) from the numerical work of section 4 by compari@®y
with ®, after the first continuation step. The results of this calculation are also presented
in figure 4 (broken curve) for purposes of comparison with the linear method.

6. Conclusion

In this paper we have adapted the methods of MacKay and Aubry to prove existence of
breathers in the TDSG system, despite the fact that there is no limit in which the system
decouples into independent oscillators (so the existence theorems so far formulated [1, 2] do
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Figure 4. The componentgo and x; of the tangent vecto®’ as functions of frequencyy.

The full curves were generated using the linear method, the broken curves from the breather
profiles generated by the numerical scheme described in section 4. The two data sets agree
closely (especially fory1).

not directly apply). Numerical analysis has revealed that the persistence of these breathers
away from theh = 2 limit depends critically on their period. One reason for this is that
the coupling at which the breather enters into resonance with the phonons depends on its
frequency. However, for most frequencies the continuation actually fails before it reaches
the phonon resonance region. The underlying mechanism for these early bifurcations is at
present unknown. A full bifurcation analysis may prove informative.

In no case does existence persist for/ale (0, 2], so the breathers found here are
unconnected with the breathers of the continuum sine-Gordon system (which the TDSG
system approaches @#s— 0). Indeed, they look qualitatively different from continuum
breathers in that they have sombrero rather than hump-shaped initial profiles. In this respect
they appear to differ also from breathers found in previous studies of spatially discrete
systems. By means of a simple linear method, we have confirmed the uniform trend towards
sombrero-shaped breathers in the TDSG system. It would be interesting to apply the same
linear method to a variety of more conventional oscillator networks, since this allows one
to examine the direction of continuation of one-site breathers away from the weak coupling
limit with @ minimum of computational effort.
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Appendix

The proof of invertibility of D Fg rested on the following lemma, whose proof we now
give.

Proof of lemma 4. Each of the difference equations (35)—(37) is of a type subject to the
following theorem of Poincdr[17].

Theorem 13 (Poincag). Let f1, f> be functions with limitg,, p, respectively aa — oo,

such that the polynomiaP (1) = A2 4+ p1A + p, has two distinct real roots, A,. Then any
solution of the linear second-order difference equatign; + f1(n)y, + f2(n)y,—1 = 0 has
the asymptotic behaviodim,,_, ., 22 = A; for eitheri = 1 ori = 2.

Yn

In each of the three cases of interest here,is the same polynomial, namely
PO =22+ fk + 1. Fora € (0, 1), this has two distinct negative roots whose product is
unity. Let 11 denote the larger root, so that;| < 1 while |[A;| > 1. To prove exponential
divergence ofA?, o = 1, 2, 3, it is convenient to define the quotient sequences

o

n
which satisfy first-order nonlinear recurrence relations. Note that the seq#énerists if
and only if it never vanishes. We will assume that these sequences exist, and justify the
assumptiona posteriori By Poincaé’s theorem, for eackh the sequencé’ — |A;| for
eitheri = 1 ori = 2. To prove exponential divergence af therefore, it suffices to show
that B° cannot converge to a limit less than 1.

Part (a). From the difference equation (35), one finds tiBatsatisfies the first-order
recurrence relation

(58)

Bl _ 4n? —4n +a n—-21
" a@n -1+ 1) n+lB,1171
with initial condition B} = 1. We claim thatB! > 1 for all n € N. The proof is by
induction. AssumeB}_; > 1. Then
Bl_ 4n? — 4n n 1 _n—2 1
" a@n—-1D(n+1) @n-1D(n+1) n+1B:,
42 —4n+1 n—2

T 2i—-D+l) n+l
Since B! > 1 for all n € N, the sequence exists (never vanishes) and cannot converge to
|A1] < 1. HenceB! — |i,| > 1, andA? is exponentially divergent.

Part (b). From the difference equation (36), one finds tBtsatisfies the first-order
recurrence relation

8 -1 4n2 —1m +5 1
pro > nt-D o St (61)

an?y2n—1 4n2421—1 B2,

(59)

1 (60)

with initial condition B = % Since the solution of (61) depends on the parametere
will denote it B%(a), and further, allow to take all values in0, 1], denotingB%(1) by B.
The first step is to prove that exists (is non-vanishing) and does not converge to a limit
less than 1. Assum8,_; > n/(n + 1). Then for alln > 2
E_n+l> 8n(n —1) _4n2—10n+5n+1= 6n — 10 -0
" n4+2 dn2+2n—-1 d2+2n—1 n (4n2+2n -1+ 2n

(62)
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Explicit evaluation of the first few terms yields th& = 3/ > Z. Hence, by induction,
forall n > 3, B, > (n+ 1)/(n + 2), so B exists and does not converge to a limit
less than 1. Now consider the sequer®&a) for « < 1. We claim that each term
B?(a) is a non-increasing function ofD, 1]. To see this, observe thzﬂf(a) = % is
manifestly non-increasing, and assume t#dt () is non-increasing for some > 2.
Then B2 ,(a) > B? ,(1) = B,_1 > 0 by the paragraph above, &f ,(a) is positive and
non-increasing. From relation (61) it immediately follows ti&t«) is non-increasing, so
the claim is proved. HencB?(a) is strictly positive (and hence exists) for alle (0, 1).
Further limB?(a) > lim B > 1 > |A4, SO B> — |A,| and A? is exponentially divergent.
Part (c). The argument is almost identical to part (b). The sequedite) satisfies

B3—2 402 — 1 42 —6n+1 1
" adn?+6n+1 4dn2+6n+1B3

(63)

with initial condition B3(a) = %. Once again we allow to take all values in0, 1] and
denoteB3(1) by B. We claim that for allz € N, B, > n/(n + 1). Clearly, the claim holds
true forn = 1. AssumeB,_; > (n — 1)/n for somen > 2. Then

— 2 —1 2 —6n+1 n

"2 en+l dnlt6ntln—1 (64)
— 2
Bl’l_ 07

= ntl @ittt Dn—1)

so thatB, > n/(n + 1) and the claim is proved. Henag is strictly positive (hence exists)
and cannot converge to a limit less than 1.

We next claim that for each € N, B3(a) is a decreasing function of®, 1]. Clearly
B3(a) = 2 is decreasing. Assume thBf_,(a) is decreasing. TheB3_,(a) > B} (1) =
B,_1 >0, so Bf_l is a positive decreasing function of It follows from (63) thatB3(a)
is also decreasing, and the claim is proved. HeRé) is strictly positive (and hence
exists) for alla € (0, 1). Further limB3(a) > limB > 1 > |A1], SOB% — |i,| and A% is
exponentially divergent. |
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