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1 Intro duction

This paper dealswith dispersive, i.e., L1(RY) ! L1 (RY) estimatesfor the time ewlutions e P,
whereH = 4 + V and Py is the projection onto the absolutely cortinuous spectral subspace.We
restrict oursehesto the casesd = 1 and d = 3. Our goal is to assumeas little as possibleon the
potential V = V(x) in terms of decay or regularity. More precisely we prove the following theorems.

R
Theorem 1. LetV 2 L}(R), i.e., i JIV(X)j(1+ jxj)dx < 1 , and assumethat there is no resonane
at zemw enegy. Then for all t

(1) & Pac(H) 4, -t 2

R
whee H = &+ V. The conclusion holds for all V 2 LY(R), i.e., ; jV(X)j(L+ jxj)2dx < 1,

dx?
whether or not there is a resonane at zero enemy.

A \resonance" hereis de ned to take placei W (0) = 0 where W ( ) is the Wronskian of the two
Jost solutions at energy 2, seethe following section. It is known that the spectrum of H is purely
absolutely cortinuous on (0;1 ) under our assumptions(V 2 L1(R) suces for that) sothat Py is
the sameasthe projection onto the orthogonal complemern of the bound states. For the caseof three
dimensionswe prove the following result.

Theorem 2. LetjV(x)j C(1+jxj) forall x 2 R®where > 3. Assumealsothat zem is neither
an eigenvaluenor a resonane of H = 4 + V. Then

@) &M Pac(H) 4, - it *:

SeeSection 3 for a discussionof resonances.n this case,too, it is well-known that the spectrum
is purely absolutely continuouson [0; 1 ).

Sudh dispersive estimateshave a long history. For exponertially decaing potentials Rauch [Rau]
proved dispersive boundsin exponertially weighted L ?-spaces.Jensen,Kato [JenKat] replacedexpo-
nertial with polynomial decay and obtained asymptotic expansionsof e (in terms of powers of t)
in the usual weighted L% spaces. Journe, So er, and Sogge[JSS proved a version of Theorem 2
under the additional assumptionsthat > 7, ¥ 2 L! and V has someadditional small amourt of
regularity. Yajima [Yaj1] for the cased = 3 proved that the wave operators are bounded on L P(R3)
forall1 p 1 assumingagainthat zerois neither an eigervalue nor a resonanceprovided > 5
(and with similar conditions if d > 3). As a consequenc®neobtainsthe L1! L1 dispersive bounds.



Our approad is very dierent from both [JSY and [Yajl]. Journe, So er, and Soggeuse a time-
dependert method and expand the ewlution repeatedly by meansof Duhamel's formula. For large
energiesthe smallnessneededto cortrol the ewlution e appearing on the right-hand side of such
an expansionis obtained from Kato's smoothing estimate. For small energiesthey usethe expansion
of the resohent around zero energy from [JenKat]. Sincetheir method relies on the integrability of

t % at innit y, it can only be usedin dimensionsd 3 and it also requires more regularity of V
(¥ 2 L is a natural assumption for their proof). Yajima [Yajl] usesthe stationary approac of
Kato [Kato] to bound the wave operators on LP. While his result is more general (it yields many
more corollaries than just dispersive estimates), our approad to (2) is direct and also requires less

of V. The one-dimensionalcasewas open le_\;til recertly. Weder [Wed]] proved a version of The-

orem 1 under the stronger assumptionthat ; jV (x)j(L + ixj)2*"dx < 1 . Later, Weder [Wed2,

and alsoArtbazar, Yajima [ArtY aj] establishedcorresponding theoremsfor the wave-operators. More
precisely they shawed that the wave operators are bounded on LP(R) provided 1 < p < 1 under
similar assumptionson V. While our analysisis in someways similar to Weder's[Wed]], it turns out
that the high energy casecan be treated more easily by meansof a Born seriesexpansion, whereas
small energiesfall under the framework of the Jost solutions as deweloped in the fundamertal paper
by Deift, Trubowitz [DeiTru]. The latter was also obsened by Weder, but there is no needto impose
any stronger condition on V other than the one usedin [DeiTru], i.e., V 2 L1(R).

Dispersive estimatesin two dimensionsare unknown in this degreeof generality. Yajima [Yaj2]
establishedthe LP(R?) boundednessof the wave operators under suitable assumptionson the de-
cay of V as well as the behavior of the Hamiltonian at zero energy Since his result requires that
1< p< 1, it doesnot imply the L}(R?) ! L! (R?) decay bounds for € P, although it does
imply the Strichartz estimates. We claim that our three-dimensional argument can be adapted to
two dimensionsas well, sinceit does not require integrability of t 1 at innit y (unlike, say, [JSS).
Generally speaking, we expect the argumert to apply to any dimension (in d = 1, however, we usea
di erent strategy which yields sharper results). For small energieswe useexpansionsof the perturb ed
resolvent around zeroenergy Thesewereunknown in R? for sometime, but wererecertly obtained by
Jensen,Nenciu [JenNen],whereasdimensionsthree and higher weretreated by Jensen,Kato [JenKat]
and Jensen[Jen]], [Jen2]. We plan to preser appropriate versionsof Theorem 2 in dimensionstwo,
or four and higher, elsewhere.

An interesting issuein Theorems1 and 2 is the question of optimality. The deca rate of (1 +
jxj) 2 " appearsto be a natural threshold for the dispersive estimates,and Theorem 1 achieves this
rate. But we do not know at this point whether or not the statemert of that theorem can also hold
under weaker assumptions{ the methods of proof usedin this paper will certainly no longer apply
for more slowly decaying potertials in the caseof Theorem 1. On the other hand, it is possiblethat
the methods employed in the proof of Theorem 2 do allow oneto go belovn > 3. Let us remark
that the wealer Strichartz estimateswere showvn to hold under the condition > 2 in [RodSd] by a
completely di erent argumert.



2 The one-dimensional case

Let H = £<_22 + V in RL. Our goalis to prove Theorem 1. It is well-known that for V 2 L(R), H
is essetially self-adjoint on the domain

f 2L2%R)jf;f%area.c.and %% Vf 2 L?R)
sothat €M is unitary. Hence(l) is to be understood as the statemert
ke Pacf ke . jtj zkfky forall f 2 LYR)\ L2(R):
which then extendsto all of L(R). We start with the high energy part of the argumert.

Lemma 3. Let o = kVk?Z and supmse is a smoth cut-o suchthat () = 0 for o and
()= 1for 2 o. Then

; .1
e (H) ,, - iti 2

for all t.
1
Proof. In the limit " ! 0+ the one-dimensionalresohert Ro( + i") := di)fz (+i") hasthe
kernel
T
3) Ro(  i0)(X) = Epl—_e i

Becauseof the decay of this kernelin , the resohent Ry( +i") = (H ( +i")) ! canbeexpanded
into the Born series

(4) Rv( i0)= 8 Ro( i0)( VRo(  i0)™:
n=0
More precisely sincekV Rg( 10)ky 1 (2p ) 1kVky, onehas
HRo( + i0)(VRo( + i0))"f;qgi (2IO " TRV KD KF kq kgky;
sothat (4) corvergesprovided > o= kVk? in the following weak sense:

pS
) Ry( 10)f;gi= HRo( i0)( VRo( i0))"f;gi
n=0

for any pair of L* functions f ;g. For sud functions it is a standard fact that
Rv( i0g2L*(R)

provided > 0 (this follows, for example, from the boundednessof the Jost solutions, seebelow).
Therefore, the error term in any nite Born expansion,i.e., Ry( + i0)(VRg( + i0))", tendsto zero
weaklyasn! 1 provided > g since

Ry ( +i0)(VRo( +i0)"f;gi  k(VRo( +i0)"fkikRy(  i0)gks
(2IO ) "kVKIKkf ki kRy ( i0)gky :



For technical reasonswe introduce a truncated version | ofthecut-o : ()= () (=L)
where issmooth, ( )=121ifjj 1, ()=0ifjj 2,andL 1. Weneedto shawv that

7) sup he™ | (H)f;qgi Citj 2kf kikgks
L1

for any pair of Schwartz functions f ; g. The absolutely continuous part of the spectral measureof H,
which we denote by E,c(d ), and the resolvert Ry ( + i0) are related by the well-known formula

®) Eac(d )F10i = ht[Ry( +10) Ry( i0)f;gid:

Since | (H)E(d )= L_(H)Ega(d ) oneconcludesthat
. % L1
e L(H)f;gi = (20) ! e " L( %) MRo( 2+i0)(VRo( %+ i0))"f;gid
n=0 1

wherewe have rst changedvariables ! 2. Summation and integration may be exchangedbecause
the Born seriescorvergesabsolutely in the Llloc(d ) norm, and the domain of integration is extended
to R from [0;1 ) via the identity Ro( 2 i0) = Ro(( )?+ i0) (where Ro(z?) is interpreted as an
analytic function for z 6 0, see(3)). The kernel of Ro( 2+ i0)(VRg( 2+ i0))" is given explicitly by
the formula
Z P
V(Xj)ei (ix xaj+jy xnj+  Rop ik Xk dxy 11 dxp

j=1

Ro( 2+ i0)(VRo( 2+ i0)"(x;y) = ﬁ ]

Fubini's theorem permits integration in d prior to all of the dx;, leading to the desiredbound
z

. X p_ 1 _
(9) et (H)f;gi . (2 o) "sup dt?a) (2 n 02d KVK] Kf kikgky
n=o0 a2R 1
(10) C(Va)jtj zkf kikgks:

We have used the dispersive bound for the one-dimensional Schredinger equation to estimate the
oscillatory integral in (9). Indeed, the quartity inside the absolute valuesis the solution of a one-
dimensional Sthredinger equation at time t and position a with initial data[ (( 2) " ("Y1 In
order to passto (10), it therefore remainsto ched that

(11) supsup [ L(®) " 2 (<1
n oL 1
For n = 0 this reducesto
12) KL(Alke KLV 2(L ka1 + k@ ( 2)-ky) < 1
uniformly in L sincel is compactly supported and smooth. For generaln one has

LD "0 % =KD MOk k() W% Clo) o™



where the constart Co( ) only dependson ¢, but not onnorL. Forn 2 onealsohas

K(®d "F(Oki ko(? "k C(o) "5

sothat (11) follows for n 2. It remainsto ched that k| ( 2) 1]-( )ki < 1 uniformly in L.
Howe\er,
Kl L(® ke K L( O-kek[ ke <1

uniformly in L 1by (12)and[ 1]-( )= isign(). O
For the low energy part we usethe Jost solutionsf (z; ). They are de ned as solutions of
f Oz x) + V(X)f (z;x) = 2f (z;x)

for =z 0 satisfying jf (z;x) e ZXj! Oasx! 1 . In what followswesetz= 2 R. They
are known to exist for 6 0if V 2 LY(R). If V 2 L1, then they alsoexist at = 0. Denote their
Wronskian by W( ) = W[f+(; );f (; )]. It is well-known [DeiTru] that W( ) 6 0if 6 0. The
Green'sfunction has kernel

+C ot (%)

. _ f
(13) (H (2 i0) *xy)=Rv(? i0)(xy)= Wi )

forall 6 0andx < y (and the positions of x;y reversedif x > y). If W(0) = 0 we say that zero
energyis a resonance.Therefore, in the non-resonan case,for any x < y, and any smooth, compactly
supported (say) cut-o

Z, Z, hf . . . . i
- i Coy it 2 o T+GE Gx) .0 of (5 x)
2 IZOl e ( )Eac(d )X y) = o e (9 w() wW( ) d
_ it 2 2f+CGNE (X))
= . € (9 W) d:

In view of Lemma 3, the non-resonan part of Theorem 1 will follow from the following low-energy
lemma.

Lemma 4. LetV 2 L}(R) and W(0) 6 0. Then

Z
sup ! gt 2 ()
x<y 1 W()

f.Gyf Gxd Ltz

for any t. Here is any smaoth, compactly supprted cut-o .
We will distinguish the casesx < 0<y,0< x<y,andx < y< 0. Write
f (;x)=e™m (;x)

sothat jm (; x) 1! Oasx! 1 . It isknown, see[DeiTru], that m (z;x) 1 asa function
of z belongsto H2(C*), the Hardy spaceon the upper half plane. Moreover, m ("x) o( )2 M
relativeto wherem (’\; x) denotesthe Fourier transform in the rst variable aloneand M are the



(complex) measures. By the H 2 property, m (’\;x)lé's supported in 0. A number of pointwise
estimatescan be made for m (’\; x). Dene I() = iti> ij(t)jdt. Then

supjm+ (%) oj . 1(); supim (%) o . 1();
x 0 x 0

A9 x 0) j@m.(Nxi. 1) +iVx+ i j@me (5% o)i. () +iVx+ )i

x 0) j@m (%j. 1) +iVix i j@m (Bx) o). 1)+ VX )i

seeLemma 3 in [DeiTru]. The assumptionV 2 L}(R) suces to bound the total variation norms
kmy (% X)kv , k@my (% X)ky . and k@(my (M x)  o)km uniformly in x 0. Similarly, the norms
km (% X)kw , k@m (% x)ky , and k@(m (™ x)  o)km are boundeduniformly in x 0. Identical
boundsare alsotrue of [ ()m (;x)]" (), however the corvolution with * provides enoughsmoothing
that the norms may be takenin L( ), and the point-mass correction g is not needed.

If V satis es the stronger hypothesisV 2 L3(R), then | 2 L}(R) leading to uniform bounds for
m (’\; x) and its derivativesin the L1(R) norm. Note, howewer, that these supremaare typically not
nite if they are taken over all x 2 R rather than on the appropriate half-line.

Lemma 5. LetV 2 le(R); j = 1,2, and ~ a smmth, compactly supprted cut-o whichis identically
1 on the supprt of . Then the functions ~( )W ( ) and W[f+(; );f ( ; )] both have Fourier
transform in L(lj »(R).

Proof. By de nition,

~IW()=~) m:(; 00@m (;0 @ms+(;0m (;0) 2 ~()m.(; 0m (;0)
W+ (; )if € 5 ))=me(500@m ( ;0 @m:(; O)m ( ;0)

The estimatesin (14) su ce to prove the lemma, sincethe Fourier transform of ead product will be
a corvolution of functions in L(lj y(R). O

Proof of Lemma4. In the casex < 0< vy,

Z
! it 2 ()

1

The nal inequality follows again from the dispersive bound for the one-dimensional Schredinger
equation provided

(16) sup O mGym Gx <1

X< O<y "'( )W( )
where the Fourier transform is with respect to alone, and the norm is in the senseof measures.
Since (W )- 2 LY(R) by Lemma 5, Wiener's lemma (see [Katz] chapter VIII Lemma 6.3) implies

that ——s7/ is the Fourier transform of an L(R) function, and therefore (16) holds.



By symmetry, it su ces to ched the remaining case0 x < y. The dangerhereis that f (0;Xx)
cangrow asx ! 1 . To deal with this issue,we expand

FGxa= OFGx+ OFf+( 5 x)

where () = %and ()= 2i—1W[f (; ):f«( ; )] Hence

Z 1 ()
it 2
sup T ——f.(;yf (;x)d
oxy 1, COWO)T
. sup gt 7e ooy L) ()M (; y)me(; x)d
0 xy 1 ~()W()
1 . .
+ sup e e O (ymy(Gyme( cx)d Lt 2
0 x<y 1
where the nal inequality again follows by noting that ( ) has Fourier transform in L(R) and
invoking the Wiener algebra. O

In the resonan caseof Theorem 1, W (0) vanishesand we cannot apply the Wiener lemma to
expressionswith W ( ) in the denominator. The additional hypothesisV 2 L3(R) ensuresthat
W) s cortinuous and nonzero everywhere (seeTheorem 1 in [DeiTru]). The Fourier transform of
~( )W( ) isin L}(R) by Lemma5, and furthermore by the identity

W Z, z
— ()= (W )-()d (~W)-()d
1
it follows that (~ )- 2 LY(R) (keepingin mind that Ri (-W)-( )d = 0). A similar argumert
shavsthat ( )- 2 LY(R). By rewriting every fraction with denominator ~ )W ( ) to have instead
a denominator of ~( ) ( ) (this is done by cancelinga common factor of in the numerator and
denominator), the Wiener lemma may be applied precisely as above.

3 The three-dimensional case

LetH = +V in R3. Our goalis to prove Theorem2. We rst recall the de nition of a resonance.
The meaning of this notion will becomeclear later.

De nition 6. As usual, we say that a resonane occurs at zem, provided there is a distributional
solution f of the equation (4 + V)f = O whee for every < Zonehasf 2 L% (R%) nL2(R®).

Let bea smooth, even, cut-o function on the line that is equal to one on a neighborhood of
the origin. Then, with Ro(z) := ( z) YandRy(z) ;= (H 2z) !, weneedto prove that

(17) .
D p__ E 1 D Ed
sup e ( H=L)Pacf;g = sup e (=L) [Rv( 24 i0)  Ry( 2 i0)]f; g ar

L 1 L 1 0

it 2K kekgky:



see(8). lterating the resolhent identity yields the nite Born series

20+1
Rv(? i0)=  Ro( ? i0)( VRo( * i0)
-
(18) + Ro( 2 i0)(VRo( 2 i0)™VRy( ? i0V(Ro( 2 i0)V)™Ro( 2 i0):

Here m is any positive integer. One needsto distinguish small0< < gfrom > o, where ¢> 0
is a small constart that will be determined by the small energy considerationsbelow. In the latter
case,usethe limiting absorption principle. In the former case,one expandsthe resohent Ry around
zero energy as in Jensen,Kato [JenKat]. This requires assumingthat zero is neither an eigervalue
nor a resonance.We will, howewer, not rely on [JenKat] but rederive the expansionof the resohent
ourselwesin the form neededhere.

3.1 Large energies
We now turn to the large energy estimateswhich will yield the desiredbound on

D P—h P E
i H H
e — 1 —  Pacfig
L 0 .
Zy h i D E g4
(19) = e' - 1 — [Ry( ?+i0) Ry(? i0)f;g —;
0 L 0 i
cf. (8). Insert the resohent expansion(18) into (19). The rst 2m + 2 terms which do not cortain
the resohent Ry are treated asin [RodSd], Section 2. This only requiresthat

zZ . .

(20) kVkk = sup Mdy< 1:

x2R3 Xy
In particular, if jV(x)j . (L+ jxj) 2 ", then this condition is satis ed. The method from [RodSd]
givesan L1(R3) ! L! (R®) boundwith decy jtj 3 for thoseterms. For the corvenienceof the reader
we recall the relevant parts from [RodSdc]. The cortribution by the (k + 1)-st term in the Born
series(18) is equal to

Z1 p— p—

e (=L)L (= o) MRo( +i0)(VRo( +i0)“f;gid

e' (p_=L)(1 (p_= o)) fRo( 10)(VRo(  i0)“f;gid



which is cortrolled by
Z, . p_ p_
sup € (=L)1 (= o)=hRo( +i0)(VRo( +i0))“f;gid

L 1o
z Q

kK . .
: , . i=1 V(X))
if (})igXke1)i | @
R6 R3k i=0 4 X Xj+1])
(21)
Z1 o p_ p_ p_X
sup et ( =L)a ( = o) sin Xs Xewr o dood(Xa;ii Xk) dXo dXk+1
L1o ‘=0
(22)
Z

O Vi) X

x— ,
R3k (4 )k+1 j=0 JXj  Xj+1) -5

Ct Z  jf (Xo)iig(Xks1)j
R6

(23) 5
Ct 7 jf (xo)jjgxien )i (k + D(kVki=4 )* dxo dxyen
R

Cit 2kf kikgks:

In order to passto (21) oneusesthe explicit represenation of the kernelof Ro( + i0)(x;y) = %

which leadsto a k-fold integral. The inequalities (22) and (23) are obtained by meansof the following
two lemmasfrom [RodSd]. We provide the proof of the rst lemma, asits statemert diers slightly
from the onein [RodSd] (by the introduction of an additional zero energycut-o ).

Lemma 7. Let be a smamth, evenbump function with ( )= 1for 1 1 and supp( )
[ 22]. Thenfor allt 1 andany real a,
. — — 3
(24) sup et sinfa ) — @ ( = g)d Ct 2jaj
L1 0 L
where C only de@endson , , and .
Proof. Denotethe integral in (24) tgLy | (a;t). The changeofvariables ! 2 leadsto the expression
1

IL(at) = 2 é “sin@) (=L)@ (= o)d
0
Integrating by p%rts we obtain

21
lL(a;t) = l_o ¢ * acos@) (=L)(1 (= o) +sin@) @ (= o) (=L)° d:

Since and are assumedto be ewven, the derivative of the brackets is odd. Hence,

I (ajt) = IE 3 e’ acoga )l (= o) (sL)+sin@) I (= o) (=L)° d
o, |
] f%i L et +e® (=L)AL (= o)d
aq %1 it 2 b ib 0
voa @ e 1 (= 0) (=L) "d db:



Invoking the jtj : dispersive bound for the one-dimensionalSdredinger equation, it thus su ces to
show that h i

0 -
KA (= o) (=L)]-ki+ @ (=90 (=L) <1
uniformly in L 1. These properties are elemertary and left to the reader. O
The following lemma is identical with one in Section 2 of [RodSd], and we refer the reader to
that paper for the simple proof.
Lemma 8. For any positive integer k and V asin (20)
yA Qy . .
V()] X
sup e}

3k \{k 1Y - . i
XoXk+1 2R3 R j=0 JXj  Xj+1) -9

o xeapjdxgiiidxe (k+ DKVKK:
We now turn to the term in the Born series(18) cortaining the perturbed resohent Ry . Recall
from Agmon [Ag] or Reed, Simon [ReedSim]that (for generaldimensionsR)
k( (2 i0) Yk . kikea :

provided > % and 1< < 2, sa&. This bound is known as the limiting absorption principle. It
extends easilyto > 1 with a constart that decgs like 2*2 (this is not optimal but su cien t

for our purposes). Indeed, usethat 9 ( 1) Y(x)=( 2) 1(x) for the kernels of the
resolvents. SinceL? embedsin L% forall > it isto our advantage to choose = %+ so that
(26) k(4 (2 i0) Yk . Tkike

for all > % > 1. Throughout this paper, the notation a+ or a* for some number a means
a+ " for an arbitrarily small, but xed " > 0. Similarly with a and a . The free resohent
Ro( 2 i0):= ( ( 2 i0)) ! satis es the following well-known bounds.

Prop osition 9. The derivatives dd—'J Ro( 2 i0) satisfy the uniform bounds

j
sup dd—jRo( 2 o) f E kf Kk 2
L2

forall >j+ fandj L1

Proof. The kernel of dd—JJ Ro( 2 i0) hasthe explicit form

j S .
TRo( 2 10) (oy) = e X ik yj !
The Hilb ert-Schmidt norm of this operator asa mapping from L% to L% s given by
. ZZ
kf—j Ro( 2 i0)kis=C R6h><i 2 ix yj? 2nyi 2 dxdy

The integral may be divided into the three domains jx| % X Y % and the complemen of
thesetwo. For a xed point y 2 R3, the respective regions cortribute hyid 2 2 | hyid+l 4  and
hyid*1 4 againwhen integrated with respectto x. If > j + 1, ead of theseexponerts is lessthan

3, leading to a corvergert integral in dy. Note that all dependenceon was removed by taking

absolute values. O

10



Next, one transfers these estimatesto Ry ( 2 i0) by meansof the resohert identity

Rv( 2 i0)=Ro( 2 i0) Ro( 2 i0)VRy( ? i0)
Rv( 2 i0)= (1 +Ro( 2 i0)V) Ro( 2 i0):

Now S = S() := | + Ro( 2 i0)V is a perturbation of the identity by the compact operator
Ro( 2 i0)V :L% I L% with > % providedjV(x)j. (1+jxj) ! . The compactnesshere
follows from the fact that the resohert gainstwo derivativesin the weighted L 2 space.ThusS ! exists
i Sf = Oimpliesf = Oforany f 2 L% . But Sf = Ois formally equivalert to (  + V)f = 2f.
Since > 0, it follows from Agmon [Ag] that in fact f which was only assumedto be in L% for
ewery > 1, hasto bean eigenfunction (i.e., in L?). But positive embeddedeigervaluesdo not exist

by Kato's theorem, see[ReedSim], Section XI11.8 for all this. HenceS( ) *:L% | L% exists
forall > O provided > % Furthermore, S( ) convergesto the identity operatoras ! 1 which
then implies that S( ) ! is uniformly boundedfor all > . Consequetly, for = %+,

(27) kRy( 2 iOkiz (2 .

To handle derivativesof Ry ( 2 i0), one cheds that

@8 LR((2 0= S() LR ? I0VS() Ro( 2 10)+ S() LRo( 2 i0)

and sincesup, kS( ) *k.z ;2 <1 for > 3, it follows that also

(29) sup ki Rv( 2 iOk.z 2 . 1 for > s.
> 9 d 2
Note from (28) that one needsto assumethe decay jV (x)j . (1+ jxj) 2 " for this to hold. Indeed,
V needsto take L% 7 | L23* By a similar argumert,
d? _ 5
kgzRv( 2 i0)ke2 2 . 1 for > >

This estimate requiresthe decay jV(x)j . (L+ jxj) 2 by an analogousformula to (28).
Let Ry ( 2) := Ro( 2 i0). Moreover, set
i (xy xjj xj)
2 — a i X 2 ) = € :
G x( Axa) = e TR 2 i0)(Xax) = S
Similar kernels appear already in Yajima's work [Yaj2] (seehis high energy section). Removing f ;g
from (17), we are led to proving that

&) D E
et e T ) (=L)(1 = 0) VRy( A)V(Ry( AV)"G y( 9;(Re( AVI)™G ,( &) d
0
it ?

uniformly in x;y2 R®andL 1.

11



Prop osition 10. The derivatives of G, ( 2) satisfy the estimates

j
sup —Gi x( ?) < Cj; provided > }+j
3 d! ' L2 ' 2
(31) x2R
sup iG+- ( ?) <G provided > §+j
wors di ¥ L2 hxi 2
forallj O.

Proof. This follows from the explicit formula

d e G(u xii Xj)f‘ui du = z (Gu xj jxj)? i 2 du 2
di jx uj ) R3 X uj?
!
Z i) 2
rR3 JX U

The nal estimate on this integral is obtained by dividing R2 into the regionsjuj < %,jx uj < %
and the complemert of thesetwo. If 3 < ( j) < 3, then ead of theseregionscortributes fxi 2]
to the total. If > %+j,the rst regioninstead cortributes hxi !, making it the dominant term. O

Rewrite the integral in (30) in the form (with L = 1)
z 1
(32) | Exy)= et e, () d:

Then in view of (26), (27), (29), and Propositions 9 and 10, one concludesthat a,.,( ) has two
derivativesin  and

! .
- ;—jax;y( ) . 1+ ) ¥ (xihyi) *for j = ;1 andall > 1
2
%ax;y( y . @+ ) ?% forall > 1;

which in particular justies taking L = 1 in (32). This requiresthat onetakesm su cien tly large
(m = 2issucient) and that jV(x)j. (1+ jxj) for some > 3. The latter condition arisesas
follows: Consider, for example, the casewhere two derivatives fall one of the G-terms at the ends.
Then V hasto compensatefor g+ powers becauseof (31), and alsoa {’ power from

KRo ( Ak o 3 - Mkfk .

Similarly with the other terms.

As far as|* (t; x; y) is concerned,note that on the support of axy () the phaset 2+ (ixj + i)
has no critical point. Two integrations by parts yield the bound jl * (t; x;y)j . t 2.

In the caseof | (t; x;y) the phaset 2  (jxj+jyj) hasauniquecritical point at 1 = (jxj+jyj)=(2t).
If 1 o, then two integration by parts again yield a bound of t 2. If ; & ¢ then the bound
max(jxj;jyj) & t is also true, and stationary phase conributes t %(hxihyi) Lot %, as desired.
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Strictly speaking, these estimates are only useful whent > 1. On the other hand, when0< t < 1
there is nothing to prove sincel (t; x;y) . 1 by (33).

To apply stationary phaseproperly, one should restrict a,., ( ) to a compactinterval of the form
[ 1 C; 1+ C]for someconstart C 1. Outside of this interval, one usesthe deca given by (33)
in terms of . Two integrations by parts yield the bound t 3 for the remaining pieceof | (t; x; y).
This concludesthe high-energypart of the argumert.

3.2 Low energies

In view of (17) and (19) it remainsto cortrol the low-energy part
D p__ E
et ( H=0)Pacf;g
2 D Egq
(34) = e' (= 0) Rv(?+i0) Ry(? i0)f;g —
0
If ;g2 L1, this can be done by evaluating the supremum
Z 1
(35) sup ¢ (= IRY( D Ry(Axy)d
X;y2R3 0
We will usethe resohert identity
(36) Ry( )= Ro(? Ro( V(I +Re( 2V) Ro(?)
The resohernts R ( 2) have an explicit kernel represertation
Ro( (xiy) = &0
X;y) = ———
° 7T i
The numerator of this expressionalways hascomplex magnitude 1, therefore the sizeof R, ( 2)j does
not dependon . We will now estimate the Hilb ert-Schmidt norm of R ( 2) asa linear map between
the weighted spacesL? and L% . Let
zZ
kRKGg . )= hxi 2 jR(x;y)j?hyi 2 dxdy
; ”

denote this norm. The following proposition is a well-known bound on the free resolerts.

Prop osition 11. If ; > % and + > 2 then

supkRy ( “kps(: y C.
Proof. The integral 77 1

Rthi 2 X yjzh/i 2 dxdy

may be broken up into three disjoint domains:
Dg{nain 1: jxj %jyj, which requiresjx yj jyj. The integral over Domain 1 cortributes less
than shyi® 2 hyi 1 2 dy, which is bounded by a constart C ; , to the total integral.

13



Dg’nain 2. X Yj %jyj, which requiresjxj jyj. The integral over Domain 2 contributes less
than s jyjyi 2 2 dy, which is alsoboundedby C ; , to the total integral.

Domapg 3 XXy %jyj, which requiresjxj jx Yyj. The integral over Domain 3 cortributes
lessthan shyit 2 tyi 2 dy. C; to the total integral. O

If jV(x)j. lxi forsome > 3,it followsthat the operator R ( 2)V is compacton the weighted
spaceL? (R®) for all choicesof 3 < 1. Indeed, one cheks by meansof Proposition 11 that
Ro ( 2V mapsL? (R% compactly into L% *1(R%) forall 2[ 3; 3).

Let Sp = | + Rp(0)V. By compactnessof Rg(0)V, the invertibilit y of So dependsonly on whether
a solution existsin L% to the equation = Rg(0)V . Howewer if a solution satises 2 L%
for some 5.then = Ro(0)V 2LZ% forany choiceof < 3. Applying the bootstrapping
processagain, we seethat the solution must liein L% for all <

It is easyto seethat this samefunction is also a distributional solution to (4 + V) = 0.

Conversely any distributional solution of (4 + V) = Owith 2 L% > satis es So = 0. It follows
that Sg is invertible in L% ; g < % precisely when zero energy is neither an eigervalue nor a
resonanceof the potential V, seeDe nition 6.

Write Ry ( 2) = Ro(0) + B ( ). Then

Nl

[l +Ry( AV]I =511 +B ()VSy 1!

Examining the kernel,
e i ixvyi 1
B ()Xy)= ——————

4 jx yj
which satis es the size estimates
(
if jx yj 1=
(37) B ()(xiy) . D A
X yj ifjx yj 1=

The rst -derivative of B has kernel (B )X )(x;y) = z'e ' X ¥ with the obvious bound
iBHX )y C.
The symmetry betweenB* and B is expressedby the relationship

B ()=B*( ) foral 0

Prop osition 12. If ; > % and + > 2 then lim , okB ( )kys(; )=0.

Proof. The kernelsB ( )(x;y) arepointwise dominated by jxl T which hasa nite HS( ; ) norm
by Proposition 11. The result then follows from the dominatecf,corwergencetheorem. O

Corollary 13. If jV(x)j. i  for somechoice of > 3, then

i 1 —
||!m0kB ( )VSO kHS( ) = 0

forall 2( 3 3.

Proof. OnehasVSy*: L% | L2 *3* providedthat 3 < < . The proposition implies that

14



Claim: k(B*)Y )kys(. y Cif ; > 3.

Proof. This is trivial becausethe function hxi 2 hyi 2 is integrable over RS. O
For suciently small < g, it isthen possibleto expand
B ()=[+B ()VS,'*

asa Neumann seriesin the norm k ky g ; y for all values g < <
The symmetry B ( ) = B*( ) is still valid.

For easeof notation, dene o( )= (= g)and ()= (=2 ). Notethat 1 o= ¢. In
view of (35) and (36) we wish to cortrol the size of

1
3

Z, h

sp €7 o) Re( ) Ro(?
X3y

i
RG( 2)VSe'B* ( )RE( D Ro( AVSy'B ()Re( %) (x;y)d

21, ( o i Vi
su € -—
x;yZFF)Q3 1 7 ° ;ij Y]
1 i Jy Xaj I jx X1
+ sup et ? M So 1 0BT )(x4;X1) - _ dx;0x4d
x;y2R3 1 rRe JY Xy X Xq)

The rst term is simply the low-energy part of the free Schreodinger ewolution, which is known to
be dispersive.

The secondterm can be integrated by parts once, leaving

1 1 d "Wi(x, e Iy Xa @ X xij
@8 s o @t YRS R Sl i)

X;y2R3 2t 1 R6 d jy X4j

dxqdxad

to be controlled. Considerthe term where di falls on B* (). The others will be similar.
Using Parsewal's identity, and the fact that k(et)*)" (u)k_1 () = Ct 12, this is lessthan

z, 2Z
1 -1 V (Xa4)

1 Re JY  Xaj

sup

3 SO 1 O(B-+ )0— U+ jy Xq +jX  Xi1j (Xa;X1)
X;y2R

1
= X Xa] dx1dxs du

If the absolute value is taken inside the inner integral, then Fubini's theorem may be used to
exchangethe order of integration to obtain

7272 7

1 Livxe) o 0 . o . 1

—— ——— § B")"~ u+ + - dudx;d
B2, iy xe oBT) — u+jy X4+ jx  Xaj (xaixa) TR udxydxs

1 V()]
oo 32y ] Loz

sup
X;y 2R3

Reo 1 + : o1
JSO [ o(B )O_l—(U)]dU HS( 1:; 2) X J L2 1
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The weighted L% 1 (dxq)-norm of jx  x1j ! is uniformly boundedfor all choicesof x 2 R3. In fact,

these functions are even bounded in the weaker L% norm for any < % Similarly, the functions
% are uniformly boundedin L% (dxs) for any < % We are assuming > 3, which is more
than su cien t. It therefore remainsonly to cortrol the size of

R |
o 0B (Widu g 4 . 5,

Mink owski's Inequality allows us to bring the norm inside the integral. Recall that S, !is a bounded

operator on L% 2 | and that the composition of a bounded operator and a Hilb ert-Schmidt operator
is also Hilb ert-Schmidt. The problem then reducesto establishing existenceof a number o> 0 such
that

Z,
(39) . K[ o(B*)%-(u)knys( 1 : 2 ydu<1

The operators B* () were originally de ned by the cornvergert Neumann series

p3
B*() = [+B*()VS,Y]? = B*()VS,t "

n=0
Thus
(40)
+ x X1 + 1m + 1 + 1 n (m+l)
o )BNY) = (D" (1BOIVS,E ™ o NBHAIVSy ™t ((1B*)( VS,
n=1 m=0

We will take the Fourier transform of o(B™*)? term-wise and determine that the resulting series
is corvergert in the norm LY(du;HS( 1 ; 2 )). The following re nement of Proposition 12 is
especially useful.

Prop osition 14. Supmwse ; > % and + > 2. LetK( ) bean integral operator on R® whose
kernel K ( )(x;y) satis es the size estimatesin (37). Then

KK( )knsc; y Cu: ]
forany <min( + 2 % 3;1). Equality is possiblein the choice of provided ; 6 3.

Proof. The size conditions in (37) guaranteesthat
z7Z zZ

KK()KGs(. - 2 hxi 2 hyi 2 dxdy + i 2

_hyi 2 dxdy
fix yj<lg fix yj>1g x yj?

The rst of theseintegrals is broken up into two domains:
Domain 1: max(jxj:jyj) 2.
Domain 2: jyj > 2;x 2 B(y; 1), which alsorequiresthat jxj jyj.
The secondintegral is broken up into four domains, namely:
Domain 3: fix yj  3jyjg, which requiresjyj > 2 and jxj jyj.
Domain 4: fj xj %jng, which requiresjyj > 31 andjx vyj Jjyj.
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Domain 5: fj xj;jx  yj > 3jyj;jyj > 29, which requiresjxj jx vj.

Domain 6: fj xj;jx yj> %ijj; jyi  2g, which requiresjxj jx yj. In this domain, only values
jx yj> 1> canmake a nonzerocortribution.

With the given restrictions on and to insure niteness of ead integral, Domain 1 contributes
no morethan C 2 to the total. Each of the other domains cortributes C 2 i, where ; is one of the
four possibleexponerts in the de nition of . O

Lemma 15. The Fourier transform of o(B*)%in the variable satis es the property
Z,

[ oB")¥}(U) yygpr. , du<C<1
uniformly as ¢! 0.
Proof. First obsene that for any pair of points (x:y), [(B*)%-(u)(x:y) = (u+ jx vj), therefore

[ oB)F(U)(x;y) = g(u+ix yj) . oho(u+jx yji *

The Hilb ert-Schmidt norm is bounded above by
z7Z

Ko Wkiser; 2y- 6 holu b ypi #hyi * i * dxdy

This is most easily evaluated via the inequality
Z

(41) ki 2 dx. h jyji® ?
x yj=
for > 1. Integrating with respectto dx over a spherical shell certered at vy,
z,2Z
K o(B"))-(WKfse: 2y - 6 hou )i ®hyi #hyj i ? dyd
OZ 1R3
z hou )i ®hi ?2d
0
which leadsto the bounds 8
3 o, ifu 3
Kl o(B*)d-(Uknses: 2 ) - 0
2% 04 W2yt iy 2
0

Integrating this expressionyieldsthe quartity C(1+ (1,=2+), which isuniformly boundedas ! 0. O

Lemma 16. The Fourier transform of ( ¢B*) in the variable satis es the following properties:

VA 1
1=2+

( OB+)_(U) HS(%+; )dU< C 0

=

(42) z4
=2
(0B )-(U) ygue, 5 ,du<C o

Identical statementsare also true with ¢ replacd by 1.
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l . .
wyy Utixoyp) o (u),

Proof. First obsere that for any pair of points (x;y), (B*)-(u)(x;y) =

therefore ) )
(Ut jx yj)  g(u)

[ 0BT I-(u)(x;y) =

X yj
In the casejuj =2,
8

. . 1
2 & ifxo v =
[ BT I(u)(x;y) . s o 1
. 5 ifjxyp —

X y)

wherethe rst estimate comesfrom the Mean Value theorem. Up to afactor of g, this kernel satis es
the hypothesesof Proposition 14, with the conclusion

k[ OB+]_(u)kHs(%+; 1) ( 0)3=2+

for all juj % In the casejuj % we use the fact that | 5(u)j oh oui 0 to obtain the
pointwise bounds
8
1 s . juj
1
B+ —(u)(X; . —————, if jx i 2iuj
[ oB* I (u)(x:y) % Ty X yi 2
Shou+ix i it Bl ix yi< 2

juj
The restriction of this kernelto the domainfjx yj 2jujg[ fix Vj j%jg must haveHS(%+; 1)-
2

norm of ,8uj %5 , alsoby Proposition 14. Sincewe are assumingjuj -, this is lessthan juj > .
To estimate the Hilb ert-Schmidt norm of the remaining annular piece,we onceagain usethe inequality

Z
(41) ki 2 dx. h jyji? ?
X yi=
for > 1. Thus
, ZZ
—% ki 2 ho(u+ijx vyj)i ®hyi 2 dxdy
U ixyiiouj
2 Z ojuj z
—%  ho(u+ )i ® hjyji *hyi 2 dyd
jujz R
cz)ZZj”j : . 20 0
th| h o(u+ )i dju?

2

Putting the piecestogether, it follows that

k[ oB*]-k ( 0)¥2 hojuji *

HS(3': 1)

proving the rst claim of the lemma. The secondline of equation (42) follows from symmetry in the
variablesx and y. O
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Recall from equation (40) that
+ * X1 n + im + 1 + 1 n (m+l)
ol YB)Y) = ( )" (1B7)()VS, ol JBTA VSt (1B¥)( VS,
n=1 m=0
Multiplication of operator-valued functions results in a convolution of their respective Fourier
transforms, just asit doesin the scalar case. Similarly, the L theory of convolution appliesin this
setting provided the domain of ead operator is identi ed with the range of its predecessor.Then

K[ o(B")FKisms( 1 2 y)
Xox1
k( 1B*)-VSy k™K o(B*)F-VS, tkk( 1B*)-VS, k! (M+D)
n=1 m=0
wherethe norms aretakenin L* with valuesin HS( 2 ; 2 ),HS( 1 ; 2 ),andHS( 1 ; 1),
respectively.
From equation (42) we seethat the sum corverges exponertially provided ¢ is chosensmall
enough.

Remarks. Throughout the discussion,operators have beenestimated by the Hilb ert-Schmidt norm
as a matter of computational corvenience. More precisely we neededto know that various kernels
K (x;y) of L2-bounded operators have the property that jK (x;y)j again givesrise to an L 2-bounded
operator (on this level of generality we do not needto distinguish betweenL? and L?, since the
weights can be included in the kernel). Note that this property is automatic if K (x;y) is Hilb ert-
Schmidt.

More generally note that an operator of the form | + T with kernel (x y)+ K(x;y) whereK is
Hilb ert-Schmidt, still hasthe property that the absolutevalue of the kernel givesrise to an L 2-bounded
operator. Moreover, if T is Hilb ert-Schmidt and (I + T) lexists,then(I +T) 1 1= (1 +T) T
is again Hilb ert-Schmidt. This obsenation implies, in particular, that jS, i is L% -bounded with

% < < % Here and in what follows, jT| stands for the operator that is given by the absolute
value of the kernel of T.

Considerthe casewhenthe derivative di falls on adierent term in (38), for exampleone' ¥ X4l

In the lines which follow, oneis then led to cortrol the size of

i1

1 R : ;
sup EkaLz;;ﬁ JSO l[ O(B+)]_(U)Jdu B(1; 1) X J Lz 1

X;y2R3 t
which dependseertually on the niteness of the certral integral
1
. Kil oB™ " (u)ikg( 1 ; 1 )du:
HereB( 1 ; 1 ) standsfor the boundedoperatorsL? 1 1 L% 1 |
Unlike in (40), the Neumann seriesfor oB™* beginswith a zero-orderterm, namely o( ) times
the identit y map. While the identit y is a boundedoperatoronL? ! it doesnot belongto the Hilb ert-
Scmidt class. All higher order terms are Hilb ert-Schmidt, howewer, becausethey ead contain at
least one multiple of B¥()VS, L A similar zero-orderterm appearsif the derivative in (38) falls on
e X *il or on the cut-o function o( ).
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