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1 Intro duction

Agmon's fundamental work [Agm] establishesthe bound, known asthe limiting absorption principle,

u 1
(1) sup 4 +V ( 2+| ) L2 (RY)! LZ (RY) <1

> 0;">0
provided that o> 0, (1+ jxj)¥*jV(x)j2 L1 and > 1. Here
LZ (R =f@+jxj) f :f2L%RYg

is the usual weighted L2. The bound (1) is obtained from the sameestimate for V = 0 by means
of the resohert identity. This bound for the free resolent is related to the so called trace lemma,
which refersto the statemert that for every f 2 L22* there is a restriction of f* to any (compact)
hypersurface,and this restriction belongsto L? relative to surfacemeasure.Note that this fact does
not require any curvature properties of the hypersurface- in fact, it is proved by reduction to at

surfaces.Another fundamental restriction theorem is the Stein-Tomastheorem, see[Ste]. It requires
the hypersurfacesS RY with d 2 to have non vanishing Gaussiancurvature, and states that

z 2d+ 2

: 2 2 _
2) ij“(! )i? (dl)  CKfkZpgay Where p= "o

It is not hard to seethat the related estimate for the free resohert in R2 is given by
3) kRo( 2+ i0)ks; 4= C > for >0

This fact dependson the oscillation in the resolert, i.e., on the exponertial in

g ix v

4 jx yj

In contrast, using the denominator alone one obtains that

4 Ro( 2+ i0)(x;y) =

(5) supkRo( 2+ iOks; 5 C

via fractional integration. In analogy with Agmon's work, it is natural to ask for which potentials (3)
can be extendedto the perturbed osperators H = 4 + V. In this paper we show that this is the
casefor real-valued V 2 LP(R3)\ L2(R3);p> % and suggesttwo possibleextensions.
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Theorem 1. LetV 2 LP(R®)\ L3(R%);p> 3 be real-valued. Then for every o> 0, one has

6) sup (4 +V (Z+i)t C(oV) 2
0<"< 1; 0 14

wls

In particular, the spectrum of 4 + V is purely absolutelycontinuous on (0;1 ).

We also formulate dynamical consequence®f this result, in particular the existenceand com-
pletenessof the wave operators. This theorem is the analogueof the classicalKato-Agmon-Kuro da
theorem, see[ReeSim], Theorem Xl 11.33. It of courserequiresthe absenceof imbeddedeigervalues.
In the classicalcortext oneusesKato's theorem for that purpose. Here we wish to usea result on the
absenceof imbedded eigervaluesthat only requires an integrability condition on V. One sud result
was obtained by lonescuand Jersion [lonJer], namely:

Theorem 2. LetV 2 L?(R3). Supmseu 2 W, 2(R3) satises (4 +V)u= 2uwhee 6 0in the
senseof distributions. If, moreover, k(1 + jXj) %ukz <1 for some > O, thenu O.

The weighted L2-condition with > 0 is natural in view of the Fourier transform of the surface
measureof S?, which is a generalizedeigenfunction of the free caseand decays like (1+ jxj) 1. As far

aslocal regularity of the potential is concerned,the requiremert that V 2 Lﬁ):cz is essetially optimal.

There exist examplesof V 2 Lfvzeik for which + V admits compactly supported eigenfunctions
[KoTa]. The necessarydecay condition on V is lessclearly delineated: lonescuand Jerison found a
smooth real-valued potential V which liesin L9(R3) for all g> 2 but such that for 4 + V imbedded
eigervaluesexist. Their exampledecas liker 1 in somedirections, and like r 2 in other directions.
They further conjecturedthat their main result (Theorem 2.1in [lonJer]) remainsvalid for potentials
V 2 L?(R3®). Recert work by Koch and Tataru appearsto verify this conjecture [KoTa2], and futher
re nements which allow potertials to exhibit both Lﬁf singularities and L2 deca seempossible
as well. The proof of any sudc conjecture would immediately increasethe scope of Theorem 1, as

described below.

Prop osition 3. The following inferences are valid:

1. If the conclusion of Theorem 2 holdsfor all V 2 Lp(R3);% p < 2, asis suggestd by [KoTaZ],
then the conclusion of Theorem 1 also holdsfor all V 2 LP(R?).

2. More geneally, if the conclusion of Theorem 2 holdsfor someV 2 LP(R%) + L9(R3); 3 < p;q< 2,
then the conclusion of Theorem 1 also holds for this V.

By Kato's theory of H -smoothing operators, see[Kat], it is well-known that the limiting absorption
principle for the resolvert givesriseto estimatesfor the ewolution €™ known assmoothing estimates.
This is a much studied classof bounds, see[Sjo], [Ved, [ConSau], [ConSaud, [BenKla], [Doi], [Sim].
In fact, the Fourier transform establishesa link betweenthe resohernt and the ewlution that in a
precise senseallows one to state that a certain classof estimates on the ewlution is equivalent to
corresponding onesfor the resohent, see[Kat]. In the free case,the % I 4 bound for the resolert
correspondsto the following smoothing bound for the free ewolution:

Zy
Litse 2 2
sup F(4 )se™f dt CKkfks:
kKFky 1 1 2



Howewer, this bound is known, seethe work of Ruiz and Vega[RuiVeg. For the perturb ed evolution,
H = + V, one can prove similar estimates by meansof Theorem 1, but we do not pursue this
here. Seethe work of lonescuand the secondauthor [lonSd] for statemerts of this type.

This paper is organizedasfollows: In Section2 we prove the boundson the free resolert that are
neededin order to prove Theorem 1. Our main new boundsinvolve Ro( 2+ i0) acting on functions
whose Fourier transform vanishon S 2. In Section 3 we apply these bounds in the context of the
usual resohert identit y/F redholm alternative type argumerts to deal with 4 + V. This of course
requires Theorem 2. Finally, in Section4 we return to the free resolvent and prove someend point
results.

2 The free resolvent

This sectiondevelopssomeestimateson the freeresolvent givenby (4). Theseestimatesare motivated
on the one hand by the Stein-Tomastheorem (2), and on the other hand, by the applications to the
perturbedoperatorH = 4 + V, seeTheorem 2. For what follows, it will be helpful to keepin mind
that for real

[Ro( +i0) Ro( * i0)f =C() (dsz f);

Wt]ich is exactly of the form T T, T being the restriction operator to the sphere S 2. ThusT T :
L3(R3) ! L*R®) in view of (2).

We will denote by H the closedupper half-plane in C, and state most of our results for 2 H.
For any positive real number , we have the boundary identites

( +i0%= 2+i0 and ( +i0¥%= 2 o
therefore estimateswhich hold uniformly out to @1 are of particular importance.

Lemma 4. Let 2 H ke any nonzeo element,and p = £. Then Ro( 2) : LP(R%) ! LP’(R3), with
operator norm bounded by | | 2,

As suggestedabove, the proof follows a complex-interpolation argumert strongly reminiscert of
the proof of (2). For full details seeTheorem 2.3 in [KenRuiSog], which establishesthis bound for a
more generalfamily of inversesof second-orderdi erential operators.

Lemma 5. Let 2 H be any nonzewo element. For each pair of expnents1< p %, 3p q 33—%;)
there exist constants Cp,q < 1 suchthat

kRo( 2)fkia  Cpgi 3P 39 2kf Ky

For each exmnentg p< 2, =% ( 33—% there exist constants Cp,q < 1 suchthat

kRO( 2)f k|_p Cp;qj j3:p 3=q 2kf k|_p

Proof. The casep = %;q = 4 is Lemma 4 above. Since Ro( 2) is realized as a corvolution with
a kernel satisfying jK (x)j j4 xj 1, the casesq = 33—gp;1 < p< % are precisely the Hardy{

Littlew ood{Sobolev inequality. Note that the scaling exponert for is zero for these pairs (p;q).



All intermediate cases(p;q) then follow by interpolation. At the endpoint p = 1;q = 3, we seethat
Ro (%) mapsL(R3) to weakL 3(R3) uniformly in , by consideringthe norm
Z

kikis rey=  sup jAj 5 jf (x)jdx
weak A R3:jAj<1 A

which is equivalert to the usualweak- 3 \norm" and satis es atriangle inequality, seelLieb, Loss[LieLos],
Section 4.3 The casesq = 3p, 1 < p < 3 follow by Marcinkiewicz interpolation, and g = 3;"2;)
2 < p< 2 by duality. O

The following results deal with functions whoseFourier transform vanisheson S2. The rst lemma
yields a Helder bound for the L2 norms of the restrictions to spherescloseto S2.

Lemma 6. Letl p< 3 andset = % 3. Then for all j j <  one has
(7) KL+ ) )kizgszy - §J KEKip(ray

for all f 2 LP(R3) with f'= 0 on S2.

Proof. Let (1, ys2 bethe normalized measureon (1 + )S?. Then one has

K((L+ ))kogzy = M Yawyseifi=H [\, )s2 dse]ifi
R
= K fi
j=0
where Kj (x) = M+ )52 ds2 j and f jg o are a standard dyadic partition of unity. Since
K Y+ ys2  ds2ky ., it follows that
if 2 <
KKk oy
ThuskKjk; . min( ;2 1):= ;. Moreover,
kKjkl = 7 (1+ )S? 352 Cj 1 7
= ci( ) @+)s2(d) ci( ) s2(d)
Z h i
= ci( @+ )) ¢( ) s(d)
min(2% ;2):= :
If 1< p< 3, let % = 1+ 1, sothat > 3. ThenkK; fkp. | & kfk,forallj 0. Summing
over j yields the desiredbound. In the casep = 1, the estimate k Y3, ys2 dg2ky . mentioned

above su ces to shaw that kf\(1+ ) )k o(sz) . 2.
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The point of the following proposition is that onecantake > 0in (9). In the following section,
this will allow usto apply Theorem 2.

Prop ositon 7. Letl p< 3. Thenforany < 3 520 one has

9) sup (1+jxj) zRo(l i*)f L Kk
SuE

for any f 2 LP(R3) sothat f'= 0 on S2.

Proof. We rst considerthe casewhere

(10) supp(f) f 2 R®: %< ij< 29

Let beasmooth, radial, bump function around zerosothat * is compactly supported. Let R 1.
Then

Z Z Z N~
. () (9
n 2 —_ 6 N N ~ ~
K (ﬁ)Ro(l'H ks = R v R (R( ))Wd . (R( ))1'71'2 1+ 7 d
Z -
() ()
_ 3 R —
where we have set
Z Z
R( NMR( Hd = R A R)IN R
R3 ZRS
= R . o R(C 9)N)d
= R 3 (R( M-

Note that is a compactly supported smooth bump-function. Introducing polar coordinates in (11)
yields uniformly in " 6 O (recall (10))

z 2,2 o N
_ s () e o
(11) R ey w (R( |~!~))j R T d~r? dr-d
Z Z . n12 ——
]J+R . - .
R® L) L G
RO jj R [szjk —j<R 11l ] - 1
|
Z a1 Z 1
. . JJ+R 5
Rz IO o 0
Rl Y jjRr [S2j+ <R 1] L
|
dr r+R dr 2
R? : : . )i if (k)2 d-
o Ir Yy rrojr 1 s2J (r)) [S2jk 1 j<R 1]J ()



and therefore also

Z, Z.rt z L Z 2 L
dr R de 2 ?
11) . R? : : : : if\(r! )% d! i (,)j2 d- !
4D Ir 1y rra e SZJ (rt)) S?2 [S2jk 1j<R 1]J (R0
Z, Z 1
dr r+R

o - : 2
T TR o 1T L B CR B

12 2_ pa 2.
R 2 kf k2 = R#°kf kZ;

where the last two lines use (7). The lemma now follows by summing over dyadic R, at least pro-
vided (10) holds. Finally, if

supp(f) f 2R3 :j | %orjj 2g;
then one notes that
SUpkRo(1 ")fkz. k(L 4) fkp. Kfky
"60

by the Soholev imbedding theorem provided 1 p 2 and we are done. O

In Section 4 we discussfurther boundson the free resohent which are motivated by the previous
proposition.

3 The perturb ed resolvent

The goal of this sectionis to prove theorem 1. As in [Agm], the proof of Theorem 1 is basedon the
resolvent identity. This requiresinverting the operator | + Ro( 2 i0)V on L4(R®). First, we chedk
that this is a compact perturbation of the identity.

Lemma 8. LetV 2 LP(R%), 3 p 2 Thenfor any nonzeo 2 H, themapA( ):= Ro( )V is
a compact operator on L4(R3).

Proof. Firstly, note that in view of Lemma 5 and becauseof V 2 LP, A( ) is boundedL* ! L%

Secondly obsene that we may assumethat V 2 L1 with compact support. Indeed, replaceV with

Vo =V [vj<n] [ixj<n]- ThenkV  Vpky! Oasn! 1 impliesthat KA( ) Apkay 4! Oasn! 1.

If we canshow that A, := Ro( )V, are compactasoperatorsL4! L* for ead n, it therefore follows

that A( ) is also compact. So assumethat V is bounded, and supported in the ball fj xj < Rg. Fix
and write A = A( ). We rst claim that A :L*! W?24, This follows from

(12) (4 +1A=(4 HA+ ( 2+ DA=V+ 1+ A
is boundedfrom L* to L*. Mearwhile, for jxj > 2R there is the uniform pointwise bound
JIAF (X)j . kVEkejxj 1. RTKVk; kf kajxj

Given" > 0, we may chooseRo R%Vk{ " 4 sothat k [jjsr oAf ks < " for all kf ks 1.



Let ffjg'y  L*R®) satisfy f; * 0in L% Sincesup KAfjkyzare) < 1, Rellich’s compactness
theorem producesa subsequencd;j, sothat Af;, ! 0in L4(jxj < Rp). Thus

lim supkAfj ks (1+ C )™
k1

Sending” ! 0 and passingto the diagonal subsequencenishes the proof. O
The following lemma establishesinvertibilit y everywhere except on the imaginary axis.

Lemma 9. LetV 2 LP(R®)\ L%(R3), % < p < 2 and assumethat V is real-valued. Then for any
nonzeo 2 H, theinverse (I + Ro( V) 1:L%R3 ! L*R?3) exists.

Proof. By the previouslemmait su ces to shaw that
f 2L4R3); f+Ro( 2Vf=0=) f=o0

Let f be ason the left-hand sideand setg= Vf. Theng?2 L', wherer = 447% < %. By Lemma 5,
f = Ro( 2)g therefore belongsto L9\ L4, where% 1= 33—5" > 0. 0

This bootstrapping procedure can be repeated until it 3is sh0N3n that f 2 L™\ L% In fact, one
can cortinue to the point wheref 2 L1, sinceRg( 2):L2 "\ L2*" 7! L! is a bounded operator.
What is important hereis that f and g exist in spacesdual to eadt other.

SinceV is real-valued, the duality pairing
;g = H;Vii= hRo( 9)g g
shows that lRo( 2 i0)g;gi is real-valued. If 2 62R, then the condition

‘ =( )
_ 2\ N N — - H -2 —
=hRo( 9)g;gi = o 17 <(2) 2+ = 2)219( )jd =0

requiresthat ¢ = 0 almost everywhere.
On the boundary 2 R, by the Stein-Tomastheorem
z

=hRo(( +i0)*)g;gi = lim =hRo((" + i")?)gigi = ¢ SzJ'Cl(! )i? (d!)

with someconstart ¢ 6 0. Hence,§ = O onj jS? in the L2 sense.Sinceg 2 L' (R®), one concludes
from Proposition 7 above that (1 + jxj) ?Ro( 2 i0)g 2 L2(R%) for some > 0. Hence also
(1+ jxj) 2f 2 L2(R®) for some > 0. Since(4 +V  2)f = 0in the distributional sense,and
one checs easily from (12) (remembering that f 2 L1 \ L4) that alsof 2 W2ZP(R3)  W.%(R3),
Theorem 2 implies that f = 0, asclaimed. O

The following two lemmasshow that the inversesin the previous lemma have uniformly bounded
norms.

Lemma 10. LetV 2 LP(R®);3 p 2 Themap 7! Ro( 2)V is continuous from the domain
HnfOg C to the space of boundel operators on L4(R?).



Proof. First supposeV is boundedand has compact support in the ball fj xj < Rg. The corvolution
kernel ass@iated to Ro( 2) Ro( 2) hasthe bounds

. . j it ixj<j j
JK(X)] - 4 e e .
xp 5ot gxj )
Then for any pair ; 2 H,j i sr, wehave
(
. . j jkVEky, if jxj < | jt
Ro( ?) Ro( d))VF (x)j.
J(Ro( ©)  Ro( )VIF(X)] ixi WVEke if x| 1

Thusk(Ro( ) Ro( )?)Vfks. j JF*RY4KkV Ky Kf Kg.
Approximate V by compactly supported ¥ 2 L1 sothat kV Vkp < ". By the above calculation,
Lemma 5, and the simple identity

(Ro( ®) Ro( )V =Ro( AV ¥)+ (Ro( ® Ro( )V Ro( )V V)
we seethat limsup, Kk(Ro( ?) Ro( )?)Vka 4. j jC 293P O
Lemma 11. LetV be asin the previouslemma and supmse o> 0. Then

(13) sup (1 + Ro( ?)V) ? <1:
<O o 4l 4

Proof. In view of Lemma 5, there is some nite 1 2 R sothat kRo( ?)Vka 4 < % providedj j> 1.

It therefore suces to prove (13) on the compactsetf 2 C: o | j 1i<()j 09. The
previous two lemmas, however, show that (I + Ro( 2)V) 1is a cortinuous function of on this set,
henceit is uniformly boundedfrom above. O

It is now a simple matter to prove Theorem 1.
Proof of Theorem 1. By the resohent identity, for any " 6 0,
Rv( 2+1i")= Ro( 2+ 1") Ro( 2+ I")VRy( 2+ i"):
By Lemma 11 one therefore has

Ry( 2+i")= (I + Ro( 2+ i")V) 'Ro( ?+i")

and the right-hand side is uniformly bounded for o OaswellasO< " 1in the L* operator
norm. In fact, the last factor contributes a decaing factor of 2 asL* operator norm in view of
Lemma 4. ]

Proof of Proposition 3. There is only one point in the argument where the condition V 2 L %(R3) is
used, namely the step in Lemma 9 where we wish to make use of Theorem 2. It otherwise su ces to
assumethat V 2 LP(R®), 3< p< 2.

For the secondclaim, one obsenesthe following consequencef Lemmab5: If V 2 LP, 3<p 2,
andr > 4,then Ro( 2 10)V :L*\ L" 7! L4\ LS, where I = max(} + r_1> £,0). The sameis true
forany V2 L%p q 2. This allows the 909tstrapping procedureon f to continue normally, and
furthermore g = Vf is still an elemert of L3 , asdesired. Therefore, the only matter of concernis

whether the conclusionof Theorem 2 will hold for such a potential V. O



4 Further estimates on the free resolvent

Returning to Proposition 7, we note that a sharper estimate can be made at the endpoint p = 1.

Prop osition 12. Letf be a function in L1(R3) suchthat f'= 0 on the unit sphee S2. Then

(14) sup Ro(1 i")f ’ plzkf k1
"> 0 8
Proof. De ne the trace function
24 sin(ix i)
15 G()= 2 2= 4 f(x) " 2§ (y)dxd
(15) () Isz o (X) X yi (y) dxdy
By inspection,
2727
fOO)f (y)
16 G =2 —_— € d dxd
(16) () ey nO) y

where j, y; denotesthe characteristic function of the interval fj j jx yjg. The integrand on the
right-hand sideis in L1(R’), so Fubini's Theorem implies that G is the inverseFourier transform of
an L* function.

Using the Plancherel identity (in 3 dimensions),and noting that G is an even function,

5 1 z 1 2
17 kRo(1 i")fki= = G()e5—i—
) o e ey, U@
For any " > 0, the multiplier M-( ) = ﬁ is integrable, henceit has Fourier transform
M. 2 L1 (d ). By Parsewl's formula, this time in one dimension,
z
1
- 2 _ .
(18) kRo(1 i")f k3= PR RG( W-( )d

An explicit formula for M- ( ) can be obtained via residueintegrals:

p AP ©
(19) M--()-Z,, I01+|"e'“ B +p1 e il
This, along with (16), can be immediately substituted badk into equation (18).
27 Z
ix i P P
kRo(1 i")fk3 = i m Pivre "o P eifim g dx dy
8" 6 0 X Y
zf .
— f ()f (y) IjX yJ i e ijx yj T 1" dx dy
8 '" Re JX Y]

Boundednessof M- enablesus to cortinue applying Fubini's theorem to the multiple integral. We
have also simpli ed the expressionby noting that M- is an even function. Recall de nition (15) and



subtract —2—G(1) from both sidesof the equation.
1

HU 2
KRo(1 i")f kzzz TRade)
(20) -1 PO gix vt gix vi g ix vP 1T giix v gyqy
81" __rs X Y
1 %% 1t )
g7 o X Vi K(x yj)dxdy
where K (jx vyj)j "jx yj. This leadsto the conclusion
1 1
g 2 2
kRo(L  I)fk3 =5 G(1) gk K3
If f satis es the hypothesisfjs: = 0, then G(1) = 0. O
Corollary 13. Letf be a function in L1(R3) suchthat f"= 0 on the unit sphee S2. Then
(21) KRo(1 i0)f ko p;:kf ke
Proof. This follows immediately from (17) and monotone convergence. O

The condition f = 0 is crucial in Proposition 7. Indeed, recall that for f 2 LP(R3) real-valued
with 1 p 3 onehas
=Ro(1+ i0)f = c(dg2 f)

for someconstart c. This follows by writing Rg(1 + i") as a sum of its real and imaginary parts, as
well as from the fact that the operation of restriction f 7! f\(r ) is cortinuousin r > 0 as a map
LP(R3) ! L?(S?). Howewer, it is clearthat for any > 0

(22) K(L+jxj) 2[dgz flka= 1

even for smooth bump-functions f sincethe function inside the norm decas like (1 + jxj) % which
just fails to be L?(R®). The following simple lemma shaws, on the other hand, that < 0 doeslead
to a nite norm in (22).

Lemma 14. For any R 1 one has

lixj<r 1[ds2 f]2. R kf k

for all f 2 L3(R3).

Proof. Let be a smooth cut-o function with " compactly supported. Then by Plancherel, and

Cauchy-Scwartz,
Z Z

2

ﬁz[dsz fl 2= R® . %"(R( NF() s2(d) d
z

R® i"RC - Pid° SZJ"‘(R( Diif'( )i* s2(d )d

R3 S2
RkkZs(g2) . R Kf ké;

as claimed. O
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The previous lemma suggeststhat one should also have the bound

p_
(23) sup  ixj<rjRo(1 ") . Rkfka:
"0 2 3

While this bounds remains opent, it is easyto show that
(24) SUP  eriRo(L M) . R Kkfka:
"0 2 3

Indeed, denoting the operator on the left-hand sideby T for a xed " > 0, obsene that by Lemma 4
TT=Ro(l ") [xj<rjRo(1+ ")

satis es KT Tk%! 4+ K ixj<r1Kz2 - R%, which is the sameas (24). One would of courseexpect that

the Knapp exampI%d_eterISn_inesthe power of R in (23). Note that in the caseof a Knapp example
of dimensions where = R 1, one does not encourter the L2 norm of k lixj<R 1K2

in the previous T T argumert, but rather the L? norm of a R R R-tube, which givesthe
conjectured R. Conversely in what follows we showv how to approad (23) by a decomposition into
Knapp examples. This leadsto an improvemert over the simple bound (24) by %. Such argumerts
originate in the analysis of Bochner Riesz multipliers as well as the restriction theory of the Fourier
transform. We will use a squarefunction bound from Bourgain [Boul]. For the corvenienceof the
reader, we reproduce the details.

The following lemmais a discrete version of the Stein-Tomastheorem, seeLemma 6.2 in [Boul].
It can also be proved by expandingthe L#-norm on the left-hand side explicitly and then using the
usual geometric argumerts basedon courting overlap. Howewver, the following approac does not
depend on any special arithmetic properties of the Stein-Tomas exponert and therefore generalizes
to other dimensionsas well.

Lemma 15. LetR landletf ¢ S? be a collection of R %-separated points and fa g a
seguene of arbitrary numkbers. Then

X X
(25) e® a . R
L4(Q)

N

2

N

jaj

for any culke Q of side-lengthR%.

Proof. Fix R 1, somecube Q and a smooth cut-o function ¢ adaptedto Q. We assumethat
supp(cq) is cortained inside a CR 2-cube with somebi_g constart C. Then

X hx i
e* a ) ac -
L4(Q) ol ),
Z 1+R 2 Z )
ght X a co(r! d! dr
1R 2 s? ol ) (@) L¢
X 1 X 1
R ?R? R ljaj? 2= R2 ja j> *;
as claimed. O

!Note added in proof: This conjecture is solved in a forthcoming paper by lonescu and the secondauthor [lonSch],
which also contains other improvemerts on the results obtained here.

11



In what follows, we assaiate with every R 1 a decomposition fS(R)g of the shellSg = f 2
R®:jjj 1j< R lginto Knapp capsS™® of sizeabout R 2 R 2 R 1. We furthermore assume
bounded overlap, i.e., that X

su <1:

R F1) sy
P

Lemma 16. Letg2 L*(R®)\ L?(R®) besothat§ Sg. Write g= g wher eachg is supmrted

; (R)

in S*/. Then

R
(26) kgks . Rs g 4:
Dually, one hasfor any f 2 L%(R3) that
X 1
27) f 22 Rs kf k

4
3

R - - (R
where f =f sg and eachf is Fourier supprted in S*7.

Proof. Firstly, x R 1, a cube Q of size pﬁ, the cap decomposition fS(R)g , as well as some
2 s® fBr ead). . Secondly x somesmooth cut-o o sothat _o( RY) is adaptedto the cube
Qo:=[ ¢ R;cp R]®wherecy> 0issmall. We require that o R( ) = 1foral 2 s®

and eadcr . Set 7
p_ : 1
()= ol R) e¥ dy
Qo

and ()= ( ) for every . Note that this is again a smooth cut-o function adapted to a ball

of sizeR 7 (together with the natural derivative boundswith constarts uniform in R). In particular,
sup kc ki = k”*ky < 1 uniformly in R. Then

x Z
4 — ix
9 g = ¢ g()d
Z7Z y z 4
(28) eV ety g () ()d dydx
Q Qo
Z Z X Z 4
(29) : eV e* g() ()d dydx
2Q Qo |
(30) . R? e g() ()d dx
2Q
X 14
1
31 . R2 jh j ° ;
(31) 2 L I
whereh =g k andk = . Here (28) follows from Jensen'sinequality aswell asthe de nition

of ,(29) follows by changing variables (and 2Q is the cube with the samecerter but twice the size),
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whereas(30) is a consequencef Lemma 15. Summing (31) over a partition fQg of R3 consisting of
congruent cubesone obtains that

X 3 X, 3 X
jg j© supjk ] 4-R

jh j2 . R

(eIl
o=

g, R
X

N[

jg j?

eI

R
4

sincek ki . 1. This proves(26) and (27) follows by duality. Indeed,

Z x
(32) kf gkL%(\z) sup f o . sup jhf; gij
kfg gk 42y 1 kgkq CR%;supp(g)S R
(33) . sup jhf:gij . Rekf ks

kgks CRE

In line (32), the supremum is taken over all g asin (26), whereasin (33), we drop the condition
supp(§) Sr. O

The powersof R in (25), aswell asin (26) and (27) are optimal. In the caseof (25), this can be
seenby taking all a = 1 and similarly for the squarefunction.
Recall that Agmon's limiting absorption principle states that

@+ xp)z*e

(34) sup (L+jxj) ? Ro(l i")f ,.
SuF

This in particular implies that
(35) sup pi<RIRo(@ ) prjsrif - R Kkf ko
>
The following lemma is an improved version of (35), seethe decg in jvj. The proof is self-cortained.
In particular, it doesnot rely on (34).

Lemma 17. For any v 2 R3 one has

(36) Sup ixi<R IR0 1") fix vj<r)f 5 R(1+ jvj=R) * Kkfky:

for all R 1. The constants are uniform in R and v.

Proof. This is basically a simple consequencef Hormander's variable coe cien t Plancherel theorem,
see[Her], and especially Wol 's notes [Wol], page55. We start with the casejvj R. Considerthe
operator 7

Rjx yj

Teuf (0= (05 (v V=R dy

where is a smooth bump function at zero. This operator is of the form
z

Trof () = R OVq,(x; y)f (y) dy
R3

13



where is smooth on the support of a,(X; y), and rank[@y ( x;¥)] = 2. Moreover, ay(X; y) is smooth,

the sizeof its support is uniformly boundedin v, andk@ayk: . (1+ jvj=R) 1. Hence,Hormander's
variable coe cien t Plancherel theorem implies that

kKTryvka 2. R 1+ jvj=R) %

One now cheds that (36) follows from this by meansof a change of variables.
If jvj . R, onecan argue similarly, but needsto introduce a Whitney decomposition away from the
singularity x = y. Firstly, note that with  asabove,

Z N, VA
gRix yj dx
X) — _ f(y)dy . —~ kfky,. R Tkfky:
. ( )JX Y Ox vi R 3] (Nf (y) dy b B 2 2

Next, let 2 C} (R) beasmooth function sothat (t) = lif 1< t< 2and (t)=0ift>2ort< %
Then we claim that
z

(37) . (x) X v

IRjx yj

@'x y) Widy . 2R kik

. P .
forall R 2 < 2 1. To this end introduce a further decomposition 1= .! 2 1(x x-) where
the sum runs over a lattice of points fx-g in R3 that are 2 -spaced,and ! is somesmooth cut-o
which is adapted to the unit cube. Exploiting orthogonality, (37) follows from the following estimate

z | SRV |
F2)(x x) - — 2 1jx oy 20y xk) f(y)dy . 2R Ykfko:
R3 Xyl 2
This, howewer, is again reducedthe Hormander's bound by meansof an obvious rescaling. O

We are now ready to formulate our estimate which lies betweenthe conjecture (23) and the simple
bound (24).

Prop osition 18. Letf 2 L3(R3). Then there is the bound

(38) SUp jxj<rjRo(l ") ,. RS kf Ka
v O

forall R 1

Proof. If supp(f'\) 2R3 1> % , then one has

sup  [xj<rjRo(1  I")f L. k(4 +1) fky. Kf ky:
g ¥
3.5 o 1 , P
Hencewe can assumethat supp(f) 2R :jjj 1 5 andwewrite f = | fy, where
supp(fk) 2R3 :jjj 1 2R ?

fork 1and
supp(f'o) 2R3 :jjj 1 R*Y:
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P P
Now Ro(1 + i")fg = Ro(lﬁ i") f with f asin Lemma 16. Consider any ofpth_e piﬁc_esf .
Then onecanwrite f = ;f; whereeah f; liveson atube of dimensionsR R R and
the tubescorresponding to di erent j's are disjoint. Moreover, the bound

Kfj ki . kfj koR ©
holdsfor every 1 p 1 . Therefore,

X X
kf k3 . kf . k3. kf, k§ R?
j j
0 1
X sl
kf j KR 1. @ ki;kiA R
j 3 i 3
(39) . kf KBR L
3

We will apply this boundnotto f , but to (( v)=R)f for a smooth cut-o and arbitrary v.

This is justi ed sincethe Fourier support of (( v)=R)f sitill liesin the cap S®®. In combination
with (36), (39) yields

X
sup [jxj<R]R0(1 i")f : sup [jxj<R]R0(1 i") [ix vj<R]f
"> 0 2 "> 0
X v2RZ3
R L+ jvi=R) 'k (( V)=R)f ka
73
V%ﬁ viepy 1p 2 —
R 1+ jpvi=R) "R 2k (( Vv)=R)f k%
v2RZ3
1 X % X 4 % 1
(40) . R2 @a+ijjjp 4 k (( Rj)=R)f k3 Rz kf k%
j2z3 j223 s

It remainsto sum up (40) exploiting orthogonality as provided by Lemma 16:

2 X 2
sup  ixj<r]Ro(1 i")fo sup — Ro(1 i")f
"0 2 "0

R

X 5
R ki ki . Rikfki:
3 3

P
The nal bound uses(27). It is easierto deal with fi wherek 1. Fix such ak and let fy = f
be the corresponding decomposition into Knapp caps. Then, by (39),

f ko ki ks(2*R 3
and instead of (40) one now has

sup pi<RIRo@ . KR 1) kf k. (2 KR)zkf ks :
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Invoking (27) nally allows oneto concludethat
SUp  per Ro(L M)k . (2 ¥R)akfka:
"> 0 2 3

Summing over k nishes the proof. O

Ac knowledgemen t: The secondauthor was supported by the NSF grant DMS-0300081and a
Sloanfellowship. The authors wish to thank the refereefor numeroussuggestions.

References

[Agm] Agmon, S. Spectral properties of Schredinger operators and sattering theory. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 2 (1975), no. 2, 151{218.

[BenKla] Ben-Artzi, M., Klainerman, S., Decay and regularity for the Schredinger equation. J. Anal.
Math. 58 (1992), 25{37.

[Boul] Bourgain, J. Besimvitch type maximal operators and applications to Fourier analysis. Geom.
Funct. Anal. 1 (1991), no. 2, 147{187.

[ConSaul] Constartin, P., Saut, J.-C. Local smathing properties of dispersive equations. J. Amer.
Math. Soc. 1 (1988), no. 2, 413{439.

[ConSau?2] Constartin, P., Saut, J.-C. Local smathing properties of Schredinger equations. Indiana
Univ. Math. J. 38 (1989), no. 3, 791{810

[CyFrKiSi] Cycon, H. L., Froese,R. G., Kirsch, W., Simon, B. Schredinger operators with application
to quantum mechanics and glokal geometry. Texts and Monographsin Physics. Springer Study
Edition. Springer-Verlag, Berlin, 1987.

[Doi] Doi, S.-I. Smaothing e ects of Schredinger evolution groups on Riemannian manifolds. Duke
Math. J. 82 (1996), no. 3, 679{706

[Her] Hormander, L. Oscillatory integrals and multipliers on FLP. Ark. Mat. 11, 1{11 (1973).

[lonJer] lonescu,A., Jerison, D. On the absene of positive eigenvaluesof Schredinger operators with
rough potentials. To appear in GAFA, preprint 2002.

[lonSdh] lonescu, A., Sdlag, W. Agmon-Kato-Kuroda theorems for a generl class of potentials.
preprint, 2004.

[Kat] Kato, T. Wave operators and similarity for some non-selfadjoint operators. Math. Ann. 162
(1965/1966), 258{279.

[KatY aj] Kato, T., Yajima, K. Some examplesof smath operators and the ass@iated smaothing
e ect. Rev. Math. Phys. 1 (1989), no. 4, 481{496.

[KeeTao] Keel, M., Tao, T. Endpoint Strichartz estimates.Amer. J. Math. 120(1998), no. 5, 955{980.

16



[KenRuiSog] Kenig,C. E., Ruiz, A., Sogge,C. D. Uniform Solwlev inequalities and unique continua-
tion for second-order constant coe cient di er ential operators. Duke Math. J. 55(1987), 329{347.

[KoTa] Koch, H., Tataru, D., Sharp counterexamplesin unique continuation for second order elliptic
equations. J. Reine Angew. Math. 542 (2002), 133{146.

[KoTa2] Koch, H., Tataru, D., personalcommunication and forthcoming.

[LieLos] Lieb, E.,Loss, M. Analysis. Secondedition. Graduate Studiesin Mathematics, 14. American
Mathematical Society, Providence, RI, 2001.

[ReeSim] Reed, M., Simon, B. Methads of modern mathematical physics. IV. Analysis of operators.
Academic Press[Harcourt Brace Jovanovich, Publishers], New York-London, 1978.

[RodSdch] Rodnianski, 1., Scilag, W. Time decay for solutions of Schredinger equations with rough
and time-dependent potentials. to appear in Invent. Math.

[RuiVeq] Ruiz, A., Vega,L., On local regularity of Schredinger equations. Intl. Math. Res.Not. (1993),
13{27.

[Sim] Simon, B. Best constants in some operator smathnessestimates. J. Funct. Anal. 107 (1992),
no. 1, 66{71.

[Sjo] Sjolin, P. Regularity of solutions to Schredinger equations. Duke Math. J. 55 (1987), 699{715

[Ste] Stein, E. Beijing lecturesin harmonic analysis. Proceedingsof a summersymposiumon analysis
in China held at Beijing University, Beijing, Septenber 1984. Edited by E. M. Stein. Annals of
Mathematics Studies, 112. Princeton University Press,Princeton, NJ, 1986.

[Veg] Vega, L. Schredinger equations: Pointwise convemgene to the initial data. Proc. Amer. Math.
Soc. 102 (1988), 874{878

[Wol] Wol, Thomas H. Lectures on harmonic analysis. With a foreword by Charles Fe erman and
prefaceby Izabella Laba. Edited by Laba and Carol Shubin. University Lecture Series,29. Amer-
ican Mathematical Scciety, Providence, RI, 2003.

Division of Astr onomy, Mathematics, and Physics, 253-37 Cal tech, Pasadena, CA
91125, U.S.A.
email: mik eg@caltech.edu, schlag@caltec h.edu

17



