LECTURE 10. ROTATION OF THE CIRCLE

DYNAMICAL SYSTEMS (110.421)
PROF. QIAO ZHANG

1. THE CIRCLE

The circle S* is defined to be R/Z. This definition actually means the following
two conditions.

(1) The points on the circle are denoted as real numbers, subject to the iden-
tification that two real numbers x1 and x5 represent the same point if and
only if x1 — x5 € Z. E| For every z € R, we may write

(1.1) T=z+Z={x+n]|necZ}

then z; and x5 represent the same point if and only if T = T3. Hence we
use T to denote the point on S* represented by z and simply write T € S*.
(2) The points on the circle can be added and subtracted via the rule

(12) Tl+$72:$1+$2, T1 —Tog =1 — Ta.
Note that the addition/subtraction on the left-hand side is the operation
for the points on the circle, while the addition/subtraction on the right-
hand side is the operation for real numbers. In particular, for every n € Z

we may define the multiplication nZ = nz. However, note that in general
the product of two arbitrary points Z1, T3 is not defined (why?).

Remark 1.1. We can establish a bijective map between R/Z and the unit circle
(denoted by C{) via

(1.3) R/Z — CY, T 2T

This gives a geometric interpretation about our discussions for R/Z, and justifies
our definition of the circle by this quotient group. Further, note that this is not
only a bijection but also a diffeomorphism, namely this map and its inverse map
are both differentiable, so that the calculus theories on R/Z and Ci* are essentially
the same and we can safely jump from one theory to another, choosing whichever
we feel most comfortable.

Let T7,%2 € S', then
(1.4) d(Z1,T3) = min |x; — 22 + 0
neZ
is called their distance. Geometrically, this is just the arc length of the minor arc

connecting these two points (and do not forget to divide this arc length by 27!). In
particular, let A € S be an arc represented by an interval [z1, 2] C [0, 1), then

(15) K(A) = T2 — I
1Sometimes the condition x1 — x2 € Z is also represented by z1 = z2 (mod 1) or, more

accurately, z1 = z2 (mod 1).
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is called the arc length of A; note that this is, when S' is realized as the unit circle
in R2, the usual arc length divided by 2.

Using notations such as T to represent points on the circle is clear, but not very
convenient. Overcome by our own laziness, henceforth we also use x to denote T.
Hence symbols such as z and their corresponding notations such as equality may
be in the sense of ordinary real numbers, or in the sense of the points on the circle
(i.e. up to an unspecified integer). There should be no ambiguity (at least we hope
sol) about these two usages depending on the context.

2. ROTATIONS OF THE CIRCLE

Let a € R, then the map
(2.1) R, :R/Z — R/Z, T T+
is called a rotation of the circle. Geometrically, this corresponds to rotating the

circle around its center by an angle 2ma.

Proposition 2.1. Rotations are isometries and homogeneous, namely
(2.2) d(z,y) = d(Ra(z), Ra(y)),  d(z, R3(x)) = d(y, R3(y))-
3. DYNAMICAL BEHAVIORS OF ROTATIONS

Theorem 3.1. Assume that o € Q, then every orbit of the rotation R, is periodic.
More precisely, write « = 7% in ils reduced form, with n > 1, then every orbit of
the rotation Ry has (prime) period n.

Theorem 3.2. Assume that « € Q. Then every orbit of the rotation R is aperi-
odic, and is in fact dense in R/Z.

To study the finer dynamical behaviors of rotations, we consider not only whether
each orbit converges to a given point, or more precisely whether each orbit touches
a given interval of R/Z (i.e. an arc of S), but also how likely it does so. For this,
we consider the percentage of the orbits points falling into the given interval/arc.

Let A C S! be an arc and n > 1, then we write
(3.1) Fa(z,n) =#{k € Z|0 <k <n,RE(z) € A}.

Proposition 3.3. Let a ¢ Q. Let A, A’ C S be arcs with ((A) < £(A). Then

there exists an N > 1 such that, for every x € S and n > N, we have

(3.2) Fn/(z,n+ N) > Fa(z,n).

Proof. Write A = [x1,22] € [0,1) and A’ = [y1,y2] € [0,1), then yo —y1 > x2 — 27.

Let € = W Since every orbit of R, is dense in R/Z, there exists some

N > 1 such that RY (z1) € (y1,y1 + €), then

(Y2 —y1) — (w2 — 71)
2

RY (22) = mp—m14+RY (21) < zo—a1+y1+e = xo—a14y1+
Hence RY(A) C A’ and
Fa(z,n) =t{k € Z |0 <k <n,RE(z) € A}
=t{k€Z|0<k<n,R'N(z) e RY(A)}
<t{keZ|0<k<n,REN(z)ec A}
<tH{keZ|0<k<n+N,RE(x) e A"} = Far(z,n+ N). O

< Yo,
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Let A C S! be an arc, then the limit

(3.3) H(A) = lim L2
n—oo n

if exists, is called its relative frequency for the orbit {RZ(x)}. Since this orbit relative frequency
depends on x, we naturally expect that f(A) also depends on x, though maybe
in some complicated and/or indirect way. However, our intuition is not always
trustworthy.

To begin with, although we do not know yet whether the whole sequence {
has a limit or not, at least we know for sure some subsequences do, and we can
always choose the superior and inferior of these limits

Fa(z,n) }

(3.0 f(a) = T P2 ) = TR
Proposition 3.4. We have
(3.5) fA)=§7(4),  §(A)=1-§A°),

where A° is the complementary arc of A on S'.

Proof. The inequality comes immediately from the definition. As for the equality,
we note that an orbit point R (z) falls either in A or in A€, so
Fa(x,n) Fae(z,n)

Az, n) + Fac(x,n) = n, ie - P

so the fraction on the left-hand side is large if and only if the fraction on the right-
hand side is small. Hence when the fraction on the left-hand side converges to its
largest possible limit, the fraction on the right-hand side converges to its smallest
possible limit, and this is (loosely speaking) exactly what we want. O

Theorem 3.5. Let o € Q, and let A C S be an arc. Then its relative frequency
f(A) is always well-defined and we have

(3.6) f(A) = ().

Remark 3.6. Roughly speaking, the theorem says that every arc gets its fair share
of the orbit points according to its length. In the fancy mathematical language, we
say that the orbit is equidistributed (or uniformly distributed) on the circle. Also,
note that f(A) is independent of both the location of the arcs and the starting point
of the orbit, thus justifying our omission of « from the notation f(A) in .

Proof. As always, we achieve our goal through several steps.

(1) If £(A) < £, then f(A) < 1.

In fact, let Aq,...,Ar_1 be the k — 1 disjoint arcs of S with length ﬁ each.
For each 1 < i < k—1, we have £(A) < + < 15 = {(A;), so by Proposition [3.3| we
have Fa(z,n+ N) < Fa,(z,n), so

1

k-1
1
Fa(z,n+ N) < 1 ;FAi (z,n) = mFAlu”'UAk—l(z7n) = Fsi(xz,n) =n,

Fa(z,n+N) 1 n 1 r 1
whence N < TN S e As we let n — oo, we have f(A) < .

(2) Let A C S* be an arc, then f(A) < ((A).
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In fact, given any € > 0, we can choose a rational number 4 < £(A) + . Cut
A into [ disjoint subarcs with each subarc of length at most % For each subarc, by
Step 1 the function f takes value < ﬁ Putting them altogether, we have

- l
Letting € — 0 immediately gives f(A) < £(A).
(3) Let A C S* be an arc, then §f(A) > £(A).
In fact, by applying A¢ (instead of A itself) to Step 2 we have f(A°) < £(A€), so
HA) = 1-F(A%) 21— ((A°) = ((A).

(4) Combining Steps 2 and 3, we have f(A) < ¢(A) < j(A). Since in general
f(A) > §(A), we must have f(A) = f(A) = ¢(A), and this is exactly what the
theorem wants. (]

4. HOMEWORK

In this class, we have learned to
e represent the circle via the quotient group R/Z;
e apply the basic properties of the rotations;
e apply the periodic behavior of the orbits for the rational rotations;
e apply the equidistribution behavior of the orbits for the irrational rotations.

Today’s homework is 4.1.5 and the following exercise.

Exercise 4.1. Is an orbit for a rational rotation equidistributed on the circle? If
so, mimic the proof to Theorem to justify your claim; if not, explain where
the proof to Theorem breaks down and, for any given arc A, compute f(A) (of
course, if this limit does exist).
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