
LECTURE 23. ENTROPY

DYNAMICAL SYSTEMS (110.421)
PROF. QIAO ZHANG

1. Entropy

Let (X, d) be a compact metric space, and f : X → X a continuous map. For
every n ≥ 1 we define a new metric

(1.1) df
n : X ×X → R+, (x, y) 7→ max

0≤i≤n−1
d(f i(x), f i(y)).

Let ε > 0, then a set E ⊆ X is called ε-dense with respect to df
n if ε-dense

(1.2) X =
⋃

x∈E

Bdf
n
(x, ε) =

⋃
x∈E

{x′ ∈ X | df
n(x, x′) < ε},

and

(1.3) Sf
n(ε) = min{|E| | E ⊆ X is ε-dense with respect to df

n}

is called the ε-capacity of df
n. This is the minimal number of the given initial ε-capacity

conditions such that, up to time n and precision ε, every initial condition is indis-
tinguishable from one of the given ones.

Let ε > 0, then a set E ⊆ X is called ε-separated with respect to df
n if df

n(x, x′) > ε-separated

ε for every distinct points x, x′ ∈ E, and we write

(1.4) Nf
n (ε) = max{|E| | E ⊆ X is ε-separated with respect to df

n}.

This is the maximal number of the length-n orbits that can be recognized with
precision ε.

Proposition 1.1. We have

(1.5) lim
ε→0

lim
n→∞

log Sf
n(ε)

n
= lim

ε→0
lim

n→∞

log Nf
n (ε)

n
.

Let (X, d) be a compact metric space, and f : X → X a continuous map. Then
the quantity

(1.6) htop(f) = lim
ε→0

lim
n→∞

log Sf
n(ε)

n
= lim

ε→0
lim

n→∞

log Nf
n (ε)

n

is called the topological entropy of X, or the entropy of X for short. topological entropy

entropy
Proposition 1.2. Topological entropy is an invariant of topological conjugacy.

Proof. Let d, d′ be equivalent metrics on X, then for every ε there exists δ = δ(ε) > 0
such that Bd′(x, δ) ⊆ Bd(x, ε) for every x ∈ X, whence

Sf
n(ε, d) ≤ Sf

n(δ, d′), lim
n→∞

log Sf
n(ε, d)
n

≤ lim
n→∞

log Sf
n(δ, d′)
n

.
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Obviously limε→0 δ = 0, so we have

htop,d(f) = lim
ε→0

lim
n→∞

log Sf
n(ε, d)
n

≤ lim
δ→0

lim
n→∞

log Sf
n(δ, d′)
n

= htop,d′(f).

Similarly, we can show that htop,d′(f) ≤ htop,d(f). Hence htop,d(f) = htop,d′(f), i.e.
the topological entropy is determined by the equivalence class of the metric.

Now let f : (X, dX) → (X, dX) and g : (Y, dY ) → (Y, dY ) be topologically
conjugate via a homeomorphism h : X → Y , then the pull-back metric of dX on Y

h∗dX(y1, y2) = dX(h−1(y1), h−1(y2))

is equivalent to dY . Now h : (X, dX) → (Y, h∗dX) is an isometry, so

htop,dX
(f) = htop,h∗dX

(g) = htop,dY
(g). �

2. Examples

Example 2.1. Let X be a compact metric space and f : X → X a contracting map,
then htop(f) = 0.

Example 2.2. Let X be a compact metric space and f : X → X an isometry, then
htop(f) = 0.

Example 2.3. Let

f : S1 × [0, 1] → S1 × [0, 1], ([x], y) 7→ ([x + y], y)

be the additive twist. Then we have htop(f) = 0. In fact, it is easy to see that
a minimal ε-dense subset with respect to df

n consists of n
ε2 points, with 1

ε points
horizontally evenly distributed, and n

ε points vertically evenly distributed. Hence

Sf
n(ε) =

n

ε2
, htop(f) = 0.

Example 2.4. Let f : S1 → S1 be an expanding map of degree m, then

(2.1) htop(f) = htop(Em) = log |m|.

3. Homework

In this class, we have learned to
• understand and apply the basic properties of the topological entropy;
• compute the topological entropies for simple dynamical systems.

There is no homework for today.
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