HOLOMORPHIC FRAMES FOR WEAKLY
CONVERGING HOLOMORPHIC VECTOR BUNDLES
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Perhaps the most useful analytic tool in gauge theory is the Uhlenbeck compactness theorem
for sequences of unitary connections on hermitian vector bundles [U]. Given connections {D;} on
a bundle E over a compact manifold M, the result returns a subsequence converging weakly in
L%, up to unitary gauge transformations, provided the original sequence has uniform L? bounds on
curvature, where 2p > dim M. Convergence away from some singular set can also be obtained in
the critical case 2p = dim M.

In the case where M is a complex manifold and the connections satisfy an integrability condition,
the theorem implies weak L} convergence of the induced holomorphic structures D;’ on F. In appli-
cations, it is useful to have control on local holomorphic frames, since then one may use techniques
from several complex variables. The purpose of this note is to show that under the circumstances
described above one may find local holomorphic trivializations of £ which also converge with the
optimal regularity, provided p > dim M.

The argument we give is based largely on Webster’s proof of the Newlander-Nirenberg theorem
[W]. A notable difference is the somewhat more linear character of the problem for vector bundles.
For this reason, the proof in [W] may be adapted to the weak L] convergence that is natural to Uh-
lenbeck compactness, whereas stronger control of derivatives is generally required for holomorphic
structures on manifolds.

For background on connections on hermitian vector bundles, we refer the reader to [K].

Theorem 1. Let {D;} be a sequence of integrable unitary connections on a complex vector bundle
E over a complex manifold M of complex dimension n. Assume that D;j — Do weakly in LY, (M)

for some integrable connection Do, and some p > 2n. Then for each x € M there is:

(1) a coordinate neighborhood 2 of x,
(2) a sequence {s;} of D}-holomorphic frames on 2,
(3) a DY -holomorphic frame so on €,
(4) and a subsequence {ji} C {j},
such that sj, — Seo weakly in L5(Q) and strongly in CH*(Q) for 0 < a <1 —2n/p.

In the following, B, will denote the open ball of radius » about the origin in C". For k a non-
negative integer, and « a real number 0 < & < 1, || - ||x4a;r Will denote the C** norm on B,. We
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recall the Leray-Koppelman operators P and @ for matrix valued (0,1) and (0,2)-forms on B,
respectively. Given o, 0 < o < 1, have the following important properties [W, eq. (1.7) and Lemma
2.2):

(1) p =P (p) + Q(v)
(2) HP(@)”I—FQ;T(I—U) < TK||90H(1§T
3) 1Q) 11 +asr(1—0) < TE[[Y]asr

where K = c,0~° for ¢, constant and s > 0 an integer. We will prove the following;:

Proposition 2. Fiz a positive integer R and a real number o, 0 < a < 1. Given r > 0 there
are constants 0 > 0, B > 0, and v’ > 0, 0 < v’ < r, such that the following holds: if a is any
R x R-matriz valued (0,1)-form on B, satisfying:

° 5a—l—a/\a:O,
* llallayr <0,

then there exists an R X R-matriz valued function G on B, satisfying:

e 0G +aG = 0,
b HGHIJra;r’ < B,

o infg, |detG| > B~1.

Proof of Theorem 1. Choose a coordinate neighborhood centered at x, identified with B, for some
r > 0, and over which there exists a D/ -holomorphic trivialization of E. With respect to this
trivialization we may regard a; = D} — Dg, as matrix valued (0, 1)-forms satisfying daj+a;Na; = 0.

By the compactness of the embedding L} < C® for 0 < o < 1 — 2n/p and the weak convergence

p

Lioc» We may assume |la;||q;» — 0. Hence, by Proposition 2, for each sufficiently large

a; — 0in L

j we may find matrix valued functions G; satisfying:

(4) 5Gj +a;G; =0,
(5) ||Gj||1+a;r/ <B s
(6) inf | det Gy > B!,

for some B and 7’ > 0 independent of j. In particular, the column vectors of G; are linearly
independent and define Dg»’—holomorphic frames on B,.. By (5) and the elliptic estimate for J
applied to (4), it follows that the G; are bounded in Lgl oc (Bpr) uniformly in j. After passing to
a subsequence, we may assume that there is some G such that G; — G weakly in Lgl oe (Byr) and
strongly in C’llo’g(Br/). In particular, again using (4), G = 0. Finally, by the uniform bound (6),
G is invertible on B, and so its column vectors define a D’_-holomorphic frame. This completes
the proof. O

It remains to prove Proposition 2. We will need the following:



CONVERGENCE OF HOLOMORPHIC FRAMES 3

Lemma 3. Suppose T is a sequence of R x R complex matrices with |Tj| < 1/2 and Y 32, |Tj| =
C < oo Set S, =0+T)I+T)---(I+Ty) where I is the R x R identity matriz. Then
| det Sg| > e 2EC for all k.

Proof. For each T; we have
| det(I+T5)] > (1 |T3)"
log | det(I+T;)| = Rlog(1 — |T}]) ,
Since log(1l — ) > —2z for 0 < 2 < 1/2, log | det(I + Tj)| > —2R|T}|. Hence,

k k
log | det S| = log|det(TI+Ty)| > —2R > |Tj| > —2RC" .
j=1 j=1
O

Proof of Proposition 2. Set ag = a, hg = 0. We define sequences a;, h; recursively, where h; are
R x R matrix valued functions defined on B,,. The initial bound 8 on a will be chosen presently
so that supgp , [h;| < 1/4. Hence, g; = I+ h; will be uniformly invertible. The recursive definition

proceeds as follows:

(7) hjt1 = —P(a;)
(8) gi+1 =TI+ hjn
9) aj+1 = (gj41) " (0gj+1 + a;gj+1)

Notice that with this definition the integrability condition da; + a; A a; = 0 is satisfied for all
j. Following [W], set o; = 47971 and rj41 = 7j(1 — 0;) with 7o = r. It follows that the r; are

decreasing and that 7" = lim; .o 7; > 0. Recalling the constants K; = c,0;° in (2) and (3), and

using (7), we have:
(10) 1 all+amm; o < 7EGllajllar, -
From (8) and (9) we have:
aj+1 = (gj+1) " (Ohj1 + aj + ajhjia)
and by (1) and (7):
éh]‘_H +a; = Q(éa]) = —Q(aj A CLj) .
Assuming the uniform invertibility of g;;1 mentioned above, it follows from (3) and (10) that there

is a constant C independent of j such that:

(11) a1l < CKjllasll2

ory
After absorbing constants into the definition of K, (10) and (11) may be written:
(12) 1hg+1ll1+asrs i < Kjllag|

(13) lajrillamsyr < Kjllalla, -

;T
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Moreover, there is a constant b (e.g. b = 4°) such that K;1; < bK; for all j. Next, we define:
0; = Kjllaj||la;;- Then by assumption: 6y = Kol|alla; < Kof). We assume that 6 has been chosen

so small that bKyf < 1/4, say. We then deduce inductively, using (13), that:
(14) 011 < b67 < 6;/4 .
It follows that ; — 0. Furthermore, we can rewrite (12) and (13) as:

(15) th+1|’1+a§7"j+l < Hj
(16) ||aj+1||a;7"j+1 < HjHaj”a;Tj :

It follows from (16) that ||a;||q;r — 0. Notice also that ||h;||11a;r; < 1/4 for all j. Hence, the g;

are uniformly invertible, as desired. We now define gauge transformations

(17) Gr=9192""" 9 -
First, note that |G| is uniformly bounded. Indeed, |Gj| < H?Zl lgi| < H§:1(1 +0;), by (15), and
the right hand side converges as k — oo by (14). The derivatives |VGy| are similarly bounded:

k k

k k
IVGrl =) g1+ 9j-1Vg59541 gk <D 1ol gi-1lIVgsllgial - lgul < O 0;) [T +65)
7=1 j=1 j=1 j=1

which also converges as k — oo. In particular, we have a bound on ||Gj||a; that is uniform in k.
Next, from (17) we have: Giy1 = Gggr+1 = G + Grhgt1, so by (15):

|Grs1 — GkHa;r’ < CHGk”a;r’Hhk—i-lHa;r’ < Cb ,

for a constant C' independent of k. It follows again by (14) that G} converges in C*(B,) to some
G. To improve the convergence, use the definition (9) to write

(18) 5Gk +aGp — Grap, =0,

for all k. Hence,
||5Gj - 5Gk”a;r’ < C(HGj - Gk”a;r/ + Haj - ak’Ha;r’) )

and since ||ag||q.;r — 0 and ||Gj — Gillas — 0 it follows that Gy converges in C%(B,/). By the
elliptic estimate for 9, G — G in CY¥(B,,), and moreover: G + aG = 0, (cf. (18)). Finally, we
claim that G is nonsingular. Now det G}, — det G, so this follows from (8), (14), (15), (17), and
Lemma 3. Since 7/, the C® bound on G, and the bound on the determinant all stem from the

initial choice of 6, which in turn depends only on r, the proof of the Proposition is complete. [
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