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ABSTRACT. We give sufficient conditions for the existence of equivariant harmonic maps from the
universal cover of a Riemann surface B to the Teichmiiller space of a genus g > 2 surface ¥. The
condition is in terms of the representation of the fundamental group of B to the mapping class group
of . The metric on Teichmiiller space is chosen to be the Kéahler hyperbolic metric. Examples of
such representations arise from symplectic Lefschetz fibrations.
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1. INTRODUCTION

Let B be a closed, compact Riemann surface, and let I'y denote the mapping class group for a
closed, oriented, genus g > 2 surface ¥. A representation p : m(B) — I'y gives a homotopy class of
p-equivariant continuous maps u : B — T,. Here, Ty is the Teichmiiller space of equivalence classes
of conformal structures on X, and B denotes the universal cover of B.

This paper concerns the following question: for which representations p does there exist a p-
equivariant harmonic map w : B — Ty 7 To give this meaning, we must choose a I'y-invariant metric
on T,. The two most widely studied metrics, and the ones most useful in terms of applications, are
the Weil-Petersson and Teichmiiller metrics (see §3 for a brief description). If the Weil-Petersson
metric on T, were a complete metric of nonpositive curvature, we could select it for the target
metric, and an existence theorem would follow from what are by now standard methods (cf. [D1,
Cl1, La, JY1]). While the Weil-Petersson metric does have strictly negative sectional curvature
[T, R, W1] and is geodesically convex [W2], it is not complete [W3, Chu], and this complicates
the analysis (see [JY2, JY3] for a discussion of this). Alternatively, one may attempt to adapt the
recent techniques on general metric space targets [GS, KS, J1] to study equivariant maps to T, with
respect to the Teichmiiller metric. This is only a Finsler metric, but it does give Tj; the structure
of a complete length space. However, it is known that the Teichmiiller metric is not nonpositively
curved [M], and therefore the methods of [KS], and in particular the existence theorems, do not
directly apply.

Recently, McMullen proved that T} carries a complete Kahler metric g1/, that interpolates be-
tween the Weil-Petersson and Teichmiiller metrics in such a way as to maintain a bounded geometry.

More precisely, we have the following

Theorem 1.1 (McMullen [McM]). There is a complete I'g-invariant Kihler metric gy, on T, sat-
1sfying the following:

L. g1/¢ is uniformly quasi-isometric (comparable) to the Teichmiiller metric;

2. (Mg, 91/¢) has finite volume, where My =T, /Ty is the Riemann moduli space;

3. The sectional curvature of gy /¢ is bounded from above and below;

4. The ingectivity radius of g1/ is bounded from below.

Indeed, this metric satisfies the stronger condition of being Ké&hler hyperbolic in the sense of
Gromov, though we will not need this fact. The construction in [McM] actually produces a family
g1/¢(€) of such metrics depending upon a sufficiently small parameter £ > 0, and g, /() converges
uniformly on compact sets to the Weil-Petersson metric as € — 0. It is therefore natural to study
the harmonic map problem with respect to g /,(¢) and the dependence of its solutions on ¢. Here
we shall only address the first issue. The results in this paper will be valid for any choice of ¢, and
we henceforth suppress this dependence from the notation.

It will be useful to generalize the problem to the case where the domain is a compact surface

with several points removed: B’ = B\ {p1,...,px}. In this case, the given data is a representation
1
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p:m(B'") — I'y, and we must assume the existence of a smooth initial finite energy p-equivariant
map f: B — Ty. As is customary in the equivariant problem, since the energy density e(f) of f is
m1(B’)-invariant, finite energy means that the integral E(f) of e(f) over B’ is finite. A condition
sufficient for the existence of a finite energy map, and analogous to the one for linear representa-
tions, is the requirement that the local monodromy about each point p; be pseudoperiodic (see
Definition 3.1 and Theorem 3.2 below).

Let PMF denote the space of projective classes of measured foliations. Recall that the action
of Ty extends continuously to Thurston’s compactification Ty = T, U PMF. A subgroup is suffi-
ciently large if it fixes no finite set of points on the boundary PMF (for the precise condition,

see Definition 2.2 and Theorem 2.3 below). The main result of this note is the following

Theorem 1.2. Let Ty be equipped with the metric gy,,. If B is a compact surface and the image
of p: m(B) — Iy is either finite or sufficiently large, then there exists a p-equivariant harmonic

map u : B — T,. Similarly, if p : m(B') — Ty is either finite or sufficiently large and there

ezists a finite energy p-equivariant map f : B' — Ty, then there exists a finite energy p-equivariant

harmonic map u: B" — T,.

In many ways, the metric g;/, combines the advantages of both the Weil-Petersson and Te-
ichmiiller metrics, and the Thurston boundary seems to play the same role for Teichmiiller space
as does the ideal boundary for complete negatively curved manifolds. Given this, the construction
of the harmonic map follows the basic ideas of Morrey, Lemaire, Schoen-Yau, and Sacks-Uhlenbeck
[Le, SY, SUJ. More generally, one might expect that energy minimizers with respect to g;,, behave
similarly to harmonic maps to negatively curved target spaces for higher dimensional domains. In
particular, they should enjoy nice regularity and rigidity properties.

By the fundamental work of Donaldson [D2], many examples of subgroups of I'y arise from sym-
plectic 4-manifolds in the form of symplectic Lefschetz fibrations (SLF’s for short). These
are smooth maps X — B that are genus ¢ fibrations off a nonempty set of singular points
{p1,...,px} € B (see §6). If B = B\ {p1,...,pk}, then there is a monodromy representation
p : m(B’") — I'y which locally about the points p; is a Dehn twist about a simple closed curve with
a preferred sign.

Because of the condition on the local monodromy, one can easily construct finite energy equi-
variant maps B — Ty, and one may attempt to find a homotopic harmonic map. We shall show
that for SLF’s over S?, the monodromy p : m(B’) — I, is always sufficiently large (see Corollary

6.3). As a consequence, we will prove

Theorem 1.3. Let X — B be any symplectic Lefschetz fibration of genus > 2 over B = S? with
monodromy p. Then there exists a finite energy p-equivariant harmonic map u : B — T,, where

Ty again has the metric gy /.

This may be regarded as an analogue of a well-known result in the holomorphic category. Recall

that a genus g holomorphic Lefschetz fibration over B defines a holomorphic map from B’ to Ty,
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which is therefore harmonic for any Kéahler metric on 7. The theorem above shows that existence
of a harmonic map is a notion that generalizes to the symplectic category. This is in contrast to
the map B — Hg4, where H, is the classifying space of Hodge structures on the first cohomology
group of the fiber ¥. Again, in the case of holomophic fibrations, this is holomorphic and therefore
harmonic for any Kahler metric on H,. In general, for the canonical metric on ‘H, it is known that
an equivariant map B — H4 can be homotoped to a harmonic map if and only if the image of the
monodromy representation on the first cohomology group of the fiber is reductive. On the other
hand, there exist SLF’s with nonreductive monodromy representations [KPS], so the symplectic

analogue of the holomorphic result will not hold in this case.

Acknowledgements. The authors are grateful to P. Daskalopoulos, T. Pantev, R. Schoen, C. Simp-
son, I. Smith, A. Stipsicz, and K. Uhlenbeck for discussions. R.W. would like to especially thank
Scott Wolpert for pointing out reference [McM]. Finally, we thank the referee for numerous sug-

gestions for improvement.

2. BACKGROUND

In this section, we collect some facts concerning measured foliations and subgroups of the map-
ping class group.

Let S denote the set of isotopy classes of simple closed essential curves on . For o € Ty
and v € &, we let £,0 denote the length of the geodesic in « with respect to the hyperbolic
metric on ¥ with conformal structure in o (we will henceforth confuse hyperbolic metrics, their
conformal structures, and their equivalence classes, and denote all by o). If a, 3 € S, the geometric
intersection number, i(«, (3), is the minimal cardinality of the set N as « and (3 range through
their isotopy classes.

Let MF denote the space of measured foliations on Y, modulo isotopy and Whitehead equiv-
alence (cf. [FLP, Exposé 5]). We do not consider the “zero measure” to be an element of MF.
We say that F, F’ € MF are projectively equivalent if F”’ is obtained from F by scaling the
measure by a real number 7 > 0. In this case, we write I’ = rF. Let PMJF denote the projective
equivalence classes of elements of MF. For FF € MJF and v € S, we have an intersection number
i(F,~y) which is the total measure of a representative of y that is quasi-transverse to F'. This endows
MF and PMF with a topology.

Unbounded sequences o; € T, have subsequences converging in PMF in the following sense:
there are positive numbers r; — 0 and F' € MF such that for each v € S, r;ly0; — i(F,7).
Any other sequence r;- for which r;ﬂ,yaj converges on all 7 (and not identically to zero) gives rise
to a measured foliation that is projectively equivalent to F'. We shall denote this convergence by
rjo; — F.

For any v € § and r > 0, there is an associated ry € MUF such that i(rvy,a) = ri(y,«) for
all « € §. An important fact is that the intersection number for curves and between curves and
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measured foliations extends continuously to a nonnegative function i(-,-) on MF x MF such that
i(rE,r'F') = rr'i(F, F'). We say that F and F’ are transverse if i(F, F') # 0.
We will need the following

Lemma 2.1. Let 0; € T, be an unbounded sequence, and let v; € §. Suppose there is a constant
L > 0 such that £y,05 < L for all j. Also, assume there are positive numbers r; — 0 and s; < 1
such that rjo; — F and sjy; — F' in MF. Then i(F,F') = 0.

Proof. Fix a conformal structure oo on X. For any other conformal structure o; on X there is a
conformal hyperbolic metric (also denoted ;). Let ¢; denote the Hopf differential for the unique
harmonic map u : (3,09) — (X,0;) in the component of the identity. More precisely, ¢; is the
(2,0)-part of the pull-back metric u*o;. A calculation shows that ¢; is a holomorphic quadratic
differential on (X, 0g). Let V,,; denote the vertical measured foliation of ;. Then by the main result
of [Wo], rjo; — F' implies that r;V,,, converges in MF to a measured foliation that is projectively
equivalent to F'. Up to rescaling, we may assume that r;V,,. — F. Since the intersection number is
continuous on MF x MF, we have i(F, F') = limi(r;V,,,, s;7;). On the other hand, i(V,,,7) < {y0;
for any v € S (cf. [Wo, Lemma 4.6]). In particular,

i(riVi;s8575) = 13851(Vp,, 7)) S rjsjly,05 <rjL — 0
This proves the lemma. O]

Recall Thurston’s classification of surface diffecomorphisms (cf. [FLP]). An element h € T'y is
called reducible if h fixes a collection {71,...,7vmn} of isotopy classes of disjoint simple closed
essential curves in X. It is called pseudo-Anosov if there is » > 1 and transverse measured
foliations Fy, F_ such that h(Fy) = rFy, and h(F_) = r~'F_. In this case, the fixed point set of
h in PMF is precisely {Fy, F_}. The classification states that any h € Iy is either periodic (finite

order), reducible, or pseudo-Anosov, and these are mutually exclusive possibilities.

Definition 2.2 ([MP, p. 142]). A subgroup T < Ty is sufficiently large if it contains two pseudo-
Anosov’s with disjoint fixed point sets in PMF.

Following [KM], we introduce the following terminology and notation. For any F' € PMF, we
let

(2.1) Wp ={L € PMF :i(F,L) =0}
(2.2) Zp={LePMF :i(L,y) =0 < i(F,v) =0for all y € S}

A measured foliation F' is called minimal if i(F,~) > 0 for every v € S. Let Fiin C PMF denote
the subset of projective classes of minimal foliations. The sets Zp give a partition of PMF \ Fuin,
while for F' € Fiin, the condition in (2.1) is an equivalence relation. The set W consists precisely

of those measured foliations that are topologically equivalent to F', but whose measures may be
different [Re].
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In practice, we will use the following criteria equivalent to the condition for a subgroup to be

sufficiently large.

Theorem 2.3 ([KM, Lemma 1.2.1}). For a subgroup Y < Ty, the following are equivalent:
1. T is sufficiently large;
2. Y fizes no finite subset of PMJF;
3. T fizes no finite union of the sets Wg, F' € Fuin, nor does it fiz a finite union of the sets Zp,
F € PMF\ Fuin-

3. FINITE ENERGY

The purpose of this section is to give a criterion for the existence of finite energy maps.

Definition 3.1 (cf. [MM]). An element h € I'y is pseudoperiodic if it is either periodic, or it is
reducible and periodic on the components of ¥\ {v1,... ,Ym}-

For linear representations, the condition of locally (quasi-) unipotent monodromy guarantees the
existence of finite energy maps (cf. [C2]). The key point is the existence of an invariant horosphere.
The following result shows that the analog of this condition for representations into the mapping

class group is locally pseudoperiodic.

Theorem 3.2. Let B’ = B\ {p1,... ,pi} and p : mi(B') — Ty be as in §1. If the local monodromy
of p about each p; is pseudoperiodic then there exists a finite energy p-equivariant map f : B — Ty,

where Ty has the metric gy ;.

First some facts concerning metrics on 7,. Recall that the cotangent space 7T} is identified
with the space of holomorphic quadratic differentials on (¥,0). For ¢ € T;T,, the Teichmiiller
cometric is given by |l¢[|r = [« |¢|. Tangent vectors T,T, are classes of Beltrami differentials p
(as with conformal structures, we will use the same notation for p and its equivalence class). The

Weil-Petersson pairing between tangent and cotangent vectors is

(SO»M)WPZ/ZWL-

The Teichmiiller metric on 7,7, satisfies: (¢, w)wp| < [|n||7|l¢llr. We will denote the distance
function on T} associated to || - ||z by dr.
For a tangent vector u € T,Ty, let puj denote the harmonic representative with respect to the

hyperbolic metric 0. Then the Weil-Petersson metric on 7 is given by

il e = /E nl%o

We also introduce the L' norms ||ul|; = [y |ulo. We have the following

Lemma 3.3. For all u € T,T,, |ul%p < llullrllpnl-
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Proof. We may write pj, = @o~! for a holomorphic quadratic differential ¢. Then

lellr = / ol = lanls -
>
On the other hand,

lullive = [ lunlPo = | weo™Yo = (e, mwel < l|ullzllelr = lulrlmml -
> >
O

Proof of Theorem 3.2. Let p € B be one of the points p;. By assumption, the monodromy of p
about p is pseudoperiodic and so leaves invariant a collection {v1,...,vn,} of isotopy classes of
simple closed curves. Then according to [MM] we may find a smooth map f, : A* — My, where
A* is the punctured disk, such that the monodromy of the lift fp LAY T, coincides with the
local monodromy of p at p. Note that this map may not be holomorphic (or anti-holomorphic),
unless the induced Dehn twists about the ~;’s have a coherent sign. Nevertheless, the construction
in [MM] may be adapted so that the polar coordinates (r,#) on A* are sent, in terms of Fenchel-
Nielson coordinates, to the length and twist parameters of ;. More precisely, we may arrange
that for z € A*, |z| sufficiently small, the length of ~; with respect to the hyperbolic metric in
the conformal class f,(r,6) is —1/logr. We may also assume that there are no curves other than
7v; with length less than . Furthermore, the vector field (fp).(0/06) is a linear combination with
constant coefficients of the twist vector fields about the ~;.

By [McM, Corollary 5.4], there are constants C; and Co (depending on €) such that for any
w € T,T, where o is in the image of f,(2), 0 < |z| < ¢,

(3.1) lellF < Cullullfyp + C2 ) [(9log y,) (1) -

i=1
For the vector 1 = (fp)«(0/00), the second term on the right hand side of (3.1) vanishes, and the
first term is uniformly bounded by [W5, Lemma 3.1]. For the vector u = (fp)«(09/0r), the second
term is bounded by a constant times 1/r2(logr)?. For the first term, we again refer to [W5, Lemma
3.2], which states the the vector fields (9/9¢,,), have uniform L' bounds. By Lemma 3.3, we can
then absorb the Teichmiiller norm to the left hand side of (3.1), introducing a term bounded by

a constant times 1/r%(logr)*.

Hence, the energy density of f, with respect to the Teichmiiller
metric is bounded by a constant times 1/72(logr)?, and so fp has finite energy with respect to the
Teichmiiller metric. Now gy, is comparable to the Teichmiiller metric, so f;, has finite energy with
respect to g/ as well. In this way, we construct finite energy maps f), locally for each puncture p.

We may then extend their lifts equivariantly to obtain a finite energy map as in the statement. [

4. THE DIRICHLET PROBLEM

For this section only, B will denote a compact surface with nonempty smooth boundary. Given

p : m(B) — T'y, we fix a smooth p-equivariant map f : B — Ty. Choose a finite index normal
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subgroup I' < I'y such that M\g =T,/ [ is a smooth manifold (cf. [L]). If H denotes the kernel
of the map m(B) — I‘g/f induced by p, B = B/H, and G = m(B)/H, then G has an induced
representation in I'y/ f, and f descends to a G-equivariant map f : B — ./\//\lg. Since B is a finite
cover of B, it is also a compact surface with boundary. The goal of this section is to prove the

following;:

~ —

Theorem 4.1. There exists a G-equivariant, harmonic map 4 : B — Mg with &’aé = f‘aﬁ'
Moreover, 14 is homotopic to f rel boundary, and 4 is energy minimizing over all homotopic G-

equivariant maps with the same boundary conditions.

Since wz(ﬂg) = 0, the proof of Theorem 4.1 follows along the lines of [Le, SY, SU]. How-
ever, some additional care is required for two reasons. First, we demand that the maps @ be
G-equivariant; and second, the injectivity radius of g;,, on M\g is not bounded away from zero.
Neither of these points presents a real difficulty, however, since the equivariance is essentially dealt
with in the above references, and the injectivity radius of g; /, on the universal cover Ty is bounded
from below. For the sake of completeness, we provide the necessary modifications to the standard
arguments.

The method of proof will closely follow [J2, J3], where the Sacks-Uhlenbeck theorem is proven
using harmonic replacements. Here is an outline: take an energy minimizing sequence on B with
given boundary data and cover B by finitely many disks whose radius is small with respect to the
initial data and the geometry of g;,, on Ty. We then apply the Courant-Lebesgue Lemma (cf. [J3,
Lemma 1.3.2]) to replace the maps on each disk by harmonic maps with the same boundary data.
In this way, we construct an equicontinuous family from which a subsequence converging to an
energy minimizer may be extracted.

First, some notation: we fix a conformal metric on B, and all distances on B (and E) will be
taken with respect to this metric. For = € E, e > 0, we let D(z,e) denote the set of points in
B of distance < ¢ from z. We shall always assume that ¢ is sufficiently small so that D(z,€) is
topologically either a disk or a half-disk (if = is near the boundary). Similarly, for p € .K/l\g, let
B(p, e) denote the set of points in M\g of distance < € from p with respect to the g, metric. Here,
we do not make an assumption on the topology of B(p, ).

Let K = E(f), R = $min(i(Ty), 7/2y/k), where i(T,) is the lower bound for the injectivity
radius of Ty in the g/, metric, and £ > 0 is the upper bound for the sectional curvature. By
Theorem 1.1, R is strictly positive. We also choose a fundamental domain F' in B for the action of
G. Cover F by disks D(z;,6/2), j =1,... ,m, where 0 < 6 < 1 is chosen so that

(i) 87K /log(1/6) < R:

(ii) If dy/, denotes the distance with respect to the metric gy, then dl/g(f(.%'l), f(xg)) < R, for
all 1,29 € OB satisfying d(x1,x2) < /6. This is possible from the compactness of 8@;

(iii) 7 - D(z;, V) N D(zj,v/3) = 0, for all j and all v € G different from the identity. This is
possible because G is finite acting freely.
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Let fn : B — M\g be a sequence of continuous G-equivariant maps such that
() falys = flos:
(v) E(fn) converges to the infimum of the energy over all G-equivariant maps in the homotopy

class of f rel boundary.

By the Courant-Lebesgue Lemma (cf. [J3, Lemma 1.3.2]), for every n we can find ry, 1, § < rp1 <
V6 and Pn1 € M\g such that fn (0D(z1,7mn,1)) C B(pn,1, R). Since the disk is simply connected, the
map fn lifts to a map fn : D(&1,7mn,1) — Ty, and we clearly have fn (D(Z1,7n,1)) C B(Pn,1, R), for

P, a lift of p, 1. Let Ry, : D(z1,7mn,1) — Ty, be harmonic and energy

hn‘ap(zl,rn,l)f f"‘BD(il,rn,l) 5
minimizing. It follows by [J3, Lemmas 1.3.3, 1.3.4] that hy, (D(Z1,75,1)) C B(pn,1, R), and the hy,
have uniform modulus of continuity. The maps fzn descend to harmonic maps: ﬁn : D(x1,rn,1) —

B(pn1, R) C M\g, with the same properties. We now define

h” ‘B'D(acl,rn,l) = f”‘ap(xl,rn,l)

il (z) = fn(az),A if ze E\U'yEGD(folarn,l)
! p(y) - hu(z), if x€~-D(w1,rp1)

Assumption (iii) implies that @} is well-defined, continuous, and G-equivariant. Clearly, we also
have E(i}) < E(f,). Furthermore, as in [J2, §4.4], we may assume that r,,; — 1. By the uniform
modulus of continuity, we may assume that @} converge uniformly on D(x1,8 — 1) and all its
translates under G, for all 0 < n < 4.

Now we can apply the same argument for x5 and obtain maps 42 with E(42) < E(4)) <
E( fn) By the uniform modulus of continuity we may assume that the 42 converge uniformly on
D(z1,0 —n) UD(x2,0 —n) and all its translates, for any 0 < n < §. We repeat this replacement
argument until we obtain a sequence @ = o, with E(0,) < E(f,) which converges uniformly
on all disks D(z;,6/2), i = 1,...m, and their translates. In particular, it converges uniformly on
B. Let % = lim Uy,. Since T} is contractible, each replacement preserves the homotopy type of the
map, and v, is therefore equivariantly homotopic to f with the same boundary values. By lower
semicontinuity of the energy we obtain as in [J2, §4.4] that v is an energy minimizing harmonic

map which is equivariantly homotopic to f . This completes the proof of Theorem 4.1.

5. PROOF OF THEOREM 1.2

Let B, B’ be as in §1, where B is now a compact surface without boundary. We consider the two
cases of Theorem 1.2 simultaneously: if p : m;(B) — Iy, remove a point p and let B' = B\ {p}.
Thus, we concentrate on the general problem of a representation p : m(B’) — I'y and a finite
energy p-equivariant map f : B — T,. Let Bj be an exhaustion of B’ by compact surfaces with
smooth boundaries. By Theorem 4.1, we may find a sequence of maps u; : B; — M, with the

following properties:

1. On a finite cover Ej, B; = Ej/G, the lift 4; — //\/\lg is a G-equivariant harmonic map;

2. 1y 0B, = f‘aéj and 4, is homotopic to f rel boundary;

3. 1; is energy minimizing with respect to all G-equivariant maps with the same boundary values.
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There is another property of the sequence that will be important.

Lemma 5.1. Let u; be as above. Then on any compact set A C B, where B' = E’/G, the ;s

have a uniform modulus of continuity.

Proof. Let K be a constant such that E(u;) < K. For ¢ > 0 choose 0 < ¢ < 1 such that
87K /log(1/8) < 2. By making & smaller if necessary, we may assume that dist(A4, 8§j) > 2+/6 for
Jj sufficiently large. Given x € A, then by the Courant-Lebesgue Lemma [J3, Lemma 1.3.2] there
exists 6 < r; < V/3 for which @;(dD(x,r;)) C B(pj,e) for some p; € M\g. Since the 4; are energy
minimizers, we have 4;(D(x,d)) C u;(D(x,r;)) C B(pj,e) as well (cf. [J3, Lemma 1.3.4]). Now by
compactness of A there are finitely many points 1, ... , x,, such that A C U D(z;,J); hence, for
n less than the Lebesgue number of this cover, and any x € A, 4;(D(z,n)) C B(pj,¢), for some

pj € ./T/l\g. This implies a uniform modulus of continuity. O

We shall say that the sequence u; is bounded if there is a point x € B’ and a subsequence of

the maps @; : B — T, such that ;(x) is bounded in Tj.

Proposition 5.2. Ifu; is bounded, then there is a subsequence of the maps i; converging uniformly

on compact sets to a G-equivariant harmonic map u : B' — M.

Proof. Consider a G-invariant precompact domain 2 C B’ with smooth boundary. We may assume
there is a point « €  such that 4;(x) is bounded. By Lemma 5.1 and Ascoli’s theorem, we may
find a subsequence of 4; converging uniformly on 2 to a map 4. Since E(;) is uniformly bounded
and the @; minimize energy with respect to their boundary values, a standard argument shows that
u; — U strongly in L%, and @ is smooth and harmonic on €. Since 4; are G-equivariant, so is .
Finally, by a diagonalization argument, we can arrange for @; to converge uniformly on compact

sets to some @ on all of B’. O

Lemma 5.3. If u; is unbounded, then there is a subsequence of the maps @; converging uniformly

on compact sets to a p-equivariant continuous map  : B — PMF.

Proof. Let z € B’ be such that @j(x) is unbounded. We may choose real numbers 7; — 0 such
that some subsequence r;u;(z) converges in MF. Consider y € B By Lemma 5.1 there is a
uniform bound on d ,(%;(x),%;(y)). Since d/, and dr are comparable, there is a constant C' > 0
independent of ¢ such that dr(a@;(x),@;(y)) < C. Then by [W4, Lemma 3.1],

(5.1) e 200 u;(y) < Lyaij(z) < 2l (y)

for all v € S. In particular, a subsequence of 7;1;(y) also converges in MF (note that it suffices to
check convergence for finitely many +’s). By a diagonalization argument, we may find a subsequence
of rju; converging in MJF on a countable dense subset of B , and we may do so equivariantly. Again
using the equicontinuity, we have that the r;iu; converges everywhere to a continuous equivariant
i:B — PMF. 0



10 DASKALOPOULOS, KATZARKOV, AND WENTWORTH
Proposition 5.4. If u; is unbounded, then p is not sufficiently large.

Proof. We shall assume that u; is unbounded for p sufficiently large and derive a contradiction.
Let @ : B — PMUF denote the map obtained from Lemma 5.3. We distinguish two cases:

1. @(B') N Fuin = 0;

2. There is some x € B’ for which u(x) = F € Fuin-

Case 1. Let @(x) = F & Fmin. We claim that u(y) € Zp for all y € B'. In particular, by the
equivariance of 4, Zr will be fixed by p, and this will contradict the assumption of sufficiently
large (see Theorem 2.3). To prove the claim, notice that for any v € S and some subsequence
uj, i(a(y),y) = limr;¢ya;(y). Also, by the uniform bound on dr(a;(x),@;(y)), (5.1) immediately
implies that i(a(y),~v) = 0 if and only if i(a(z),~) = 0; hence, the claim follows from the definition
(2.2) of Zp.

Case 2. Assume that u(z) = F' € Fpin, and let Wy denote the equivalence class of F' € Fpip as
n (2.1). We claim that a(y) € Wy for all y € B'. By Theorem 2.3, this will again contradict the

assumption of sufficiently large.

Lemma 5.5 (cf. [KM, Lemma 1.4.2]). Let 0,0} € Ty such that o; — F, 0 — F' in PMF, where
F' € Fiin. Suppose there is a constant C' such that for all j, dr (o, a;) < C. Then F' € Wp.

Proof. Choose vy; € § such that (,,0; < L for some constant L and all j. We assume that we have
chosen positive numbers r; — 0 such that rjo; — F in MJF. We may also find positive numbers
s; < 1 and a subsequence such that s;y; — F” in MF. Then by Lemma 2.1 we have i(F, F") = 0,
so F” € Wg. On the other hand, the uniform bound on dr(cj,0%) and (5.1) imply that after
passing to a subsequence and possibly rescaling by a nonzero number, rjcr;- — F" in MF as well.
In addition, £,,0% < eQCE%. 0j < e?°L for all j. Again applying Lemma 2.1, we have i(F’, F"') = 0;
SO F/EWFHZWF. ]

Setting o; = ;(x) and 0 = 1;(y), the claim follows from the lemma, and this completes the proof
of Proposition 5.4. U

Proof of Theorem 1.2. As above, if p : m(B) — I'y, remove a point p and let B’ = B\ {p}. Thus,
p: m(B') — T'y, and we assume a finite energy p-equivariant map f : B — T,. If the image T
of p is finite, then by Kerckhoff’s solution of the Nielsen Realization Problem [K], T has a fixed
point in T,. In this case, we may take @ to be constant. If T is sufficiently large, then we construct
a sequence 1; of harmonic maps for the Dirichlet problems on Ej as above. By Proposition 5.4,
the u; must be bounded. By Proposition 5.2 we may therefore extract a subsequence converging
uniformly on compact sets to a finite energy p-equivariant harmonic map 4 : B — T,. In case
the initial map f extends over ]EN?, the uniform modulus of continuity guarantees that the image

by @ of a neighborhood of a puncture p € B lies in a compact subset of M\g. Now by removable
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singularities [SU, Theorem 3.6] the harmonic map extends, and we obtain an equivariant harmonic

mapﬂ:§—>Tg. O

6. LEFSCHETZ FIBRATIONS

A genus g Lefschetz fibration is a smooth oriented 4-manifold X, a smooth oriented surface
B, and a smooth map X — B which is a fibration by genus g surfaces ¥ away from finitely many
singular fibers at {pi,...,px} C B. Furthermore, every critical point has the local description of
two complex lines meeting transversely in a double point in such a way that the orientations agree
with that of X (see [D2], [GoSt], or [ABKP] for the precise definition). We assume there is at least
one critical fiber and at most one critical point per fiber. Thus, the local monodromy of X near a
singular fiber is given by a positive Dehn twist about a simple closed curve v C X, which is called
a vanishing cycle. As in §1, we set B’ = B\ {p1,... ,px}.

Gompf showed that under some mild assumptions X may be given a symplectic structure (cf.
[GoSt]). In this case, we say X — B is a symplectic Lefschetz fibration. Conversely, Donaldson
showed that after a finite number of symplectic blow ups, any symplectic 4-manifold admits the
structure of an SLF over S? (cf. [D2]). The important thing for us is that for SLF’s over S2, the
product of the positive Dehn twists D,, --- D, describing the local monodromy is the identity in
ry,.

Recall that a set {7;} of essential simple closed curves is said to fill the surface X if every

essential closed curve « intersects some ; nontrivially (geometrically). We have the following:

Theorem 6.1 (Smith [Sm, Proposition 4.1]). For any symplectic Lefschetz fibration over S?, the
vanishing cycles fill the fiber.

Proof. Choose a point in the universal cover H? of the fiber ¥ and lift each D.,, to a m(X) equivariant
diffeomorphism of H?. The extensions lA)%. of these to the boundary S! ~ 9H? are homeomorphisms
which either leave points fixed or move them in a counter-clockwise direction (cf. [K]). Now suppose
a is disjoint from the 7;. We may choose a lift & with two boundary points p, ¢ € S, and these are
necessarily fixed by all lA)%,. The product D= 1371 e B% is therefore monotone, and nonconstant,
on each of the components of S\ {p,q}. On the other hand, D., --- D., is the identity in Ty,
and so the restricted lift D must be the restriction of a deck transformation. But the latter are all
represented by hyperbolic elements, and so the sign of monotonicity on one of the components of
S\ {p,q} leads to a contradiction. O

Lemma 6.2. Suppose T < T'y contains a set of Dehn twists D.;, where the vy; are essential simple

closed curves. Assume further that the set {~;} fills the surface ¥. Then T is sufficiently large.

Proof. By Theorem 2.3, it suffices to show that no finite index subgroup Y’ of T has a fixed point
on PMUZF. Suppose to the contrary that F' € PMF is fixed by Y'. We claim that i(F,~;) = 0 for
all j. This would imply that each 5; is homotopic to a closed critical leaf of F. Since {~;} fills
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the surface, this would be a contradiction. To prove the claim, note that for any ;, there is some
power m; such that DZZj € Y. If i(F,~;) # 0, then by the Picard-Lefschetz formula (cf. [FLP,
Exposé 6]),
F=DJF = lim Dy"F =; , in PMF .
— 00
But then, i(v;,7;) # 0, contradicting orientability of . O

Combining Lemma 6.2 with Theorem 6.1, we have:

Corollary 6.3. For any symplectic Lefschetz fibration over S?, the monodromy representation is
sufficiently large.

Proof of Theorem 1.3. By Corollary 6.3 and Theorem 1.2, it suffices to construct a finite energy
p-equivariant map f : B’ — T,. Since the local monodromies about each of the p; are Dehn twists,

and in particular are pseudoperiodic, the result follows from Theorem 3.2. O
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