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1 (g, (G, M))

Let G be a group and M be a left G-module. Consider a finite group g
which acts naturally on (G, M). In other words, we assume that G is a left
g-group, M is a left g-moddule so that 7(sz) = 7s%z, o €g,s € G,z € M.
Let ¢ be a cocycle of g in G. By definition, ¢ is a map g — G such that
c(or) =c(o) 7¢c(7), 0,7 € g. For a cocycle ¢, we associate a Z-module M, by

M.={x € M;c(o) “x =2z, o€ g} (1)

As the group g is finite, we can speak of a sum

pe(z) = ZC(T) Tz, x€ M. (2)
TEY
We shall put
P.={y =p.(x),x € M}. (3)
One verifies that
lg|M. € P.C M, (4)
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where |g| is the order of g. Denote by Z(g, G) the set of all cocycles of g in G.
Two cocycles ¢, are equivalent ¢ ~ c if there is a u € G such that (o) =
utc(o) Tu for some u € G for all o € g. One verifies that the map z — vtz
induces an isomorphism of factor modules : M./P. ~ M. /P.. Consequently
the structure of the module M,./P. depends only on the cohomology class
v = [¢] in the (1st) cohomology set H'(g,G) = Z(g,G)/~.

If we put ¢ =1 in (1),(3), then we have

Mleg, PlzN(M>

and so R
Ml/Pl = HO(QaM)-

For a general v = [c] € H'(g,G), we have a right to make identification
M./F. = I:IO(Q,M)W (5)

the Tate group twisted by ~.
In view of (5) we shall put

in(g, M) = [M.: P], v =€ H (g0G). (6)

The determination of the indez i,(g, M) is our basic theme inspired by
Poincaré.

In the next three sections we shall review classical cases from our view
point.

2 Gauss sums

Let [ be an odd prime, { = T and K = Q((), the I-th cyclotomic field.
Denote by O the ring of integers of K. In accordance with notation in 1, we
set

M=0% G=0% g=Gal(K/Q)

One knows that
M=Z[C(|~Z"", g~F/~. (7)

Note that one can think of o € g as an element of Z by the the reciprocity
map in the second isomorphism in (7). Let us look at two famous cocycles



ceZ(g,G) .

(A) The circular units c¢(o) = 11__<£ form a cocycle. For this we have

l
M, = WZ = P., hence i,(g, M) =1 (8)

(B)  The Legendre character c(o) = () can be thought as a cocycle

(actually a homomorphism) of g in G. For this we have
M.=Zr =P, hence i,(g,M)=1 9)

where
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the classical Gauss sum.

3 Theta series

For a point 7 in the upper half plane, let L, = Z + Z7 and E, = C/L,, the
elliptic curve over C. Let O be the ring of entire functions. In accordance
with notation in 1, we set

M=0%" G=0% g=m(FE,)~L,.

Note that one can think of o € g as 0 = m + nr, m,n € Z. Let us look at

the following cocycle
2

c(0)(2) = e(% —nz). (10)
For this we have
M. = Cdvs=PF.,", hence i,(g,M)=1 (11)

where

95 =Y c(nt)(2).

nez

the Jacobi theta series.



4 Poincaré series

This time, let O be the ring of holomorphic functions on the upper half plane.

In accordance with notation in 1, we set
M=0% ,G=0% g=SLy(Z)
where for z = x(z) € O the group g acts by the rule

" _ az+0b
r(2) =2(0c7'2) = x(cz —

),

1| a b
where o _{c d}'

For the cocycle ¢(o)(z) = m we have

M, ={ze M;x(Ziz) = (cz +d)*z(2), [ . Z } € SLy(Z)}

and
M.=CGy =PF.", hence i,(g,M)=1,
where 1
Ga(2) = (mz+n)t

(m,n)#(0,0)

the Eisenstein series of weight 4.

5 Real quadratic fields

(12)

Let K = C(V/d) be a real quadratic field and O be the ring of integers of K.

In accordance with notation in 1, we set

M=0" G=0% g=Gal(K/Q)=<71>.

Since g is cyclic, one can identify a cocycle ¢ of g in G with any element of
G of norm 1. Let € be the fundamental unit of K of norm 1 and think this

as a cocycle. Hence, by (1),(3)

M. ={x€O;e"e =xa}, P.={ox+cz, €O}
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and
(g, M)=[M.:P]=1 or 2. (15)

Here we have an interesting result due to Seok-Min Lee. Notation being as
above

(i) d=1 (mod4) = i.=1

(i) d=2 (mod4) = i.=2

(ii) d=3 (mod 4) and a, =1 (mod 2) = i.=1
(iv) d=3 (mod 4) and a, =0 (mod 2) = i. =2
where

Vd = [ag; a1, -+, Gr—1, Gry 1, - - -, 1, 200)

6 Galois extensions K/k

Let us look at the above result of S-M Lee from a general view point. We
shall denote by k either a global or a local field (of characteristic 0). As such,
k is either a finite extension of Q or Q,. We denote by Oy, the ring of integers
of k.

Let K/k be a finite Galois extension with the Galois group g = Gal(K/k).
Then g acts on the ring Ok of integers of K and hence on the group O. For
a cocycle ¢ € Z(g,O0F) we shall look at modules M., P. defined by (1),(3)
with M = Og™. First, viewing ¢ as a cocycle in Z(g, K*), we have, by
Hilbert 90, c(o) = €71 7€ where £ may be chosen from Of. Then we find
that M, = O N 71O,

In other words, we have

M. =0k N Oy = (€0k)%, £ € Ok (16)
Second, as pe(z) = €71 Y, . 7€ “x, we have
Epe() = Tiyr(&x). (17)
From (16),(17) we obtain

M./P. = (§0k)*/Tx/i(0k) = H(g, M),, c(o)=&"17¢  (18)



An ideal 2 in Ok will be called ambiguous if “A =24, o € g. Let p be
a prime ideal in O. The prime decomposition of p in K is of the form

p=1I8> =[P (19)

Plp Plp
Let us put
=B
Plp
Note that (19) becomes
p=p7e (20)
It is easy to see that
A C Ok is ambiguous < A = Hp#m" (21)

p

For a real number = , put [x] = the smallest integer > x. Hence when

v ¢ 7, [2] = 1] + 1.

Proposition 1 Let A = Hp p?™ be an ambiguous ideal. Then we have
W=ANOy =[]’

P

For a Galois extension K/k of number fields or local fields, denote by
D i, the different of the extension. It is an ambiguous integral ideal in K.
So it can be expressed as
[ Hp#t"‘ (22)
p

Proposition 2 Let2 = Hp p#™ be an integral ambiguous ideal in K. Then

mp +tp ]

T2 = pr[ @

Since £ € Ok and ¢(0) € OF, A= (O is an integral ambiguous ideal, and
hence we obtain, from (18), Proposition 1, Proposition 2, the following

mp«l»tp}_l—r‘np

Proposition 3 (M. : F.) =[], Np[ ° WW, where Np = (O, : p).



From now on, let K/k be a Galois extension of number fields and g =
Gal(K/k). Let B,p be prime ideals of K, k, respectively such that B | p.
Denote by K, ky, the completions of K, k,respectively. Then Kgq/k, is also a
Galois extension whose Galois group gg may be identified as the decomposi-
tion group at P in G. Clearly, Ok, Oy, are embedded in Ok, , O, ;respectively
and similarly for groups of units. Therefore, any cocycle ¢ € Z(g, O) in-
duces naturally a cocycle ¢y € Z(gp, Ofxfm)' Thus, we are ready to use
Proposition 3 to find (M. : P.), (M, : Pe,). If { is a solution to the cocycle
c for g (see (18)), then & is one to the cocycle ¢y for gg. Put

A=E0k =[] p*™ (23)
p

and define
A = EOk,, (24)
Since
my = vp(A) = vp(Asp)

the exponent m,, for 2y is consistent with double purposes, global and local.
Next, since, by (22), we have

Dk i = Hp#t" = Hqgtm = HDKm/kp'
p B Ry

Now, applying Proposition 3 to a local field k, we have

mp +ip

Proposition 4 (MC(D :Pc(p) = NP{?}%%W

Note also that as e, = 1,, = 0 for almost all p, the indices (M., : Pe,) =
1 for almost all 3.
Summarizing all these, we obtain

Theorem 1 Let K/k be a finite Galois extension of number fields and g =
Gal(K/k). For a cocycle ¢ € Z(g,0O)) denote by cy the cocycle induced
from ¢ by localization at PB. Then we have the product relation (M, : P.) =
[1,(Mey, : Poyy) where for each p we choose one P dividing p.

From the ramification theory of Galois extensions we have

t, >e,—1, forall p
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ty>1ee,>2 (Dedekind).

Needless to say, if e, = 1 then p is unramified, if £, = e, —1 > 1 then p is
said to be tamely ramified. Furthermore, if p is such that ¢, > e, > 2 then
p is wildly ramified. (Note that p is wildly ramified < p | e,, where p means
the characteristic of the finite field Oy /p.)

We will use these terms for extensions in an obvious way. Proposition 4
implies immediately the following

Theorem 2 Let K/k be a finite Galois extension of number fields. If K/k is
unramified or tamely ramified, then M. = P, for all cocycle c € Z(Gal(K/k), OF)

Since we have

i (K/k)=(M,:P.), ~€H (g, OF) (25)

we can express Theorem 2 as

Theorem 3 For a finite Galois extension K/k of number fields, we have
i (K k) =TT, i (K /).

Now passing to localization, choose a prime element IT € Kgq. Then the
relation
M=1z,, 0€gyp, 2 € le(m,

defines the cohomology class

Vi /i = [2] € H' (9, 0%, (26)

We know that the group H'(gg, (’)[X(m) is cyclic of order e, generated by
Vicy /ky -(See [2].) Therefore for any class v = [c] € H'(gy, Ok,) » a unique
integer m mod e, is determined so that

Y= (Vg k)™ (27)

In otherwords,
cr 2™ (28)



Now, let £ be a solution in K to the cocycle ¢ in (18). Then (28) means that

g: _1O'Hm

¢ " T

o X
u, ue O
) E K}rj
or
ull™ = &on”

where v € Op and 7 being a prime element in ky. In view of (15), we find
m = my+ re,

and so
m=m, mod e, (29)

7 Quadratic fields again

Now that we have a product relation (Theorem 3), our problem of indices
for global fields is entirely reduced to local computations. As the easiest
example, let us look at our old works again.(See [1],[3].)

Let K = Q(\/c_l) where d is a square free integer. Let p, B3 be primes of
Q, K, respectively, such that P | p. When extensions Ky/Q, is unramified
or tamely ramified, then by Proposition 4, i.,,(Kp/Q,) = 1. Therefore only
wildly ramified case must be taken care of. This is precisely the case where

p=2 d=2,3 mod 4.

(i) p=2, d=2 mod 4. In this case, Dk, /q, = B* and so t; = 3. Since
the order of the cohomology group H'(ggs, Ok,) =< 19(Kg/Qz) > is ez = 2,
we find that the number m, in (27), is either 0 or 1. As we are allowed to
replace my by m mod ey, we get, using Proposition 4,

i (Ko /Qo) = 215] — a3l — o

and, for v # 1,
iy (Kp/Q2) =

o Fa2] -T2

—o[*]-131 — 9



So the index 7, = 2 always.
(i) p =2, d=3 mod4.. In this case we have t, = 2. The similar
calculation as above shows this time that

. ] 2 wheny =1, ie. when my is even,
71 1 when~ # 1, i.e. when my is odd.

8 Hopf map
By the Hopf map h : R* — R? we shall mean a map y = h(x) given by a
system of three quadratic forms of four variables:
y1 = g+ af — a3 — a3
Yo = 2(1173 + T0T3)
y3 = 2(2173 — ToT2).
One checks that h(S%) C S? where S’ is the unit sphere of dimension 1.

Let H = R+Ri+Rj+RE be the division ring of the (Hamilton) quaternions
and Hj the vector part of H

Hy = {v e H; v =i+ x9j + x3k}.

The wnvolution on H is the map * = z¢o + v — z* = xy — v with the well
known properties. We set

Tz =x+2" =210 (trace), Nz =xx* =25+ 2]+ 25+ 25 (norm)

We have
Hy = {z € H;Tx = 0}. (30)

By the relation N(xy) = NxNy, the set H* = {x € H; Nz # 0} forms a
group and hence

H ={zcHNr=1}=5" (31)

becomes its subgroup.
In terns of the involution, the Hopf map is simply

h(z) = ziz*, x € H. (32)
Since H=R + Ri+ Rj + Rk = C + Cj, one can write

r=a+pj, «a,pe€C.
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Then we find z* = a — 5.
Call ¢ the map H — M,(C) :

Then we have

Consequently, an isomorphism
H, ~ SU(2). (33)
On the other hand, ¢ induces an isomorphism
Hy ~su(2) = {X € My(C); X"+ X =tr X =0}. (34)
Viewing the Hopf map h as H; — Hj, we obtain

h(z) = ziz* = rviz™' = (Ad 2)i (35)
and the fibration 0 — S' — 83 — 82 — 0.

9 Quaternion algebras

Let F be a field of characteristic # 2. For a,b € F* denote by A = (a,b)r
the quaternion algebra with basis {1, uy, us, ug} with the multiplication table

wuy = —ujug, (i # ), uiug = us, Uguz = Uy, UzUy = Up, U = a, uy = b, uj = —ab
Let K = F(y/a). We define an F-algebra map

g A— My(K) (36)
by

UBH[—bO\/E \{)a]

11



To be precise, we have

$0+$1\/E $2+.I'3\/a

QO(ZL') - b(&?g — Ig\/&) To — xl\/ﬁ

In A we have an involution x +— z*, Tx and Nz, as in 8 which are
compatible with the usual notation in linear algebra via the map ¢. For
example equalities like

Tz =tr v =219, Nx=detz =2 — ar’ — bz + abr;

make sense.
Again as in 8, we define Ay, A; for A = (a,b)F:

_ . _ _ _ -731\/5 T + 373\/5
Ag={x € A;Tx =0} = {x = b2y — 2s/@  —w1v/a (37)
Ar={geA Ng=1}={ge A detg=1} (38)
Ay is a group acting on the vector space Ay over F' by
gox=grg ' =grg’ (39)

Lemma 1 Forx € A, z # 0, we have
re€Ay & 2*e€Fandx ¢ F.

10 Case K=Q

Let A = (a,b)r be quaternion algebra as in 9. Since K = F(y/a) we have
two cases: K = F or [K : F] = 2. From now on, we shall assume that
F = Q. So either K = Q or K = Q(y/a). In this section, we assume, for
simplicity, that @ = b = 1. The map ¢ in (36) boils down to

A=(1,1)q = M(Q) (40)
given by
- To+T1 To+ T3
QS'HQO(JT)— To — T3 Tg— X1
Now set

A(Z) = ¢~ (Ms(Z)) (41)

12



In other words, via ¢, one can write A(Z) = My(Z). Then set
Ao(Z) = AgN A(Z).
From (40), we infer that

AO(Z):{x:{lfk _’fh} hkileZ ) (42)

For a square free integer m, set
S(m) ={x € Ao(Z); det x =m} ={x € A(Z), tr x =0, det x = m} (43)

For # € S(m), its characteristic polynomial is f(t) = t* + m € Z[t]. In
general, for a polynomial f € Z[t] put

My(Z, f) = {x € My(Z); f(x) =0}

Then we have
Lemma 2 S(m) = My(Z,t*> +m).

. Now the group G = G'Ly(Z) acts on S(m) by gox = grg™'. Let us denote
the orbit space by
S(m)/G.

By Lemma 2, we have S(m)/G = My(Z,t* + m)/G. On the other hand, it
follows from a well known theorem that one has a bijection

My(Z,t* +m)/G ~ [(Z]vV/—m])/G (44)

where I(Z[\/—m|) means the set of all ideals of the order Z[/—m].
If jin particular, m = 1, 2 mod 4, then I(Z[/—m])) is the maximal order
of K and , by Lemma 2, we obtain

1S(m)/G| = h(V=m),
the class number of the quadratic field Q(y/—m).
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11 Case K = Q(/a)

Let A = (a,b)q. We assume now that K = Q(v/a) is a quadratic field. From
now on we set
0 = a.

We denote by O the ring of integers of K. We find it convenient to assume
that a =2, 3 mod 4 so that

O =17Z[0)].

The Galois group g of K/Q is cyclic of order 2; the unique generator will be
given by z — Z. For example,

0=—0.
Finally, for simplicity, we assume that

b=—1.

The map ¢ in (36) goes like
A=(a,—1)q ~ My(K) (45)
with

Zo —|—x10 ) —I—x39 :|

T = 1o+ 21Uy + Toug + 23Uz — 9(T) = [ T9 — w30 10 — 10

For integral points of A, we set , as in (41)
A) = 000) = 1= | 2, Y | eamon o

Furthermore ,we set

-~
N
I
~—
Q
I
I o
@i
SN

];a,ﬁe(’), det g = aa + 38 =1} (47)

I

AO(Z):{w:{ ) Zf];z,weo, tre=z+2=0  (48)
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In accordance with notation in 1, we set
M= Ay(Z), G=A(Z), g=Gal(K/Q)

Let us study the cohomology set H'(g, G). As explained in the beginning
of 5, we have

74g,G) = {c= [ _z, 7“;1 €G, cc=1} (49)
and
d~ec, ccdeZg,G)ed =glcg, IgeG. (50)
The following lemma follows from our assumption b = —1

Lemma 3 § = usqus™t, uy = [ _01 (1) }

We set
S=A1(Z)NANZ)={se€ A(Z); tr s =0, det s =1} (51)
Note that uy € S.

Lemma 4 Z'uy, = S.

Theorem 4 Let A = (a,—1)q where a is a square free integer such that
a=2,3 mod4. LetS = A(Z)NAy(Z) and g = Gal(Q(1/a)/Q). Then we
have H'(g, A1(Z)) ~ S/ A (Z).

Remark 1 To know the set H (g, A1(Z)) is , of course, necessary to study
thoroughly our system (g, (G, M)) in 1. We hope to come back to this
problem sometime soon.
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