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Foreword

Chester E. Finn, Jr.

Two decades after the United States was diagnosed as “a
nation at risk,” academic standards for our primary and
secondary schools are more important than ever—and
their quality matters enormously.

In 1983, as nearly every American knows, the National
Commission on Excellence in Education declared that
“The educational foundations of our society are
presently being eroded by a rising tide of mediocrity
that threatens our very future as a Nation and a peo-
ple.” Test scores were falling, schools were asking less of
students, international rankings were slipping, and col-
leges and employers were complaining that many high
school graduates were semi-literate. America was
gripped by an education crisis that centered on weak
academic achievement in its K-12 schools. Though that
weakness had myriad causes, policy makers, business
leaders, and astute educators quickly deduced that the
surest cure would begin by spelling out the skills and
knowledge that children ought to learn in school, i.e.,
setting standards against which progress could be
tracked, performance be judged, and curricula (and
textbooks, teacher training, etc.) be aligned. Indeed, the
vast education renewal movement that gathered speed
in the mid-1980s soon came to be known as “stan-
dards-based reform.”

By 1989, President George H.W. Bush and the governors
agreed on ambitious new national academic goals,
including the demand that “American students will leave
grades 4, 8, and 12 having demonstrated competency in
challenging subject matter” in the core subjects of
English, mathematics, science, history, and geography.

In response, states began to enumerate academic stan-
dards for their schools and students. In 1994,
Washington added oomph to this movement (and more
subjects to the “core” list) via the “Goals 2000” act and a
revision of the federal Title | program.

Two years later, the governors and business leaders con-
vened an education summit to map out a plan to

strengthen K-12 academic achievement. The summi-
teers called for “new world-class standards” for U.S.
schools. And by 1998, 47 states had outlined K-12 stan-
dards in mathematics.

But were they any good? We at the Thomas B. Fordham
Foundation took it upon ourselves to find out. In early
1998, we published State Math Standards, written by the
distinguished mathematician Ralph Raimi and veteran
math teacher Lawrence Braden. Two years later, with
many states having augmented or revised their academ-
ic standards, we published The State of State Standards
2000, whose math review was again conducted by
Messrs. Raimi and Braden. It appraised the math stan-
dards of 49 states, conferring upon them an average
grade of “C”

Raising the Stakes

Since that review, standards-based reform received a
major boost from the No Child Left Behind act (NCLB)
of 2002. Previously, Washington had encouraged states
to set standards. Now, as a condition of federal educa-
tion assistance, they must set them in math and reading
(and, soon, science) in grades 3 through 8; develop a
testing system to track student and school performance;
and hold schools and school systems to account for
progress toward universal proficiency as gauged by
those standards.

Due mostly to the force of NCLB, more than 40 states
have replaced, substantially revised, or augmented their
K-12 math standards since our 2000 review. NCLB also
raised the stakes attached to those standards. States,
districts, and schools are now judged by how well they
are educating their students and whether they are rais-
ing academic achievement for all students. The goal,
now, is 100 percent proficiency. Moreover, billions of
dollars in federal aid now hinge on whether states con-
scientiously hold their schools and districts to account
for student learning.

THOMAS B. FORDHAM FOUNDATION
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Thus, a state’s academic standards bear far more weight
than ever before. These documents now provide the
foundation for a complex, high-visibility, high-risk
accountability system. “Standards-based” reform is the
most powerful engine for education improvement in
America, and all parts of that undertaking—including
teacher preparation, textbook selection, and much
more—are supposed to be aligned with a state’s stan-
dards. If that foundation is sturdy, such reforms may
succeed; if it’s weak, uneven, or cracked, reforms erect-
ed atop it will be shaky and, in the end, could prove
worse than none at all.

Constancy and Change

Mindful of this enormous burden on state standards,
and aware that most of them had changed substantially
since our last review, in 2004 we initiated fresh appraisals
in mathematics and English, the two subjects at NCLB’s
heart. To lead the math review, we turned to Dr. David
Klein, a professor of mathematics at California State
University, Northridge, who has long experience in K-12
math issues. We encouraged him to recruit an expert
panel of fellow mathematicians to collaborate in this
ambitious venture, both to expose states’ standards to
more eyes, thus improving the reliability and consisten-
cy of the ratings, and to share the work burden.

Dr. Klein outdid himself in assembling such a panel of
five eminent mathematicians, identified on page 127.
We could not be more pleased with the precision and
rigor that they brought to this project.

It is inevitable, however, that when reviewers change,
reviews will, too. Reviewing entails judgment, which is
inevitably the result of one’s values and priorities as well
as expert knowledge and experience.

In all respects but one, though, Klein and his colleagues
strove to replicate the protocols and criteria developed
by Raimi and Braden in the two earlier Fordham studies.
Indeed, they asked Messrs. Raimi and Braden to advise
this project and provide insight into the challenges the
reviewers faced in this round. Where they intentionally
deviated from the 1998 and 2000 reviews—and did so
with the encouragement and assent of Raimi and
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Braden—was in weighting the four major criteria
against which state standards are evaluated.

As Klein explains on page 9, the review team conclud-
ed that today the single most important consideration
for statewide math standards is the selection (and accu-
racy) of their content coverage. Accordingly, content
now counts for two-fifths of a state’s grade, up from 25
percent in earlier evaluations. The other three criteria
(clarity, mathematical reasoning, and the absence of
“negative qualities™) count for 20 percent each. If the
content isn’'t there (or is wrong), our review team
judged, such factors as clarity of expression cannot
compensate. Such standards resemble clearly written
recipes that use the wrong ingredients or combine
them in the wrong proportions.

Glum Results

Though the rationale for changing the emphasis was
not to punish states, only to hold their standards to
higher expectations at a time when NCLB is itself rais-
ing the bar throughout K-12 education, the shift in cri-
teria contributed to an overall lowering of state “grades.”
Indeed, as the reader will see in the following pages, the
essential finding of this study is that the overwhelming
majority of states today have sorely inadequate math
standards. Their average grade is a “high D”—and just
six earn “honors” grades of A or B, three of each. Fifteen
states receive Cs, 18 receive Ds and 11 receive Fs. (The
District of Columbia is included in this review but lowa
is not because it has no statewide academic standards.)

Tucked away in these bleak findings is a ray of hope.
Three states—California, Indiana, and Massachusetts—
have first-rate math standards, worthy of emulation. If
they successfully align their other key policies (e.g.,
assessments, accountability, teacher preparation, text-
books, graduation requirements) with those fine stan-
dards, and if their schools and teachers succeed in
instructing pupils in the skills and content specified in
those standards, they can look forward to a top-notch
K-12 math program and likely success in achieving the
lofty goals of NCLB.

Yes, it’s true. Central as standards are, getting them right
is just the first element of a multi-part education reform



strategy. Sound statewide academic standards are neces-
sary but insufficient for the task at hand.

In this report, we evaluate that necessary element.
Besides applying the criteria and rendering judgments
on the standards, Klein and his team identified a set of
widespread failings that weaken the math standards of
many states. (These are described beginning on page 9
and crop up repeatedly in the state-specific report cards
that begin on page 37.) They also trace the source of
much of this weakness to states’ unfortunate embrace of
the advice of the National Council of Teachers of
Mathematics (NCTM), particularly the guidance sup-
plied in that organization’s wrongheaded 1989 stan-
dards. (A later NCTM publication made partial
amends, but these came too late for the standards—and
the children—of many states.)

Setting It Right

Klein also offers four recommendations to state policy
makers and others wishing to strengthen their math
standards. Most obviously, states should cease and desist
from doing the misguided things that got them in trou-
ble in the first place (such as excessive emphasis on cal-
culators and manipulatives, too little attention to frac-
tions and basic arithmetic algorithms). They suggest
that states not be afraid to follow the lead of the District
of Columbia, whose new superintendent announced in
mid-autumn 2004 that he would simply jettison D.C.’s
woeful standards and adopt the excellent schema
already in use in Massachusetts. That some states
already have fine standards proves that states can devel-
op them if they try. But if, as | think, there’s no mean-
ingful difference between good math education in
North Carolina and Oregon or between Vermont and
Colorado, why shouldn’t states avoid a lot of heavy lift-
ing, swallow a wee bit of pride, and duplicate the stan-
dards of places that have already got it right?

Klein and his colleagues insist that states take arithmetic
instruction seriously in the elementary grades and
ensure that it is mastered before a student proceeds into
high school. As Justin Torres remarks in his Memo to
Policy Makers, “It says something deeply unsettling
about the parlous state of math education in these

United States that the arithmetic point must even be
raised—»but it must” The recent results of two more
international studies (PISA and TIMSS) make painfully
clear once again that a vast swath of U.S. students can-
not perform even simple arithmetic calculations. This
ignorance has disastrous implications for any effort to
train American students in the higher-level math skills
needed to succeed in today’s jobs. No wonder we’re now
outsourcing many of those jobs to lands with greater
math prowess—or importing foreign students to fill
them on U.S. shores.

Klein makes one final recommendation that shouldn’t
need to be voiced but does: Make sure that future math
standards are developed by people who know lots and
lots of math, including a proper leavening of true math-
ematicians. One might suppose states would figure this
out for themselves, but it seems that many instead
turned over the writing of their math standards to peo-
ple with a shaky grip of the discipline itself.

One hopes that state leaders will heed this advice. One
hopes, especially, that many more states will fix their
math standards before placing upon them the added
weight of new high school reforms tightly joined to
statewide academic standards, as President Bush is urg-
ing. Even now, one wonders whether the praiseworthy
goals of NCLB can be attained if they’re aligned with
today’s woeful math standards—and whether the frail-
ties that were exposed yet again by 2004’s international
studies can be rectified unless the standards that drive
our K-12 instructional system become world-class.

Many people deserve thanks for their roles in the cre-
ation of this report. David Klein did an awesome
amount of high-quality work—organizational, intellec-
tual, substantive, and editorial. Our hat is off to him, the
more so for having persevered despite a painful per-
sonal loss this past year. We are grateful as well to
Bastiaan J. Braams, Thomas Parker, William Quirk,
Wilfried Schmid, and W. Stephen Wilson, Klein’s col-
leagues in this review, as well as to Ralph Raimi and
Lawrence Braden for excellent counsel born of long
experience.
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At the Fordham end, interns Carolyn Conner and Jess
Castle supplied valuable research assistance and under-
took the arduous task of gathering 50 sets of standards
from websites and state departments of education.
Emilia Ryan expertly designed this volume. And
research director Justin Torres oversaw the whole ven-
ture from initial conceptualization through execution,
revision, and editing, combining a practiced editor’s
touch with an analyst’s rigor, a diplomat’s people skills,
and a manager’s power of organization. Most of the
time he even clung to his sense of humor!

The Thomas B. Fordham Foundation supports
research, publications, and action projects in elemen-
tary/secondary education reform at the national level
and in the Dayton area. Further information can be
obtained at our web site (www.edexcellence.net) or by
writing us at 1627 K Street, NW, Suite 600, Washington,
D.C. 20006. The foundation has no connection with
Fordham University. To order a hard copy of this report,
you may use an online form at www.edexcellence.net,
where you can also find electronic versions.

Chester E. Finn, Jr.
President
Washington, D.C.
January 2005
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Executive Summary

Statewide academic standards not only provide goal
posts for teaching and learning across all of a state’s
public schools; they also drive myriad other education
policies. Standards determine—or should determine—
the content and emphasis of tests used to track pupil
achievement and school performance; they influence
the writing, publication, and selection of textbooks; and
they form the core of teacher education programs. The
quality of a state’s K-12 academic standards thus holds
far-reaching consequences for the education of its citi-
zens, the more so because of the federal No Child Left
Behind act. That entire accountability edifice rests upon
them—and the prospect of extending its regimen to
include high schools further raises the stakes.

This is the third review of state math standards by the
Thomas B. Fordham Foundation. (Earlier studies were
released in 1998 and 2000.) Here, states are judged by
the same criteria: the standards’ clarity, content, and
sound mathematical reasoning, and the absence of neg-
ative features. This report differs, however, in its weight-
ing of those criteria. Content now accounts for 40 per-
cent of a state’s total score, compared to 25 percent in
prior reports. The consensus of the evaluating panel of
mathematicians is that this revised weighting properly
reflects what matters most in K-12 standards today.

Major Findings

With greater weight attached to mathematical content,
it is not surprising that the grades reported here are
lower than in 2000. We were able to confer A grades on
just three states: California, Indiana, and Massachusetts.
Alabama, New Mexico, and Georgia—all receiving Bs—
round out the slim list of “honors” states. The national
average grade is D, with 29 states receiving Ds or Fs
and 15 getting Cs.

Common Problems

Why do so many state mathematics standards come up
short? Nine major problems are widespread.

Fig. 1: 2005 Results, alphabetized

Score Grade
Alabama 2.97 B
Alaska 1.32 D
Arizona 2.00 C
Arkansas 0.72 F
California 3.89 A
Colorado 1.37 D
Connecticut 0.47 F
Delaware 0.54 F
DC 1.37 D
Florida 0.93 F
Georgia 2.53 B
Hawaii 0.43 F
Idaho 1.10 D
Illinois 1.80 C
Indiana 3.82 A
lowa - -
Kansas 0.83 F
Kentucky 1.80 C
Louisiana 1.78 C
Maine 1.35 D
Maryland 1.77 C
Massachusetts 3.30 A
Michigan 2.00 C
Minnesota 1.67 D
Mississippi 1.67 D
Missouri 0.57 F
Montana 1.00 D
Nebraska 1.42 D
Nevada 1.77 C
New Hampshire 0.70 F
New Jersey 1.15 D
New Mexico 2.67 B
New York 2.08 C
North Carolina 1.82 C
North Dakota 1.80 C
Ohio 1.43 D
Oklahoma 1.97 C
Oregon 1.35 D
Pennsylvania 1.28 D
Rhode Island 0.67 F
South Carolina 1.32 D
South Dakota 1.80 C
Tennessee 1.70 D
Texas 1.80 C
Utah 1.13 D
Vermont 1.20 D
Virginia 1.97 C
Washington 0.57 F
West Virginia 2.35 C
Wisconsin 1.50 D
Wyoming 0.98 F
National Average 1.59 D

THOMAS B. FORDHAM FOUNDATION
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1. Calculators

One of the most debilitating trends in current state
math standards is their excessive emphasis on calcula-
tors. Most standards documents call upon students to
use them starting in the elementary grades, often begin-
ning with Kindergarten. Calculators enable students to
do arithmetic quickly, without thinking about the num-
bers involved in a calculation. For this reason, using
them in a high school science class, for example, is per-
fectly sensible. But for elementary students, the main
goal of math education is to get them to think about
numbers and to learn arithmetic. Calculators defeat that
purpose. With proper restriction and guidance, calcula-
tors can play a positive role in school mathematics, but
such direction is almost always missing in state stan-
dards documents.

2. Memorization of Basic Number Facts

Memorizing the “basic number facts,” i.e., the sums and
products of single-digit numbers and the equivalent
subtraction and division facts, frees up working memo-
ry to master the arithmetic algorithms and tackle math
applications. Students who do not memorize the basic
number facts will founder as more complex operations
are required, and their progress will likely grind to a halt
by the end of elementary school. There is no real math-
ematical fluency without memorization of the most
basic facts. The many states that do not require such
memorization of their students do them a disservice.

3. The Standard Algorithms

Only a minority of states explicitly require knowledge of
the standard algorithms of arithmetic for addition, sub-
traction, multiplication, and division. Many states iden-
tify no methods for arithmetic, or, worse, ask students
to invent their own algorithms or rely on ad hoc meth-
ods. The standard algorithms are powerful theorems
and they are standard for a good reason: They are guar-
anteed to work for all problems of the type for which
they were designed. Knowing the standard algorithms,
in the sense of being able to use them and understand-
ing how and why they work, is the most sophisticated
mathematics that an elementary school student is likely
to grasp, and it is a foundational skill.

The State of State Math Standards, 2005

Fig. 2: 2005 Results, ranked

Score Grade

California 3.89 A
Indiana 3.82 A
Massachusetts 3.30 A
Alabama 2.97 B
New Mexico 2.67 B
Georgia 2.53 B
West Virginia 2.35 C
New York 2.08 C
Michigan 2.00 C
Arizona 2.00 C
Oklahoma 1.97 C
Virginia 1.97 C
North Carolina 1.82 C
South Dakota 1.80 C
Texas 1.80 C
Illinois 1.80 C
Kentucky 1.80 C
North Dakota 1.80 C
Louisiana 1.78 C
Maryland 177 C
Nevada 1.77 C
Tennessee 1.70 D
Minnesota 1.67 D
Mississippi 1.67 D
National Average 1.59 D
Wisconsin 1.50 D
Ohio 1.43 D
Nebraska 1.42 D
Colorado 1.37 D
DC 1.37 D
Maine 1.35 D
Oregon 1.35 D
Alaska 1.32 D
South Carolina 1.32 D
Pennsylvania 1.28 D
Vermont 1.20 D
New Jersey 1.15 D
Utah 1.13 D
Idaho 1.10 D
Montana 1.00 D
Wyoming 0.98 F
Florida 0.93 F
Kansas 0.83 F
Arkansas 0.72 F
New Hampshire 0.70 F
Rhode Island 0.67 F
Missouri 0.57 F
Washington 0.57 F
Delaware 0.54 F
Connecticut 0.47 F
Hawaii 0.43 F
lowa




4. Fraction Development

In general, too little attention is paid to the coherent
development of fractions in the late elementary and
early middle grades, and there is not enough emphasis
on paper-and-pencil calculations. A related topic at the
high school level that deserves much more attention is
the arithmetic of rational functions. This is crucial for
students planning university studies in math, science, or
engineering-related majors. Many state standards
would also benefit from greater emphasis on complet-
ing the square of quadratic polynomials, including a
derivation of the quadratic formula, and applications to
graphs of conic sections.

5. Patterns

The attention given to patterns in state standards verges
on the obsessive. In a typical document, students are
asked, across many grade levels, to create, identify,
examine, describe, extend, and find “the rule” for
repeating, growing, and shrinking patterns, where the
patterns may be found in numbers, shapes, tables, and
graphs. We are not arguing for elimination of all stan-
dards calling upon students to recognize patterns. But
the attention given to patterns is far out of balance with
the actual importance of patterns in K-12 mathematics.

6. Manipulatives

Manipulatives are physical objects intended to serve as
teaching aids. They can be helpful in introducing new
concepts for elementary pupils, but too much use of
them runs the risk that students will focus on the manip-
ulatives more than the math, and even come to depend
on them. In the higher grades, manipulatives can under-
mine important educational goals. Yet many state stan-
dards recommend and even require the use of a dizzying
array of manipulatives in counterproductive ways.

7. Estimation

Fostering estimation skills in students is a commend-
able goal shared by all state standards documents.
However, there is a tendency to overemphasize estima-
tion at the expense of exact arithmetic calculations. For

simple subtraction, the correct answer is the only rea-
sonable answer. The notion of “reasonableness” might
be addressed in the first and second grades in connec-
tion with measurement, but not in connection with
arithmetic of small whole numbers. Care should be
taken not to substitute estimation for exact calculations.

8. Probability and Statistics

With few exceptions, state standards at all grade levels
include strands devoted to probability and statistics.
Such standards almost invariably begin by
Kindergarten. Yet sound math standards delay the intro-
duction of probability until middle school, then pro-
ceed quickly by building on students’ knowledge of frac-
tions and ratios. Many states also include data collection
standards that are excessive. Statistics and probability
requirements often crowd out important topics in alge-
bra and geometry. Students would be better off learn-
ing, for example, rational function arithmetic, or how to
complete the square for a quadratic polynomial—topics
frequently missing or abridged.

9. Mathematical Reasoning and Problem-Solving

Problem-solving is an indispensable part of learning
mathematics and, ideally, straightforward practice prob-
lems should gradually give way to more difficult prob-
lems as students master more skills. Children should
solve single-step word problems in the earliest grades
and deal with increasingly more challenging, multi-step
problems as they progress. Unfortunately, few states offer
standards that guide the development of problem-solv-
ing in a useful way. Likewise, mathematical reasoning
should be an integral part of the content at all grade lev-
els. Too many states fail to develop important prerequi-
sites before introducing advanced topics such as calcu-
lus. This degrades mathematics standards into what
might be termed “math appreciation.”

How Can States Improve Their
Standards?

We offer four suggestions to states wishing to strength-
en their K-12 math standards:

THOMAS B. FORDHAM FOUNDATION
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Replace the authors of weak standards documents with
people who thoroughly understand mathematics,
including university professors from math depart-
ments. Many states have delegated standards develop-
ment to “math educators” or “curriculum experts” with
inadequate backgrounds in the discipline. States must
make actual mathematics competency a prerequisite for
inclusion on the panels that draft standards.

Develop coherent arithmetic standards that emphasize
both conceptual understanding and computational flu-
ency. Most states have failed to develop acceptable stan-
dards even for arithmetic, the most elementary but also
most important branch of mathematics. It is impossible
to develop a coherent course of study in K-12 mathe-
matics without a solid foundation of arithmetic.

Avoid, or rectify, “common problems.” We have identi-
fied nine shortcomings that recur in many state stan-
dards, such as overuse of calculators and manipulatives,
overemphasis on patterns and statistics, etc. Obviously,
standards documents would be improved if states
avoided those problems.

Consider borrowing a complete set of high-quality
math standards from a top-scoring state. There is no
need to reinvent this wheel. California, Indiana, and
Massachusetts have done this expertly. Other states
could benefit from their success.

The State of State Math Standards, 2005



The State of State Math Standards 2005

David Klein

Statewide academic standards are important, not only
because they provide goal posts for teaching and learn-
ing, but also because they drive education policies.
Standards determine—or should determine—the con-
tent and emphasis of tests used to measure student
achievement; they influence the selection of textbooks;
and they form the core of teacher education programs.
The quality of a state’s K-12 academic standards has far-
reaching consequences for the education of its citizens.

The quality of state mathematics standards was the sub-
ject of two previous reports from the Thomas B.
Fordham Foundation, both authored by Ralph Raimi
and Lawrence Braden. The first, published in March 1998
(which we refer to as Fordham I), was a pioneering work.
Departing from previous such undertakings, it exposed
the shocking inability of most state education bureaucra-
cies even to describe what public schools should teach
students in math classes. The average national grade was
a D. Only three states received A grades, and more than
half received grades of D or F. “On the whole,” wrote the
authors in 1998, “the nation flunks.”

The Fordham | grades were based on numerical scores
in four categories: clarity, content, reasoning, and nega-
tive qualities. Using these same criteria, the Foundation
released Raimi and Braden’s second report in January
2000 (which we refer to as Fordham II). It evaluated 34
new or revised state documents and retained the origi-
nal evaluations of 15 states whose math standards had
not changed since Fordham I. The result was a national
average grade of C, an apparent improvement. However,
Fordham II, like Fordham I, cautioned readers not to
take the overall average grade as a definitive description
of performance, and to read the scores (0 to 4 possible
points) for the four criteria separately, to arrive at an
understanding of the result. Ralph Raimi made clear in
his introduction to Fordham Il that much of the
increase of the final grades was due to improved clarity.
States had improved upon prose that Raimi termed
“appallingly vague, so general as to be unusable for
guiding statewide testing or the choice of textbooks.”

The result was that many states had by the time of
Fordham 1l achieved higher overall grades through lit-
tle more than a clearer exposition of standards with
defective mathematical content.

Major Findings

The criteria for evaluation used in this report are the
same as in Fordham | and Il. For the reader’s conven-
ience, these criteria are defined and described in the
next section. However, this report differs from Fordham |
and Il in that the relative weights of the criteria have been
changed. At the suggestion of Raimi and Braden, we
increased the weight of the content criterion and
reduced uniformly the weights of the other three crite-
ria: clarity, reason, and negative qualities. Content now
accounts for 40 percent of a state’s total score, compared
to 25 percent in Fordham | and Il. This affects the final
numerical scores upon which our grades are based and,
in some cases, results in lower grades, especially for
states that benefited from higher “clarity” scores in
Fordham II. The individual state reports beginning on
page 37 include numerical scores for each criterion. The
Appendix, on page 123, also includes numerical scores
for subcategories of these four criteria.

The consensus of the evaluating panel of mathemati-
cians is that this weighting properly reflects what is
most important in K-12 standards in 2005. Content is
what matters most in state standards; clear but insub-
stantial expectations are insufficient.

With the greater weight attached to mathematical con-
tent in this report, it is not surprising that our grades are
lower than those of Fordham I1. In fact, our grade dis-
tribution more closely resembles that of Fordham I. We
assigned A, or “excellent,” grades to only three states:
California, Indiana, and Massachusetts. The national
average grade is D, or “poor,” with most states receiving
D or F grades. The table below shows the scores and
grade assignments for 49 states and the District of
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Columbia (which for purposes of this report we refer to Fig. 3: State Grades, Alphabetical Order

as a state). Only lowa is missing, because it has no stan- STATE | Clarity | Content | Reason | NeSative | Final | 2005
Qualities | G.P.A. | GRADE
dards documents.
AL 3.00 3.17 2.00 3.50 2.97 B
. . . . o AK 2.00 1.1 0.50 1. 1.32 D
Besides the different weighting of criteria for evalua- ! > s E
] ) AZ 2.00 2.00 2.00 2.00 2.00 C
tion, another caveat for those wanting to compare AR 150 | 067 | 000 | 075 072 F
Fordham | and Il with this report to identify trends over CA 3.83 | 394 | 3.83 | 392 3.89 A
time is the change of authorship. None of the mathe- co 1.00 | 1.67 | 1.00 | 150 137 D
maticians who scored and evaluated the state math & 067 | 033 | 000 | 100 | 047 F
) N ) DE 0.83 0.67 0.50 0.00 0.54 F
standards in 2005 had any !nv_olvement in Fordham | DC w67 | 133 | 150 | 100 | 137 )
and Il. However, Ralph Raimi and Lawrence Braden FL 133 | 0.67 | 150 0.50 0.93 F
served as advisers for this project, and helped to resolve GA 333 | 267 | 2.00 | 2.00 2.53 B
many technical questions that arose in the course of M 100 | 033 | 000 | 050 | 0.43 F
. . .. . ID 1.67 0.67 1.00 1.50 1.10 D
evaluating state documents. We describe this interaction
) . ) . IL 1.50 2.00 1.00 2.50 1.80 C
in greater detail in the section, “Methods and IN 367 | 383 | 400 | 375 3.82 A
Procedures,” on page 121. IA - - - -
KS 1.67 0.94 0.33 0.25 0.83 F
KY 1.83 2.33 1.00 1.50 1.80 C
LA 2.00 2. 1.00 1.2 1.78 C
Common Problems - = ° !
1.17 1.17 0.50 2.75 1.35 D
MD 2.00 1.6 1.50 2.00 1. C
What are some of the reasons that so many state math- ! > ”

. . . MA 3.67 3.67 2.00 3.50 3.30 A
ematics standards come up short? We discuss here nine M 217 | 167 | 200 | 250 .00 C
problems found in many, and in some cases most, of the MN 2.00 | 167 | 100 | 2.00 1.67 D
standards documents that we reviewed. ms 133 | 2.00 | 1.00 | 2.00 1.67 D

MO 0.67 0.33 1.00 0.50 0.57 F
MT 1.00 1.00 0.00 2.00 1.00 D
NE 1.72 1.28 0.67 2.17 1.42 D
Calculators NV 2.17 1.33 1.50 2.50 1.77 C
. . NH 1.17 0.67 0.00 1.00 0.70 F
One of the most debilitating trends in current state N) 247 | 117 | oso0 075 115 D
math standards is overemphasis of calculators. The NM 3.00 | 2.67 | 2.00 | 3.00 2.67 B
majority of state standards documents call upon stu- NY 150 | 233 | 200 | 225 | 2.08 ¢
dents to use calculators starting in the elementary — L\C 233 | 150 | 150 | 225 | 182 ¢
.. . . ) ND 2.33 1.33 1.00 3.00 1.80 C
grades, often beginning in Kindergarten and sometimes On 200 | 133 | .00 150 e )
even in pre-Kindergarten. For example, the District of oK 217 | 1.83 | 1.50 2.50 1.97 C
Columbia requires that the pre-Kindergarten student OR 2.50 | 1.00 | 0.00 | 2.25 1.35 D
“demonstrates familiarity with basic calculator keys” | PA 133 | 117 | 100 | 175 | 1.28 D
. . . RI 1.00 0.6 0.00 1.00 0.6 F

New Hampshire directs Kindergarten teachers to “allow ’ ’
SC 1.00 1.67 1.50 0.75 1.32 D
students to explore one-more-than and one-less-than ) 217 | 167 | 100 | 250 1.80 C
patterns with a calculator” and first grade teachers “have ™ 183 | 133 | 2.00 | 2.00 1.70 D
students use calculators to explore the operation of X 2.67 | 167 | 1.00 | 2.00 1.80 ¢
addition and subtraction,” along with much else. In uT 183 | 117 | 050 | 1.00 13 D
i, fi d “dlet ine th t efficient VT 1.33 1.00 0.67 2.00 1.20 D
Georgia, first-graders “determine emos_e icient way VA 283 | 200 | 150 150 197 C
to solve a problem (mentally, paper/pencil, or calcula- WA 033 | 100 | 050 0.00 0.57 F
tor).” According to New Jersey’s policy: wv 2.00 | 250 | 3.00 175 235 C
wi 1.67 1.67 1.00 1.50 1.50 D
Calculators can and should be used at all grade levels wy 1.00 | 0.83 | 0.00 | 225 0.98 F
to enhance student understanding of mathematical Average 185 | 157 | 115 179 1.59 D

concepts. The majority of questions on New Jersey’s (A=4.00-3-25:B=3.24 - 250; C = 2.49 - 175, D =174 1.00; F = 099 - 0.00)
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new third- and fourth-grade assessments in
mathematics will assume student access to at least a
four-function calculator.

Alaska’s standards explicitly call upon third-graders to
determine answers “to real-life situations, paper/pencil
computations, or calculator results by finding ‘how
many’ or ‘how much’ to 50.” For references and a nearly
endless supply of examples, we refer the reader to the
state reports that follow.

Calculators enable students to do arithmetic quickly,
without thinking about the numbers involved in a cal-
culation. For this reason, using calculators in a high
school science class, for example, is perfectly sensible.
There, the speed and efficiency of a calculator keep the
focus where it belongs, on science, much as the slide
rule did in an earlier era. At that level, laborious hand
calculations have no educational value, because high
school science students already know arithmetic—or
they should.

By contrast, elementary school students are still learning
arithmetic. The main goal of elementary school mathe-
matics education is to get students to think about num-
bers and to learn arithmetic. Calculators defeat that pur-
pose. They allow students to arrive at answers without
thinking. Hand calculations and mental mathematics,
on the other hand, force students to develop an intuitive
understanding of place value in the decimal system, and
of fractions. Consider the awkwardly written Alaska
standard cited above. Allowing third-graders to use cal-
culators to find sums to 50 is not only devoid of educa-
tional value, it is a barrier to sound mathematics educa-
tion. Some state standards even call for the use of frac-
tion calculators in elementary or middle school, poten-
tially compromising facility in rational number arith-
metic, an essential prerequisite for high school algebra.

An implicit assumption of most state standards is that
students need practice using calculators over a period of
years, starting at an early age. Thus, very young children
are exposed to these machines in order to achieve famil-
iarity and eventual competence in their use. But anyone
can rapidly learn to press the necessary buttons on a cal-

culator. Standards addressing “calculator skills” have no
more place in elementary grade standards than do stan-
dards addressing skills for dialing telephone numbers.

With proper restriction and guidance, calculators can
play a positive role in school mathematics, but such
direction is almost always missing in state standards
documents. A rare exception is the California
Framework, which warns against over-use, but also
identifies specific topics, such as compound interest, for
which the calculator is appropriate. As in many
European and Asian countries, the California curricu-
lum does not include calculators for any purpose until
the sixth grade, and thereafter only with prudence.

Many states diminish the quality of their standards by
overemphasis of calculators and other technology, not
only in the lower grades, but even at the high school
level. Standards calling for students to use graphing cal-
culators to plot straight lines are not uncommon.
Students should become skilled in graphing linear func-
tions by hand, and be cognizant of the fact that only two
points are needed to determine the entire graph of a
line. This fundamental fact is easily camouflaged by the
obsessive use of graphing technology. Similarly, the use
of graphing calculators to plot conic sections can easily
and destructively supplant a mathematical idea of cen-
tral importance for this topic and others: completing
the square.

Memorization of the Basic Number Facts

We use the term “basic number facts” to refer to the
sums and products of single-digit numbers and to the
equivalent subtraction and division facts. Students need
to memorize the basic number facts because doing so
frees up working memory required to master the arith-
metic algorithms and tackle applications of mathemat-
ics. Research in cognitive psychology points to the value
of automatic recall of the basic facts.! Students who do
not memorize the basic number facts will founder as
more complex operations are required of them, and
their progress in mathematics will likely grind to a halt
by the end of elementary school.

! A cogent summary of some of that research appears on pages 150-151 and 224 of The Schools We Need: And Why We Don’'t Have

Them, by E.D. Hirsch, Jr., Doubleday, 1996.
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Unfortunately, many states do not explicitly require stu-
dents to memorize the basic number facts. For example,
rather than memorizing the addition and subtraction
facts, Utah’s second-graders “compute accurately with
basic number combinations for addition and subtrac-
tion facts to eighteen,” and, rather than memorize the
multiplication and division facts, Oregon’s fourth-
graders are only required to “apply with fluency efficient
strategies for determining multiplication and division
facts 0-9.” Computing accurately that 6 + 7 = 13 and
using efficient strategies to calculate that 6 x 7 = 42 is
not the same as memorizing these facts. We are not sug-
gesting that the meaning of the facts should not also be
taught. Students should of course understand the
meaning of the four arithmetic operations, as well as
ways in which the basic number facts can be recovered
without memory. All are important. But there is no real
fluency without memorization of the most basic facts.
The states that decline to require this do their students
a disservice.

The Standard Algorithms

Only a minority of states explicitly require knowledge of
the standard algorithms of arithmetic for addition, sub-
traction, multiplication, and division. Instead, many
states do not identify any methods for arithmetic, or
worse, ask students to invent their own algorithms or
rely on ad hoc methods. One of Connecticut’s standards
documents advises,

Instructional activities and opportunities need to focus
on developing an understanding of mathematics as
opposed to the memorization of rules and mechanical
application of algorithms.

This is insufficient. Specialized methods for mental
math work well in some cases but not in others, and it
is unwise for schools to leave students with untested,
private algorithms for arithmetic operations. Such pro-
cedures might be valid only for a subclass of problems.
The standard algorithms are powerful theorems and
they are standard for a good reason: they are guaran-
teed to work for all problems of the type for which they
were designed.

The State of State Math Standards, 2005

Knowing the standard algorithms, in the sense of being
able to use them and understanding how and why they
work, is the most sophisticated mathematics that an ele-
mentary school student is likely to grasp. Students who
have mastered these algorithms gain confidence in their
ability to compute. They know that they can solve any
addition, subtraction, multiplication, or division prob-
lem without relying on a mysterious black box, such as
a calculator. Moreover, the ability to execute the arith-
metic operations in a routine manner helps students to
think more conceptually. As their use of the standard
algorithms becomes increasingly automatic, students
come to view expressions such as 6485 - 3689 as a single
number that can be found easily, rather than thinking of
it as a complicated problem in itself. If mathematical
thinking is the goal, the standard algorithms are a valu-
able part of the curriculum.

A wide variety of algorithms are used in mathematics
and engineering, and our technological age surrounds
us with machines that depend on the algorithms pro-
grammed into them. Students who are adept with the
most important and fundamental examples of algo-
rithms—the standard algorithms of arithmetic—are
well positioned to understand the meaning and uses of
other algorithms in later years.

One benefit of learning the long division algorithm is
that it requires estimation of quotients at each stage. If
the next digit placed in the (trial) answer is too large or
too small, that stage has to be done over again, and the
error is made visible by the procedure. Number sense
and estimation skills are reinforced in this way. The long
division algorithm illustrates an important idea in
mathematics: repeated estimations leading to increas-
ingly accurate approximations.

The long division algorithm has applications that go far
beyond elementary school arithmetic. At the middle
school level, it can be used to explain why rational num-
bers have repeating decimals. This leads to an under-
standing of irrational, and therefore real numbers.
Division is also central to the Euclidean Algorithm for
the calculation of the greatest common divisor of two
integers. In high school algebra, the long division algo-
rithm, in slightly modified form, is used for division of
polynomials. At the university level, the algorithm is



generalized to accommodate division of power series
and it is also important in advanced abstract algebra.
Experience with the long division algorithm in elemen-
tary school thus lays the groundwork for advanced top-
ics in mathematics.

Overemphasized and
Underemphasized Topics

There is remarkable consistency among the states in
topics that are overemphasized and underemphasized.

In general, we found too little attention paid to the
coherent development of fractions in the late elemen-
tary and early middle school grades, and not enough
emphasis on paper-and-pencil calculations. A related
topic at the high school level that deserves much more
emphasis is the arithmetic of rational functions. This is
crucial for students planning university studies in math-
related majors, including engineering and the physical
and biological sciences. They will need facility in addi-
tion, subtraction, multiplication, and division of ration-
al functions, including long division of polynomials.
The most important prerequisite for this frequently
missing topic in state standards is the arithmetic of frac-
tions. Many state standards would also benefit from
greater emphasis on completing the square of quadrat-
ic polynomials, including a derivation of the quadratic
formula, and applications to graphs of conic sections.

Among topics that receive too much emphasis in state
standards are patterns, use of manipulatives, estima-
tion, and probability and statistics. We discuss each of
these in turn.

Patterns

The attention given to patterns in state standards verges
on the obsessive. In a typical state document, students
are asked, through a broad span of grade levels, to create,
identify, examine, describe, extend, and find “the rule”
for repeating, growing, and shrinking patterns, as well as
where the patterns may be found in numbers, shapes,
tables, and graphs. Thus, first-graders in Maryland are
required to “recognize the difference between patterns
and non-patterns.” How this is to be done, and what

Fig. 4: State Grades in Descending Order

STATE | Clarity | Content | Reason (I\){Eiﬁi?i\claes (?:E: G2I::D5E
CA 3.83 3.94 3.83 3.92 3.89 A
IN 3.67 3.83 4.00 3.75 3.82 A
MA 3.67 3.67 2.00 3.50 3.30 A
AL 3.00 3.17 2.00 3.50 2.97 B
NM 3.00 2.67 2.00 3.00 2.67 B
GA 3.33 2.67 2.00 2.00 2.53 B
Wwv 2.00 2.50 3.00 1.75 2.35 C
NY 1.50 2.33 2.00 2.25 2.08 C
Ml 2.17 1.67 2.00 2.50 2.00 C
AZ 2.00 2.00 2.00 2.00 2.00 C
oK 2.17 1.83 1.50 2.50 1.97 C
VA 2.83 2.00 1.50 1.50 1.97 C
NC 2.33 1.50 1.50 2.25 1.82 C
SD 2.17 1.67 1.00 2.50 1.80 C
> 2.67 1.67 1.00 2.00 1.80 C
IL 1.50 2.00 1.00 2.50 1.80 C
KY 1.83 2.33 1.00 1.50 1.80 C
ND 2.33 1.33 1.00 3.00 1.80 C
LA 2.00 2.33 1.00 1.25 1.78 C
MD 2.00 1.67 1.50 2.00 1.77 C
NV 2.17 1.33 1.50 2.50 1.77 C
TN 1.83 1.33 2.00 2.00 1.70 D
MN 2.00 1.67 1.00 2.00 1.67 D
MS 1.33 2.00 1.00 2.00 1.67 D
Average | 1.85 1.57 1.15 1.79 1.59 D
WI 1.67 1.67 1.00 1.50 1.50 D
OH 2.00 1.33 1.00 1.50 1.43 D
NE 1.72 1.28 0.67 2.17 1.42 D
Co 1.00 1.67 1.00 1.50 1.37 D
DC 1.67 1.33 1.50 1.00 1.37 D
ME 1.17 1.17 0.50 2.75 1.35 D
OR 2.50 1.00 0.00 2.25 1.35 D
AK 2.00 1.17 0.50 1.75 1.32 D
SC 1.00 1.67 1.50 0.75 1.32 D
PA 1.33 1.17 1.00 1.75 1.28 D
VT 1.33 1.00 0.67 2.00 1.20 D
NJ 2.17 1.17 0.50 0.75 1.15 D
uT 1.83 1.17 0.50 1.00 1.13 D
ID 1.67 0.67 1.00 1.50 1.10 D
MT 1.00 1.00 0.00 2.00 1.00 D
WYy 1.00 0.83 0.00 2.25 0.98 F
FL 1.33 0.67 1.50 0.50 0.93 F
KS 1.67 0.94 0.33 0.25 0.83 F
AR 1.50 0.67 0.00 0.75 0.72 F
NH 1.17 0.67 0.00 1.00 0.70 F
RI 1.00 0.67 0.00 1.00 0.67 F
MO 0.67 0.33 1.00 0.50 0.57 F
WA 0.33 1.00 0.50 0.00 0.57 F
DE 0.83 0.67 0.50 0.00 0.54 F
cT 0.67 0.33 0.00 1.00 0.47 F
HI 1.00 0.33 0.00 0.50 0.43 F
IA

(A= 4.00-3.25; B=3.24-2.50; C=2.49 - 1.75; D = 1.74 - 1.00; F = 0.99 - 0.00)
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exactly is meant by a pattern, is anyone’s guess. Florida’s
extensive requirements for the study of patterns call
upon second-graders to use “a calculator to explore and
solve number patterns”; identify “patterns in the real-
world (for example, repeating, rotational, tessellating,
and patchwork)”; and explain “generalizations of pat-
terns and relationships,” among other requirements.

The following South Dakota fourth-grade standard is
an example of false doctrine (a notion explained in
greater detail on page 34) that is representative of stan-
dards in many other state documents.

Students are able to solve problems involving pattern
identification and completion of patterns. Example:
What are the next two numbers in the sequence?
Sequence: ...

The sequence “1,3,7,13, __, _ "isthen given. The pre-
sumption here is that there is a unique correct answer
for the next two terms of the sequence, and by implica-
tion, for other number sequences, such as: 2, 4, 6, _,
___, and so forth. How should the blanks be filled for
this example? The pattern might be continued in this
way: 2,4, 6, 8, 10, etc. But it might also be continued this
way: 2,4,6,2,4,6,2,4,6.Other continuations include:
2,4,6,4,2,4,6,4,2,0r2,4,6,5,2,4,6,5. Similarly, for
the example in the South Dakota standard, the continu-
ation might proceed as 1, 3,7, 13,21,31,0ras 1, 3, 7, 13,
1,3,7,13, or in any other way. Given only the first four
terms of a pattern, there are infinitely many systematic,
and even polynomial, ways to continue the pattern, and
there are no possible incorrect fifth and sixth terms.
Advocating otherwise is both false and confusing to stu-
dents. Such problems, especially when posed on exami-
nations, misdirect students to conclude that mathemat-
ics is about mind reading: To get the correct answer, it is
necessary to know what the teacher wants. Without a
rule for a pattern, there is no mathematically correct or
incorrect way to fill in the missing numbers.

Typical strands in state standards documents are
“Patterns, Functions, and Algebra,” “Patterns and
Relationships,” “Patterns, Relations, and Algebra,”
“Patterns and Relationships,” and so forth. As these
strand titles suggest, there is a tendency among the
states to conflate the study of algebra with the explo-
ration of patterns. For example, Wyoming’s entire
“Algebraic Concepts and Relationships” strand for
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fourth grade consists of three standards, all devoted to
the study of patterns:

1. Students recognize, describe, extend, create, and
generalize patterns by using manipulatives,
numbers, and graphic representations.

2. Students apply knowledge of appropriate grade level
patterns when solving problems.

3. Students explain a rule given a pattern or sequence.

An obscure Montana high school algebra standard
requires students to “use algebra to represent patterns of
change.” South Carolina’s seventh-graders are asked to:

Explain the use of a variable as a quantity that can
change its value, as a quantity on which other values
depend, and as generalization of patterns.

The convoluted standard above illustrates several gener-
ic deficiencies of state algebra standards. The notion
that algebra is the study of patterns is not only wrong, it
shrouds the study of algebra in mystery and can lead to
nonsensical claims like the one here, that a variable is “a
generalization of patterns.” Beginning algebra should be
understood as generalized arithmetic. A letter such as
“X” is used to represent only a number and nothing
more. Computation with an expression in x is then the
same as ordinary calculations with specific, familiar
numbers. In this way, beginning algebra becomes a nat-
ural extension of arithmetic, as it should.

We are not arguing that standards calling upon students
to recognize patterns should be eliminated. For exam-
ple, it is desirable that children recognize patterns asso-
ciated with even or odd numbers, be able to continue
arithmetic and geometric sequences, and be able to
express the nth terms of such sequences and others alge-
braically. Recognizing patterns can also aid in problem-
solving or in posing conjectures. Our point here is that
the attention given to patterns is excessive, sometimes
destructive, and far out of balance with the actual
importance of patterns in K-12 mathematics.

Manipulatives

Manipulatives are physical objects intended to serve as
teaching aids. They can be helpful in introducing new



concepts for elementary students, but too much use
runs the risk that the students will focus on the manip-
ulatives more than the mathematics, and even come to
depend on them. Ultimately, the goal of elementary
school math is to get students to manipulate numbers,
not objects, in order to solve problems.

In higher grades, manipulatives can undermine impor-
tant educational goals. There may be circumstances
when a demonstration with a physical object is appro-
priate, but ultimately paper and pencil are by far the most
useful and important manipulatives. They are the tools
that students will use to do calculations for the rest of
their lives. Mathematics by its very nature is abstract,
and it is abstraction that gives mathematics its power.

Yet many state standards documents recommend and
even require the use of a dizzying array of manipulatives
for instruction or assessment in counterproductive
ways. New Jersey’s assessment requires that students be
familiar with a collection of manipulatives that includes
base ten blocks, cards, coins, geoboards, graph paper,
multi-link cubes, number cubes (more commonly
known as dice), pattern blocks, pentominoes, rulers,
spinners, and tangrams. Kansas incorrectly refers to
manipulatives as “Mathematical Models,” and uses that
phrase 572 times in its framework. The vast array of
physical devices that Kansas math students must master
includes place value mats, hundred charts, base ten
blocks, unifix cubes, fraction strips, pattern blocks,
geoboards, dot paper, tangrams, and attribute blocks. It
is unclear in these cases whether students learn about
manipulatives in order to better understand mathemat-
ics, or the other way around.

New Jersey and Kansas are far from unique in this
regard. According to Alabama’s introduction to its
sixth-grade standards, “The sixth-grade curriculum is
designed to maximize student learning through the use
of manipulatives, social interaction, and technology.” In
New Hampshire, eighth-graders are required to “per-
form polynomial operations with manipulatives.”
Eighth-graders in Arkansas must “use manipulatives
and computer technology (e.g., algebra tiles, two color
counters, graphing calculators, balance scale model,
etc.) to develop the concepts of equations.”

The requirement to use algebra tiles in high school alge-
bra courses is both widespread and misguided. Rather

than requiring the use of plastic tiles to multiply and
factor polynomials, states should insist that students
become adept at using the distributive property, which
is vastly more powerful and much simpler.

Figure 5: Final Grade Distribution, 2005
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Estimation

Fostering estimation skills in students is a commend-
able goal shared by all state standards documents.
However, there is a tendency to overemphasize estima-
tion at the expense of exact arithmetic calculations.
Idaho provides a useful illustration. Its first- and sec-
ond-grade standards prematurely introduce estimation
and “reasonableness” of results. These skills are more
appropriately developed in the higher grades, after stu-
dents have experience with exact calculations. In the
elaboration of one first-grade standard, this example is
provided: “Given 9 - 4, would 10 be a reasonable num-
ber?” Similarly, for second grade, one finds: “Given sub-
traction problem, 38 - 6, would 44 be a reasonable
answer?” These examples are misguided. For these sub-
tractions, the correct answer is the only reasonable
answer. The notion of “reasonableness” might be
addressed in grades 1 and 2 in connection with meas-
urement, but not in connection with arithmetic of small
whole numbers. Care should be taken not to substitute
estimation for exact calculations.

Probability and Statistics

With few exceptions, state standards documents at all
grade levels include strands of standards devoted to
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probability and statistics. Standards of this type almost
invariably begin in Kindergarten (and sometimes pre-
Kindergarten). Utah, for example, asks its
Kindergartners to “understand basic concepts of proba-
bility,” an impossible demand since probabilities are
numbers between 0 and 1 and Kindergartners do not
have a clear grasp of fractions. Perhaps in recognition of
this, Utah’s Kindergarten requirement includes the
directive, “Relate past events to future events (e.g., The
sun set about 6:00 last night, so it will set about the same
time tonight).” But how such a realization about sunsets
contributes to understanding basic concepts of proba-
bility is anyone’s guess. Probability standards at the
Kindergarten level are unavoidably ridiculous. In a sim-
ilar vein, Vermont’s first-graders are confronted with
this standard:

For a probability event in which the sample space may
or may not contain equally likely outcomes, use
experimental probability to describe the likelihood or
chance of an event (using “more likely,” “less likely”).

Again, this is premature and pointless. There is nothing
to be gained by introducing the subject of probability to
students who do not have the prerequisites to under-
stand it. The state report cards that follow are full of
similar examples.

Coherent mathematics standards delay the introduction
of probability until middle school, and then proceed
quickly by building on students’ knowledge of fractions
and ratios. Indiana does not have a probability and sta-
tistics strand for grades K-3. Other states would do well
to emulate that commendable feature and carry it fur-
ther by postponing most of their elementary school
probability standards until middle school.

Many states also include data collection standards that
are excessive. New York’s third- and fourth-graders, for
example, are required to:

Make predictions, using unbiased random samples.

» Collect statistical data from newspapers, magazines,
polls.

« Use spinners, drawing colored blocks from a bag, etc.
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« Explore informally the conditions that must be
checked in order to achieve an unbiased random
sample (i.e., a set in which every member has an
equal chance of being chosen) in data gathering and
its practical use in television ratings, opinion polls,
and marketing surveys.

The time used for such open-ended activities would be
better spent on mathematics.

Statistics and probability requirements typically appear
with standards for all other mathematical topics, and
often crowd out important topics in algebra and geom-
etry. For example, West Virginia's Algebra | students are
required to “perform a linear regression and use the
results to predict specific values of a variable, and iden-
tify the equation for the line of regression,” and to “use
process (flow) charts and histograms, scatter diagrams,
and normal distribution curves.” Conflating geometry
with statistics, Texas sixth-graders are required to “gen-
erate formulas to represent relationships involving
perimeter, area, volume of a rectangular prism, etc.,
from a table of data.” Statistical explorations should not
replace a coherent geometric development of perimeter,
area, and volume. Mississippi’s Algebra Il students “use
scatter plots and apply regression analysis to data.”
While not always identified in the short state reports
that follow, standards requiring visual estimation of
lines or curves of best fit for statistical data are abun-
dant in middle and high school algebra and geometry
courses. Finding the coefficients for lines of best fit is
college-level mathematics and is best explained at that
level. The K-12 alternatives are to ask students to “eye
ball” lines of best fit, or merely press calculator buttons
without understanding what the machines are doing.
Students would be better off learning, for example,
rational function arithmetic, or how to complete the
square for a quadratic polynomial—topics frequently
missing or abridged.

Mathematical Reasoning and Problem-Solving

Problem solving is an indispensable part of learning
mathematics and, ideally, straightforward practice
problems should gradually give way to more difficult
problems as students master skills. Unfortunately, few



states offer standards that guide the development of
problem-solving in a useful way. Students should solve
single-step word problems in the earliest grades and
deal with increasingly more challenging, multi-step
problems as they progress.

As important as problem-solving is, there is much more
to mathematical reasoning than solving word problems
alone. Fordham | presents an illuminating discussion of
mathematical reasoning in K-12 mathematics that
includes this elaboration:

The beauty and efficacy of mathematics both derive
from a common factor that distinguishes mathematics
from the mere accretion of information, or application
of practical skills and feats of memory. This
distinguishing feature of mathematics might be called
mathematical reasoning, reasoning that makes use of
the structural organization by which the parts of
mathematics are connected to each other, and not just
to the real world objects of our experience, as when we
employ mathematics to calculate some practical result.?

The majority of states fail to incorporate mathematical
reasoning directly into their content standards. Even for
high school geometry, where it is difficult to avoid
mathematical proofs, many state documents do not ask
students to know proofs of anything in particular. Few
states expect students to see a proof of the Pythagorean
Theorem or any other theorem or any collection of the-
orems. Mathematical proofs should also be integrated
into algebra and trigonometry courses, but it is a rare
state that asks students even to know how to derive the
quadratic formula in a high school algebra course.

Mathematical reasoning should be an integral part of
the content at all grade levels. For example, elementary
and middle school geometry standards should ask stu-
dents to understand how to derive formulas for areas of
simple figures. Students should be guided through a
logical, coherent progression of formulas by relating
areas of triangles to areas of rectangles, parallelograms,
and trapezoids. But many states expect only that chil-
dren will compute areas when given correct formulas.
An example—one of many—is this North Dakota
seventh-grade standard:

Students, when given the formulas, are able to find
circumference, perimeter, and area of circles,
parallelograms, triangles, and trapezoids (whole
number measurements).

Not only does this standard not ask for understanding
of the basic area formulas, students aren’t even asked to
achieve the modest goal of memorizing them. \We note
also that the restriction in this standard to whole num-
bers is unnecessary and counterproductive at the sev-
enth grade level, when knowledge of the arithmetic of

Fig. 6: Changes in State Grades, 2000 - 2005
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real numbers, including pi, is clearly assumed in this
very instruction.

The logical development of fractions and decimals
deserves special attention, rarely given in state docu-
ments. In many cases, students are inappropriately
expected to multiply and divide decimal numbers a year
in advance of multiplying and dividing fractions. This is
problematic. What does it mean to multiply or divide

? State Math Standards, by Ralph Raimi and Lawrence Braden, Thomas B. Fordham Foundation, March 1998, page 9.

THOMAS B. FORDHAM FOUNDATION

21



decimal numbers, if those operations for fractions have
not been introduced? How are these operations defined?
All too often, we found no indication that students
should understand multiplication and division of
rational numbers except as procedures.

In many cases, reliance on technology replaces mathe-
matical reasoning. An example is this Ohio standard for
seventh grade:

Describe differences between rational and irrational
numbers; e.g., use technology to show that some
numbers (rational) can be expressed as terminating or
repeating decimals and others (irrational) as non-
terminating and non-repeating decimals.

The technology is not specified, but calculators cannot
establish the fact that rational numbers necessarily have
repeating or terminating decimals. On the other hand,
the characterization of decimal expansions of rational
numbers can be made in a straightforward manner
using the long division algorithm.

Mathematical reasoning is systematically undermined
when prerequisites for content standards are insuffi-
ciently developed. When arithmetic, particularly frac-
tion arithmetic, is poorly developed in the elementary
grades, students have little hope of understanding alge-
bra as anything other than a maze of complicated
recipes to be memorized, as is too often the case in state
standards documents.

Perhaps the most strident denial of the importance of
prerequisites in mathematics appears in Hawaii’s
Framework:

Learning higher-level mathematics concepts and
processes are [sic] not necessarily dependent upon
“prerequisite” knowledge and skills. The traditional
notion that students cannot learn concepts from
Algebra and above (higher-level course content) if they
don’t have the basic skill operations of addition,
subtraction, etc. has been contradicted by evidence to
the contrary.

Unsurprisingly, no such evidence is cited for this wrong
headed assertion. Prerequisites cannot be discarded.
They are essential to mathematics. The failure to devel-
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op appropriate prerequisites and mathematical reason-
ing based on those prerequisites leads to the degenera-
tion of mathematics standards into what might be
described as mathematics appreciation. Hawaii is part
of an unfortunate trend among the states to introduce
calculus concepts too early and without necessary pre-
requisites. Thus, Hawaiian fourth graders are asked to
identify and describe “situations with varying rates of
change such as time and distance [sic].” Likewise, with
no development of calculus prerequisites, one of
Maryland’s algebra standards is:

The student will describe the graph of a non-linear
function and discuss its appearance in terms of the
basic concepts of maxima and minima, zeros (roots),
rate of change, domain and range, and continuity.

Pennsylvania’s Framework even has a strand entitled
“Concepts of Calculus,” which lists standards for each of
the grades 3, 5, 8, and 11. Fifth-graders are supposed to
“identify maximum and minimum.” This directive is
given without specifying the type of quantity for which
extrema are to be found, or any method to carry out
such a task. Pennsylvania’s eleventh-grade standards
under this strand also have little substance. Without any
mention of limits, derivatives, or integrals, and no fur-
ther elaboration, they require students to “determine
maximum and minimum values of a function over a
specified interval” and “graph and interpret rates of
growth/decay.”

Similarly out of place and unsupported by any discus-
sion of derivatives is the South Carolina Algebra 11 stan-
dard: “Determine changes in slope relative to the
changes in the independent variable.” But perhaps the
most bizarre of what might be termed “illusory calcu-
lus” standards is this New Mexico grade 9-12 standard:

Work with composition of functions (e. g., find f of g
when f(x) = 2x - 3 and g(x) = 3x - 2), and find the
domain, range, intercepts, zeros, and local maxima or
minima of the final function.

We note that there is no hint of calculus in any of the New
Mexico grade 9-12 standards except for this one. Further,
why restrict the identification of local extreme values
only to compositions of functions? Compounding the



confusion, since these two functions f(x) and g(x) are lin-
ear, their composition is also linear, and there are no
maximum or minimum values of that composition.

The failure to fully recognize prerequisites as essential
to learning mathematics not only leads to premature
coverage of calculus topics, but opens the floodgates
for superficial content standards. For example, a
Missouri standard (under the heading of “What All
Students Should Be Able To Do”) absurdly asks high
school students to,

Evaluate the logic and aesthetics of mathematics as
they relate to the universe.

Similar examples of inflation appear in many state stan-
dards.?

The Roots of, and Remedy for,
Bad Standards

Why are so many state standards documents of such low
quality? What factors influence their content? What
accounts for the uniformity of their flaws?

The National Council of Teachers of Mathematics
(NCTM) has had, and continues to have, immense
influence on state education departments and K-12
mathematics education in general. Many state standards
adhere closely to guidelines published by the NCTM in
a long sequence of documents. Three have been espe-
cially influential: An Agenda for Action (1980),
Curriculum and Evaluation Standards for School
Mathematics (1989), and Principles and Standards for
School Mathematics (2000). We refer to the latter two
documents respectively as the 1989 NCTM Standards
and the 2000 NCTM Standards.

An Agenda for Action was the blueprint for the later doc-
uments, paving the way for current trends when it called
for “decreased emphasis on such activities as . . . per-
forming paper-and-pencil calculations with numbers of
more than two digits.” This would be possible, the doc-
ument explained, because “the use of calculators has
radically reduced the demand for some paper-and-

pencil techniques.” Accordingly, “all students should
have access to calculators and increasingly to computers
throughout their school mathematics program.” This
includes calculators “for use in elementary and second-
ary school classrooms.” Regarding basic skills, the report
warned, “It is dangerous to assume that skills from one
era will suffice for another.”” An Agenda for Action fur-
ther stressed that “difficulty with paper-and-pencil
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computation should not interfere with the learning of
problem-solving strategies.” Foreshadowing another
trend among state standards documents, the 1980
report also encouraged “the use of manipulatives, where
suited, to illustrate or develop a concept or skill.”

The 1989 NCTM Standards amplified and expanded An
Agenda for Action. It called for some topics to receive
increased attention in schools and other topics to
receive decreased attention. Among the grade K-4 top-
ics slated for greater attention were “mental computa-
tion,” “use of calculators for complex computation,”
“collection and organization of data,” “pattern recogni-
tion and description,” and “use of manipulative materi-

® “Inflation” is one of two subcategories of the “negative qualities” criterion used in the evaluation of standards documents. See the

section, Criteria for Evaluation, page 31.
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als”” The list of topics recommended for decreased
attention included “complex paper-and-pencil compu-
tations,” “long division,” “paper and pencil fraction
computation,” “rote practice,” “rote memorization of
rules,” and “teaching by telling.” For grades 5-8, the 1989
NCTM Standards took an even more radical position,
recommending for de-emphasis “manipulating sym-
bols,” “memorizing rules and algorithms,” “practicing
tedious paper-and-pencil computations,” and “finding
exact forms of answers.”

LI N7

Like An Agenda for Action, the 1989 NCTM Standards
put heavy emphasis on calculator use at all grade levels.
On page 8, it proclaimed, “The new technology not only
has made calculations and graphing easier, it has
changed the very nature of mathematics” and recom-
mended that “appropriate calculators should be avail-
able to all students at all times.”

The influence of the 1989 NCTM Standards on state
standards can hardly be overstated. After the publica-
tion of Fordham I, author Ralph Raimi wrote:

These state standards, though federally encouraged
and supported, are supposed to be each state’s vision of
the future, of what mathematics education ought to
be. Some were apparently written by enormous
committees of teachers and math education specialists,
but the final texts obviously were assembled and
organized at the state education department level
sometimes with the help of one of the regional
educational “laboratories” set up and financed by the
U.S. Department of Education. Despite the regional
differences, the influence of NCTM and these
laboratories has imparted a certain sameness to many
of the state standards we ended up studying. Almost
all of them had publication dates of 1996 or 1997.*

Many of the documents evaluated in this Fordham
report were also published, or drafted, prior to the
appearance of the 2000 NCTM Standards.

The 1989 NCTM Standards document was the subject
of harsh criticism during the 1990s. As a consequence,
some of the more radical declarations of the 1989 doc-
ument were eliminated in the revised 2000 NCTM

Standards. However, the latter document promoted the
same themes of its predecessors, including emphasis on
calculators, patterns, manipulatives, estimation, non-
standard algorithms, etc. Much of the sameness of cur-
rent state standards documents may be traced to the
NCTM’s vision of mathematics education.

A fuller explanation for the shortcomings of state math
standards, however, goes beyond the influence of the
NCTM and takes into account the deficient mathemat-
ical knowledge of many state standards authors.
Mathematical ignorance among standards writers is the
greatest impediment to improvement.

Some guidelines for improving standards, based on this
report, suggest themselves immediately. States can cor-
rect the “common problems” identified in this essay,
such as overuse of calculators and manipulatives,
overemphasis of patterns and probability and statistics,
and insufficient development of the standard algo-
rithms of arithmetic and fraction arithmetic. But here
the devil is in the details and these corrections should
not be attempted by the people who created the prob-
lems in the first place. For the purpose of writing stan-
dards, there is no substitute for a thorough understand-
ing of mathematics—not mathematics education or
pedagogy, but the subject matter itself. A state education
department’s usual choice of experts for this task will
likely cause as many new problems as it solves.

Of particular importance is a coherent and thorough
development of arithmetic in the early grades, both in
terms of conceptual understanding and computational
fluency. Without a solid foundation in this most impor-
tant branch of mathematics—arithmetic—success in
secondary school algebra, geometry, trigonometry, and
pre-calculus is impossible. The challenges in developing
credible arithmetic standards should not be underesti-
mated. Standards authors lacking a deep understanding
of mathematics, including advanced topics, are not up
to the task.

A simple and effective way to improve standards is to
adopt those of one of the top scoring states: California,
Indiana, or Massachusetts. At the time of this writing,

* “Judging State Standards for K-12,” by Ralph Raimi, Chapter 2 in What's at Stake in the K-12 Standards Wars: A Primer for Educational
Policy Makers, edited by Sandra Stotsky, Peter Lang Publishing, page 40.
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the District of Columbia was considering replacing its
standards with the high quality standards from one of
these states. That makes good sense. There is no need
to reinvent the wheel. The goal of standards should not
be innovation for its own sake; the goal is to imple-
ment useful, high-quality standards, regardless of
where they originated.

Four Antidotes to Faulty State Standards

1. Replace the authors of low-quality standards documents
with people who thoroughly understand the subject of
mathematics. Include university professors from
mathematics departments.

2. Develop coherent arithmetic standards that emphasize
both conceptual understanding and computational
fluency.

3. Avoid the “common problems” described above, such as
overuse of calculators and manipulatives, overemphasis
of patterns and probability and statistics, and insufficient
development of the standard algorithms of arithmetic and
fraction arithmetic.

4. Consider adopting a complete set of high-quality math
standards from one of the top scoring states: California,
Indiana, or Massachusetts.

If, however, a state chooses to develop its own standards
in whole or in part, some university level mathemati-
cians (as distinguished from education faculty) should
be appointed to standards writing committees and be
given enough authority over the process so that their
judgments cannot easily be overturned. Such a process
was used in California in December 1997 and resulted
in the highest-ranked standards in all three Fordham
math standards evaluations. The participation of uni-
versity math professors in the development of K-12
standards is becoming increasingly important. Since
1990, more than 60 percent of high school graduates
have gone directly to colleges and universities® and that
percentage is likely to increase. College preparation
should therefore be the default choice (though not the

only option) for K-12 mathematics. For this purpose,
the perspective of university mathematics professors on
what is needed in K-12 mathematics to succeed in col-
lege is indispensible.

® National Center for Education Statistics, Table 183 — College enroliment rates of high school completers, by race/ethnicity: 1960 to 2001.
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Memo to Policy Makers

Justin Torres

What are we to think of the state of K-12 math standards
across the U.S. in 2005? More to the point, what should
governors, legislators, superintendents, school board
members, instructional leaders—the legions of policy
makers who affect curricular and instructional choices
in states and districts—make of David Klein's provoca-
tive findings? What should they do to improve matters?

Both Klein (at page 13) and Chester Finn (see
Foreword, page 5) provide important insights. Finn sets
the policy scene, tracing the history of standards devel-
opment up to the present, when No Child Left Behind is
beginning to drive state standards and accountability
policies and the Bush administration seeks to extend
this regimen to the high school. Klein enumerates prob-
lems that are depressingly common in today’s state
math standards and shows how both the National
Council of Teachers of Mathematics and the composi-
tion of standards-writing committees have contributed
to math standards that, in most jurisdictions, continue
to fall woefully short of what's needed.

What Can Policy Makers Do?

One of Klein’s recommendation makes immediate
sense: States should consider adopting or closely emu-
lating the standards of one of the top scoring states:
California, Indiana, or Massachusetts. At the time of this
writing, the District of Columbia was considering
replacing its standards with the high-quality standards
from Massachusetts. As Klein says, “There is no need to
reinvent the wheel. The goal of standards should not be
innovation for its own sake; the goal is to implement
useful, high quality standards, regardless of where they
originated.” Kudos to new D.C. superintendent Clifford
Janey for grasping this point and acting in the best
interests of District schoolchildren.

Yet we know that many states will continue to draft their
own standards, for a variety of reasons. And so we want
to provide them with some practical guidance on how
to develop K-12 math standards that make preparation
for college and the modern workforce the “default”
track for today’s elementary/secondary students.

Why should standards-writers be concerned? As Klein
points out, increasing numbers of American high school
students are going on to college. Indeed, it’s fair to say
that nearly all of tomorrow’s high school graduates will
sooner or later have some exposure to post-secondary
education. They'd best be ready for it.

Yet many higher education institutions report that
increasing numbers of entering students—even at selec-
tive campuses—require remedial mathematics educa-
tion. (At California State University, where Klein himself
teaches, that number now tops 50 percent, while in some
community colleges it approaches two-thirds of all enter-
ing students.) The cost to society of this remedial effort is
tremendous, both directly to colleges forced to teach
skills that should have been learned in middle and high
schools, and indirectly through lost productivity, work-
place error, and the defensive measures that innumerable
institutions must now take to combat the ignorance of
their employees, citizens, taxpayers, neighbors, etc.

One study, from April 2004, attempted to count the
direct and indirect costs of remedial education in just
one state, Alabama. The findings ranged from $304 mil-
lion to $1.17 billion per year, with a best estimate of
$541 million annually—again, in a single state.
Businesses, the report concluded, had a difficult time
finding employees who had adequate math and writing
skills. The president of a temporary staffing firm wrote
to the study’s authors to note the large number of entry-
level applicants who do not know how many inches are
in a foot.®

® The Cost of Remedial Education: How Much Alabama Pays When Students Fail to Learn Basic Skills, by Christopher W. Hammons,

Alabama Policy Institute, 2004, page 9.
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Nor is remediation itself the only “cost” of inadequate
pre-college education in core fields such as mathemat-
ics. Billions of student aid dollars are, in effect, wasted
every year by being expended on the education of peo-
ple who drop out, flunk out, or give up on higher edu-
cation when they realize that they’re not prepared for it.
And then there’s the immense cost in human potential,
wasted time, unfulfilled dreams, and dashed hopes.

Consider, too, the implications for American society
and its economy as the qualifications of our workforce
slip further and further behind those of other lands. See,
for example, the new evidence from the quadrennial
Program for International Student Assessment (PISA):
The math skills of American 15-year-olds are sub-stan-
dard and falling, compared to their international peers.
In fact, the U.S. is outperformed by almost every devel-
oped nation, beating only poorer countries such as
Mexico and Portugal. This is depressing enough, but if
you look closely at the results, things get worse. The
achievement gap between whites and minorities per-
sists, and a full one-quarter of American students per-
formed at the lowest possible level of competence or
below—meaning they are unable to perform the sim-
plest calculations.

Recent results from the Trends in International
Mathematics and Science Study (TIMMS) are better but
still cause for concern. U.S. students lag behind a num-
ber of European and Asian nations in math perform-
ance, and fourth-grade scores barely moved since 1999.
(Scores for eighth-graders improved.) Only 7 percent of
young Americans scored at the “advanced” level on
TIMMS, versus 44 percent in Singapore and 38 percent
in Taiwan.

If American schoolchildren can’t keep up with their
international peers, one obvious consequence is the out-
sourcing of skilled jobs to other lands, with all its conse-
guences for unemployment on these shores. Federal
Reserve chairman Alan Greenspan made the same point
in March 2004 in a speech that called for better math and
science education as both a defense against and a solu-
tion to job outsourcing. “The capacity of workers, after
being displaced, to find a new job that will eventually
provide nearly comparable pay most often depends on
the general knowledge of the worker and the ability of
that individual to learn new skills,” he noted.

The State of State Math Standards, 2005

Raising the Bar

One important insight was supplied in February 2004
by the American Diploma Project (www.achieve.org),
whose analysts found that colleges and modern
employers converge around the skills and knowledge
needed by high school graduates (in math especially)
for success in both higher education and the modern
workplace. (Achieve has also done valuable work set-
ting benchmarks for state math standards aligned to
these “exit” expectations, and evaluating states against
them.) Put simply: What young people need to know
and be able to do to succeed in higher education is
essentially the same as what they need to succeed in
tomorrow’s jobs. Thus it makes enormous sense for all
high schoolers to master these common, foundational
skills. The fact that many students don’t is due in no
small part to the fact that states don’t set the bar high
enough in their state standards and tests, especially
their high school exit exams.

Instead, many state standards documents cover a variety
of topics in a disconnected manner, with no organizing
principle to guide expectations and instruction in K-12
mathematics. Constructing standards with college
preparation in mind would provide both a framework
for coherence in the standards themselves and criteria
for choosing which topics should be emphasized and
which can be given less attention. Knowing where you're
going when developing a set of math standards makes it
easier to determine which steps to take along the way. In
other words, if you know where you want twelfth-
graders to end up by way of knowledge and skills, you
can “backward map” all the way to Kindergarten to
ensure that the necessary teaching-and-learning steps
get taken in the appropriate sequence.

The first step, of course, is mastery of arithmetic in the
elementary grades. Without it, there’s no hope of ADP-
level or college-prep level math being mastered in high
school. It says something deeply unsettling about the
parlous state of math education in these United States
that the arithmetic point must even be raised—but it
must. As Klein notes, “Without a solid foundation in
this most important branch of mathematics—arith-
metic—success in secondary school algebra, geometry,
trigonometry, and pre-calculus is impossible.” This fail-



ure, then, is profoundly consequential. Standards-
writers guided by the goal of immersing all students in
college-level mathematics need to work back through
the grades to develop the skills at the appropriate pace
and level of difficulty. That mapping must reach all the
way back to the most elementary topic in mathemat-
ics—arithmetic—and to a child’s first exposure to arith-
metic in Kindergarten and the primary grades.

The results of David Klein's evaluation of state math
standards show that there is clearly much to be done in
setting high standards and ensuring that every child
meets them. It is painstaking—but deeply necessary—
work that, to be successful, requires clear goals, compe-
tent standards-writers, and a willingness to face hard
truths about what is needed to prepare students for
higher education and productive employment. And it is
work that, even in the results-driven era of No Child
Left Behind, has only just begun.

Justin Torres
Research Director
Washington, D.C.
January 2005
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Criteria for Evaluation

State standards were judged on a 0-4 point scale on four
criteria: clarity, content, reason, and negative qualities.
In each case, 4 indicates excellent performance, 3 indi-
cates good performance, 2 indicates mediocre perform-
ance, 1 indicates poor performance, and 0 indicates fail-
ing performance. More information about how grades
were assigned is available in the “Methods and
Procedures” section beginning on page 121.

Clarity

Fig. 8: 2005 Grades for Clarity
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Grades

State average: 1.85
Range: 0.33-3.83

States to watch:

California (3.83)

Indiana, Massachusetts (3.67)
Georgia (3.33)

Alabama, New Mexico (3.00)

States to shun:

Washington, Connecticut (0.33)
Missouri (0.67)

Delaware (0.83)

Clarity refers to the success the document has in achiev-
ing its own purpose, i.e., making clear to teachers, test

developers, textbooks authors, and parents what the
state desires. Clarity refers to more than the prose, how-
ever. The clarity grade is the average of three separate
sub-categories:

1. Clarity of the language: The words and sentences
themselves must be understandable, syntactically
unambiguous, and without needless jargon.

2. Definiteness of the prescriptions given: What the
language says should be mathematically and peda-
gogically definite, leaving no doubt of what the inner
and outer boundaries are, of what is being asked of
the student or teacher.

3. Testability of the lessons as described: The state-
ment or demand, even if understandable and com-
pletely defined, might yet ask for results impossible to
test in the school environment. We assign a positive
value to testability.

For comparisons of clarity grades between the three
Fordham Foundation math standards evaluations, see
the Appendix beginning on page 123.

Content

Fig. 9: 2005 Grades for Content
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” Much of this section is adapted from the “Criteria for Evaluation” section of State Math Standards, by Ralph A. Raimi and Lawrence

Braden, Thomas B. Fordham Foundation, March 1998.
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State average: 1.57
Range: 0.33-3.94

States to watch:
California (3.94)
Indiana (3.83)
Massachusetts (3.67)
Alabama (3.17)

States to shun:
Connecticut, Hawaii, Missouri (0.33)

Content, the second criterion, is plain enough in intent.
Mainly, it is a matter of what might be called “subject
coverage,” i.e., whether the topics offered and the per-
formance demanded at each level are sufficient and suit-
able. To the degree we can determine it from the stan-
dards documents, we ask, is the state asking K-12 stu-
dents to learn the correct skills, in the best order and at
the proper speed? For this report, the content score
comprises 40 percent of the total grade for any state.

Here we separate the curriculum into three parts (albeit
with fuzzy edges): Primary, Middle, and Secondary. It is
common for states to offer more than one 9-12 curricu-
lum, but also to print standards describing only the
“common” curriculum, often the one intended for a
universal graduation exam, usually in grade 11.

We cannot judge the division of content with year-by-
year precision because few states do so, and we wish our
scores to be comparable across states. As for the fuzzi-
ness of the edges of the three grade-span divisions, not
even all those states with “elementary,” “intermediate,”
and “high school” categories divide in the same way.
One popular scheme is K-6, 7-9, and 10-12, while oth-
ers divide it K-5, 6-8, and 9-12. In cases where states
divide their standards into many levels (sometimes
year-by-year), we shall use the first of these schemes. In
other cases we accept the state’s divisions and grade
accordingly. Therefore, Primary, Middle, and Secondary
will not necessarily mean the same thing from one state
to another. There is really no need for such precision in
our grading, though of course in any given curriculum
it does make a difference where topics are placed.

Content gives rise to three criteria:

1. Primary school content (K-5, approximately)
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2. Middle school content (or 6-8, approximately)
3. Secondary school content (or 9-12, approximately).

In many states, mathematics is mandatory through the
tenth grade, while others might vary by a year or so. Our
judgment of the published standards does not take
account of what is or is not mandatory; thus, a rating
will be given for secondary school content whether or
not all students in fact are exposed to part or all of it.
(Some standards documents only describe the curricu-
lum through grade 11, and we adjust our expectations
of content accordingly.)

For comparisons of content grades between the three
Fordham Foundation math standards evaluations, see
the Appendix beginning on page 123.

Reason

Fig. 10: 2005 Grades for Reason
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Grades

State average: 1.15
Range: 0.00-4.00

States to watch:
Indiana (4.00)
California (3.83)
West Virginia (3.00)

States to shun:
Arkansas, Connecticut, Hawaii, Montana, New
Hampshire, Oregon, Rhode Island, Wyoming (0.00)

Civilized people have always recognized mathematics as
an integral part of their cultural heritage. Mathematics



is the oldest and most universal part of our culture. In
fact, we share it with all the world, and it has its roots in
the most ancient of times and the most distant of lands.

The beauty and efficacy of mathematics derive from a
common factor that distinguishes mathematics from
the mere accretion of information, or application of
practical skills and feats of memory. This distinguishing
feature of mathematics may be called mathematical rea-
soning, reasoning that makes use of the structural
organization by which the parts of mathematics are
connected to each other, and not just to the real-world
objects of our experience, as when we employ mathe-
matics to calculate some practical result.

The essence of mathematics is its coherent quality.
Knowledge of one part of a logical structure entails con-
sequences that are inescapable and can be found out by
reason alone. It is the ability to deduce consequences that
would otherwise require tedious observation and dis-
connected experiences to discover, which makes mathe-
matics so valuable in practice; only a confident com-
mand of the method by which such deductions are
made can bring one the benefit of more than its most
trivial results.

Should this coherence of mathematics be inculcated in
the schools, or should it be confined to professional
study in the universities? A 1997 report from a task force
formed by the Mathematical Association of America to
advise the National Council of Teachers of Mathematics
in its revision of the 1989 NCTM Standards argues for
its early teaching:

[T]he foundation of mathematics is reasoning. While
science verifies through observation, mathematics
verifies through logical reasoning. Thus the essence of
mathematics lies in proofs, and the distinction among
illustrations, conjectures and proofs should be
emphasized. . . .

If reasoning ability is not developed in the students,
then mathematics simply becomes a matter of
following a set of procedures and mimicking examples
without thought as to why they make sense.

Even a small child should understand how the memo-
rization of tables of addition and multiplication for the

small numbers (1 through 10) necessarily produces all
other information on sums and products of numbers of
any size whatever, once the structural features of the
decimal system of notation are fathomed and applied.
At a more advanced level, the knowledge of a handful of
facts of Euclidean geometry—the famous Axioms and
Postulates of Euclid, or an equivalent system—necessar-
ily implies (for example) the useful Pythagorean
Theorem, the trigonometric Law of Cosines, and a
tower of truths beyond.

Any program of mathematics teaching that slights these
interconnections doesn’t just deprive the student of the
beauty of the subject, or his appreciation of its philo-
sophic import in the universal culture of humanity, but
even at the practical level it burdens that child with the
apparent need for memorizing large numbers of dis-
connected facts, where reason would have smoothed his
path and lightened his burden. People untaught in
mathematical reasoning are not being saved from some-
thing difficult; they are, rather, being deprived of some-
thing easy.

Therefore, in judging standards documents for school
mathematics, we look to the “topics” as listed in the
“content” criteria not only for their sufficiency, clarity,
and relevance, but also for whether their statement
includes or implies that they are to be taught with the
explicit inclusion of information on their standing
within the overall structures of mathematical reason.

A state’s standards will not score higher on the Reason
criterion just by containing a thread named “reasoning,”
“interconnections,” or the like. It is, in fact, unfortunate
that so many of the standards documents contain a
thread called “Problem-solving and Mathematical
Reasoning,” since that category often slights the reason-
ing in favor of the “problem-solving,” or implies that
they are essentially the same thing. Mathematical rea-
soning is not found in the connection between mathe-
matics and the “real world,” but in the logical intercon-
nections within mathematics itself.

Since children cannot be taught from the beginning
“how to prove things” in general, they must begin with
experience and facts until, with time, the interconnec-
tions of facts manifest themselves and become a subject
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of discussion, with a vocabulary appropriate to the level.
Children must then learn how to prove certain particu-
lar things, memorable things, both as examples for rea-
soning and for the results obtained. The quadratic for-
mula, the volume of a prism, and why the angles of a tri-
angle add to a straight angle, are examples. What does
the distributive law have to do with “long multiplica-
tion?” Why do independent events have probabilities
that combine multiplicatively? Why is the product of
two numbers equal to the product of their negatives?

(At a more advanced level, the reasoning process can
itself become an object of contemplation; but except for
the vocabulary and ideas needed for daily mathematical
use, the study of formal logic and set theory are not for
K-12 classrooms.)

We therefore look at the standards documents as a whole
to determine how well the subject matter is presented in
an order, wording, or context that can only be satisfied
by including due attention to this most essential feature
of all mathematics.

For comparisons of reason grades between the three
Fordham Foundation math standards evaluations, see
the Appendix beginning on page 123.

Negative Qualities

Fig. 11: 2005 Grades for Negative Qualities

Number of States

Grades

State average: 1.79
Range: 0.00-3.92
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States to watch:

California (3.92)

Indiana (3.75)

Alabama, Massachusetts (3.50)
New Mexico, North Dakota (3.00)

States to shun:

Delaware, Washington (0.00)
Kansas (0.25)

Florida, Hawaii, Missouri (0.50)

This fourth criterion looks for the presence of unfortu-
nate features of the document that contradict its intent
or would cause its reader to deviate from what other-
wise good, clear advice the document contains. We call
one form of it False Doctrine. The second form is called
Inflation because it offends the reader with useless ver-
biage, conveying no useful information. Scores for
Negative Qualities are assigned a positive value; that is,
a high score indicates the lack of such qualities.

Under False Doctrine, which can be either curricular or
pedagogical, is whatever text contained in the standards
we judge to be injurious to the correct transmission of
mathematical information. To be sure, such judgments
can only be our own, as there are disagreements among
experts on some of these matters. Indeed, our choice of
the term “false doctrine” for this category of our study is
a half-humorous reference to its theological origins,
where it is a synonym for heresy. Mathematics educa-
tion has no official heresies, of course; yet if one must
make a judgment about whether a teaching (“doctrine™)
is to be honored or marked down, deciding whether an
expressed doctrine is true or false is necessary.

The NCTM, for example, prescribes the early use of cal-
culators with an enthusiasm the authors of this report
deplore, and the NCTM discourages the memorization
of certain elementary processes, such as “long division”
of decimally expressed real numbers, and the paper-
and-pencil arithmetic of all fractions, that we think
essential. We assure the reader, however, that our view is
not merely idiosyncratic, but also has standing in the
world of mathematics education.

While in general we expect standards to leave pedagogi-
cal decisions to teachers (as most standards documents
do), so that pedagogy is not ordinarily something we



rate in this study, some standards contain pedagogical
advice that we believe undermines what the document
otherwise recommends. Advice against memorization of
certain algorithms, or a pedagogical standard mandating
the use of calculators to a degree we consider mistaken,
might appear under a pedagogical rubric. Then our
practice of not judging pedagogical advice fails, for if the
pedagogical part of the document gives advice making it
impossible for the curricular part—as expressed there—to
be accomplished properly, we must take note of the con-
tradiction under this rubric of False Doctrine.

Two other false doctrines are excessive emphases on
“real-world problems” as the main legitimating motive
of mathematics instruction, and the equally fashionable
notion that a mathematical question may have a multi-
tude of different valid answers. Excessive emphasis on
the “real-world” leads to tedious exercises in measuring
playgrounds and taking census data, under headings
like “Geometry” and “Statistics,” in place of teaching
mathematics. The idea that a mathematical question
may have various answers derives from confusing a
practical problem (whether to spend tax dollars on a
recycling plant or a highway) with a mathematical ques-
tion whose solution might form part of such an investi-
gation. As the Mathematics Association of America Task
Force on the NCTM Standards has noted,

[R]esults in mathematics follow from hypotheses,
which may be implicit or explicit. Although there may
be many routes to a solution, based on the hypotheses,
there is but one correct answer in mathematics. It may
have many components, or it may be nonexistent if the
assumptions are inconsistent, but the answer does not
change unless the hypotheses change.

Constructivism, a pedagogical stance common today, has
led many states to advise exercises in having children
“discover” mathematical facts, algorithms, or “strate-
gies.” Such a mode of teaching has its value, in causing
students to better internalize what they have learned; but
wholesale application of this point of view can lead to
such absurdities as classroom exercises in “discovering”
what are really conventions and definitions, things that
cannot be discovered by reason and discussion, but are
arbitrary and must simply be learned.

Students are also sometimes urged to discover truths
that took humanity many centuries to elucidate, such as
the Pythagorean Theorem. Such “discoveries” are
impossible in school, of course. Teachers so instructed
will waste time, and end by conveying a mistaken
impression of the standing of the information they
must surreptitiously feed their students if the lesson is
to come to closure. And often it all remains open-ended,
confusing the lesson itself. Any doctrine tending to say
that telling things to students robs them of the delight
of discovery must be carefully hedged about with peda-
gogical information if it is not to be false doctrine, and
unfortunately such doctrine is so easily and so often
given injudiciously and taken injuriously that we
deplore even its mention.

Finally, under False Doctrine must be listed the occur-
rence of plain mathematical error. Sad to say, several of
the standards documents contain mathematical misstate-
ments that are not mere misprints or the consequence of
momentary inattention, but betray genuine ignorance.

Under the other negative rubric, Inflation, we speak
more of prose than content. Evidence of mathematical
ignorance on the part of the authors is a negative fea-
ture, whether or not the document shows the effect of
this ignorance in its actual prescriptions, or contains
outright mathematical error. Repetitiousness, bureau-
cratic jargon, or other evils of prose style that might
cause potential readers to stop reading or paying
attention, can render the document less effective than
it should be, even if its clarity is not literally affected.
Irrelevancies, such as the smuggling in of trendy polit-
ical or social doctrines, can injure the value of a stan-
dards document by distracting the reader, even if they
do not otherwise change what the standard essential-
ly prescribes.

The most common symptom of irrelevancy, or evidence
of ignorance or inattention, is bloated prose, the making
of pretentious yet empty pronouncements. Bad writing
in this sense is a notable defect in the collection of stan-
dards we have studied.

We thus distinguish two essentially different failures
subsumed by this description of pitfalls, two Negative
Quialities that might injure a standards document in
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ways not classifiable under the headings of Clarity and
Content: Inflation (in the writing), which is impossible
to make use of; and False Doctrine, which can be used
but shouldn't.

For comparisons of Negative Qualities grades between
the three Fordham Foundation math standards evalua-
tions, see the Appendix beginning on page 123.

The State of State Math Standards, 2005



State Reports 2005

Scale Used for Converting a Weighted Score

to a Letter Grade

3.25-4.0=A

2.50-3.24=8B

1.75-2.49=C

1.00-1.74=D

0.00-099 =F

ALABAMA

Reviewed: Alabama Course of Study: Mathematics, 2003.
Alabama provides grade-level standards for each of the
grades K-8, Algebra | standards, and Geometry standards
intended for almost all students. Following the geometry
course, the Alabama Course of Study: Mathematics provides
standards for a number of different courses of study to
“accommodate the needs of all students” that include
Algebraic Connections, Algebra Il, Algebra Il with

Trigonometry, Algebra Il with Statistics, and Precalculus.

2005 STATE REPORT CARD
Alabama
Clarity: 3.00
Content: 3.17

Reason: 2.00

W N W W

Negative Qualities: 3.50

Weighted Score: 2.97 Final Grade:

B

2000 Grade: B

1998 Grade: B

Alabama’s standards, revised in 2003, remain solid.
They are clearly written and address the important top-
ics. Students are expected to demonstrate “computa-
tional fluency,” solve word problems, learn algebraic
skills and ideas, and solve geometry problems, including
some exposure to proofs. At each grade level, the stan-
dards include introductory remarks, with exhortations
to “maximize student learning through the use of
manipulatives, social interaction, and technology,” as
the sixth grade curriculum puts it. Though this state-
ment overemphasizes the role of manipulatives and
technology, except for such introductory remarks, cal-
culators and technology are not mentioned in the stan-
dards themselves until ninth grade. Taken at face value,
this policy of minimal calculator use is commendable.

More Memorization, Less Probability

and Data Analysis

A weakness of the standards is that memorization of the
basic number facts is not required. Instead, second-
graders are expected to demonstrate “computational
fluency for basic addition and subtraction facts with
sums through eighteen and differences with minuends
through eighteen, using horizontal and vertical forms.”
Similar language for the single-digit multiplication facts
and corresponding division facts appears in the fourth
grade standards. Computational fluency in determining
the value of 9 x 7 is not the same as memorizing the
basic arithmetic facts, which should be explicitly
required of elementary grade students. Standard arith-
metic algorithms, including the long division algorithm,
are not mentioned in Alabama’s standards, an inexplica-
ble omission.

Probability and data analysis standards are overempha-
sized, appearing at every grade level and for every
course. Second-graders are prematurely expected to
“determine if one event related to everyday life is more
likely or less likely to occur than another event.” Third-
graders are expected to
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Determine the likelihood of different outcomes in a
simple experiment.

Example: determining that the spinner is least likely to
land on red in this diagram.

As the probability of any event is a number between 0
and 1, it makes no sense to discuss probability until stu-
dents have at least a working knowledge of fractions.

Some of the standards relating to patterns are defective.
For example, sixth-graders are expected to “solve prob-
lems using numeric and geometric patterns” by, for
example, “continuing a pattern for the 5th and 6th
numbers when given the first four numbers in the pat-
tern.” This is an example of false doctrine, since without
a specific rule for the pattern, there are no correct or
incorrect answers for such a problem.

The following standards regarding lines of best fit for
scatter plots are given for eighth grade, Algebra I, and
Geometry respectively:

Making predictions by estimating the line of best fit
from a scatterplot.

Use a scatterplot and its line of best fit or a specific line
graph to determine the relationship existing between
two sets of data, including positive, negative, or no
relationship.

Collect data and create a scatterplot comparing the
perimeter and area of various rectangles. Determine
whether a line of best fit can be drawn.

To develop the topic of lines of best fit properly is
college-level mathematics, and to do it other ways is not
mathematics.

The ubiquitous data analysis and probability standards
weaken the high school course standards. Algebra | stu-
dents would be better off learning to complete the
square for quadratic polynomials—a topic not listed in
the Algebra | standards—rather than trying to “eyeball”
lines of best fit, or pressing calculator buttons without
understanding what the machine is doing. Similar
comments apply to the Geometry and higher-level
course standards.

The State of State Math Standards, 2005

Alaska

Reviewed: Alaska Content Standards, 1999; Alaska
Performance Standards, January 20, 1999; Math Grade Level
Expectations for Grades 3-10, March 16, 2004. The Content
Standards consist of general standards addressed uniformly
to students in all grades, such as “use computational
methods and appropriate technology as problem-solving
tools.” The more specific Performance Standards provides
standards for students in four broad age bands, and Grade
Level Expectations has detailed grade-level standards for

each of the grades three to ten.

2005 STATE REPORT CARD

Alaska

Clarity: 2.00 C
Content: 1.17 D
Reason: 0.50 H

Negative Qualities: 1.75  C

Weighted Score: 1.32 Final Grade:

D

2000 Grade: D

1998 Grade: C

In the elementary grades, students are expected to mem-
orize the basic number facts, a positive feature, and are
appropriately expected to be able to compute with whole
numbers. But there is no mention of the standard algo-
rithms; rather, the Performance Standards call upon stu-
dents to “add and subtract . . . using a variety of models
and algorithms.” The Grade Level Expectations intro-
duce calculators in third grade, far too early:

The student determines reasonable answers to real-
life situations, paper/ pencil computations, or
calculator results by . . . finding “how many” or “how
much” to 50.

Allowing students to use calculators to compute sums to
50 undermines the development of arithmetic in these
standards.



The development of area in the elementary grade stan-
dards is weak. Estimation replaces the logical develop-
ment of area from rectangle to triangle and then to other
polygons. Students are not expected to know how to
compute the area of a triangle until sixth grade. In earli-
er grades, students only estimate areas of polygons other
than rectangles. The exact area of a circle is introduced
only in the eighth grade. Earlier grade standards call only
for estimates of areas of circles. The arithmetic of ration-
al numbers is not addressed until middle school.

Poorly Developed Standards

There is too much emphasis on the use of manipulatives
in the upper grades. Seventh-graders are asked to use
place value blocks to identify place values for integers
and decimals. Use of “models,” which we take to mean
manipulatives, is required as late as ninth grade in order
for students to “demonstrate conceptual understanding
of mathematical operations . . . on real numbers.”
Mathematics owes its power and breadth of utility to
abstraction. The overuse of manipulatives works against
sound mathematical content and instruction.

Seventh-grade students are expected to multiply and
divide decimals, but the concept of multiplication and
division of fractions is not introduced until eighth
grade. The possibility then exists that seventh-graders
will utilize rote procedures without understanding the
meaning of multiplication or division of decimals.

Another example of poor development in the Alaska
standards is a sequence of standards involving measures
of angles. Sixth-graders are expected to draw or “meas-
ure quadrilaterals” with given dimensions or angles, but
they are not expected to measure the degrees of an angle
until grade 7.

The upper-grade-level algebra and geometry standards
are thin and some of the writing is so poor that mean-
ing is obscured, as in these tenth-grade standards:

The student demonstrates conceptual understanding of
functions, patterns, or sequences, including those
represented in real-world situations, by

e describing or extending patterns (families of
functions: linear, quadratic, absolute value), up to

the nth term, represented in tables, sequences,
graphs, or in problem situations

e generalizing equations and inequalities (linear,
quadratic, absolute value) using a table of ordered
pairs or a graph

e using a calculator as a tool when describing,
extending, representing, or graphing patterns, linear
or quadratic equations L.

Probability and statistics are overemphasized at all
grade levels, particularly in the lower grades before frac-
tions are well developed. Patterns are also overempha-
sized and the standards devoted to patterns have little
connection to mathematics.

Arizona

Reviewed: Arizona Academic Content Standards, March
2003. Arizona provides standards for each of the grades K-8

and a single set of standards for the high school grades.

2005 STATE REPORT CARD
Arizona
Clarity: 2.00
Content: 2.00

Reason: 2.00

O 0 NN

Negative Qualities: 2.00

Weighted Score: 2.00 Final Grade:

C

2000 Grade: B

1998 Grade: B

Arizona has the makings of a good start with these rela-
tively new standards, but there are shortcomings in con-
tent coverage and logical development that drag down
its grade. These standards are divided into five strands:
Number Sense and Operations; Data Analysis,
Probability, and Discrete Mathematics; Patterns,
Algebra, and Functions; Geometry and Measurement;
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and Structure and Logic. Each of these strands further
subdivides the standards into “Concepts,” some of which
are unconventional. For example, within the Data
Analysis strand is “Concept 4: Discrete Mathematics
(Vertex-Edge Graphs).” Under the Algebra and
Functions strand is the group of standards devoted to
“Concept 4. Analysis of Change.” And within the
Structure and Logic strand a collection of standards is
labeled, “Concept 1: Algorithms and Algorithmic
Thinking.”

Making Progress . . . Slowly

A commendable feature of Arizona’s standards is that
several of the “Concept” categories at lower grade levels
are left blank. For example, it is refreshing to find no
standards listed under “Concept 2: Probability” at the
Kindergarten level, which is too early to introduce this
topic. Other states could improve their own standards
by emulating this feature.

However, in other cases, standards grouped under
“Concepts” are repetitive and lack content. For example,
the following standards listed under “Concept 4:
Discrete Mathematics (Vertex-Edge Graphs)” appear
respectively in each of the grades K-2 and 3-5:

Grades K-2

Color pictures with the least number of colors so that
no common edges share the same color (increased
complexity throughout grade levels).

Grades 3-5

Color maps with the least number of colors so that no
common edges share the same color (increased
complexity throughout grade levels).

Devoting class time for six years of school to coloring
pictures and maps in this fashion, perhaps in recogni-
tion of the “Four Color Theorem,” takes valuable time
away from more important topics for elementary school
students. Similarly, “Concept 4: Analysis of Change”
includes repetitive standards from year to year in the
lower grades:

Grade 1

The State of State Math Standards, 2005

Identify the change in a variable over time (e.g., an
object gets taller, colder, heavier, etc.).

Make simple predictions based on a variable (e.g.,
select next stage of plant growth).

Grade 2

Identify the change in a variable over time (e.g., an
object gets taller, colder, heavier).

Make simple predictions based on a variable (e.g., a
child’s height from year to year).

Grade 3

Identify the change in a variable over time (e.g., an
object gets taller, colder, heavier).

Make simple predictions based on a variable (e.g.,
increases in allowance as you get older).

At the middle and high school levels, the standards list-
ed under “Concept 4: Analysis of Change” are vague and
superficial.

Grade 7

Analyze change in various linear contextual situations.

High School

Determine the solution to a contextual
maximum/minimum problem, given the graphical
representation.

Finding maxima and minima of functions is an impor-
tant topic in calculus, but the prerequisites to deal with
that topic are not developed in the Arizona standards.
Arizona would do better by placing more emphasis on
algebra and geometry, topics poorly developed in these
standards. For example, there is no mention of complet-
ing the square of quadratic polynomials, and little
attention to proofs in geometry. With the exception of a
single standard calling upon students to “identify the
sine, cosine, and tangent ratios” of acute angles,
trigonometry is missing.

Inconsistent Coverage

Ironically, there is no mention of the standard algo-
rithms of arithmetic under “Concept 1. Algorithms



and Algorithmic Thinking,” or in the rest of these stan-
dards. The elementary grades do, however, call for
whole number and decimal computations, and there is
no mention of calculators for this or other purposes, a
positive feature for the elementary school grades.
Students are expected to “state multiplication and
division facts through 9s” and similarly to state other
number facts.

The development of decimal arithmetic is poorly coor-
dinated with fraction arithmetic. Fifth-graders multiply
and divide decimals, but it is not until sixth grade that
they perform these operations with fractions. The pos-
sibility then exists that fifth-graders will utilize rote pro-
cedures without understanding the meaning of multi-
plication or division of decimals.

The Structure and Logic strand is mixed. Many of these
standards are too broad. High school students are to
“analyze assertions related to a contextual situation by
using principles of logic” and “construct a simple for-
mal or informal deductive proof,” which gives teachers
little guidance as to what students ought to do.
Similarly, eighth-graders are required to “solve a logic
problem given the necessary information.”

On the other hand, some of the standards in this
strand are concrete and valuable. Eighth-graders also
“verify the Pythagorean Theorem using an area dissec-
tion argument,” an excellent requirement. Second
graders learn useful vocabulary words from the stan-
dards: “ldentify the concepts some, every, and many
within the context of logical reasoning,” and “Identify
the concepts all and none within the context of logical
reasoning.”

Arkansas

Reviewed: Arkansas Course of Study: Mathematics, 2003;
Curriculum Frameworks: Mathematics, 1998; Sample
Curriculum Models, K-8, 1998; Sample Grade Level
Benchmarks, 1-4, 1998; Sample Grade Level Benchmarks,
5-8, 1999. The Arkansas Framework consists of broad
standards for grade bands K-4, 5-8, and 9-12. Grade-by-

grade benchmarks and sample curriculum models for

grades K-8 supplement the Framework. However, no
supplementary documents were available for grades 9-12 at
the time of this review.

2005 STATE REPORT CARD

Arkansas

Clarity: 1.50 D
Content: 0.67 F
Reason: 0.00 H

Negative Qualities: 0.75  F

Weighted Score: 0.72 Final Grade:

F

2000 Grade: D

1998 Grade: F

Arkansas’ grade for math standards is lower in 2005
than in 2000, though the standards themselves remain
largely unchanged. That’s because the 2005 reviewers
placed heavier weight—as they should have—on the
standards’ coverage of math content and, in that crucial
area, Arkansas’ standards are especially weak.

Overall, the Natural State’s standards are disorganized,
with spotty coverage of algebra in the higher grades and
an overemphasis on technology and manipulatives.
Mental math is mentioned in a few benchmarks, but in
each instance is given equal billing with technology.
Take, for example, this first-grade benchmark:

Students will demonstrate competency with basic
addition and subtraction facts (sums to 18) using
mental math and technology.

Demonstrating “competency with basic addition and
subtraction facts” using “technology” works against
memorization of the basic facts. The Arkansas
Framework conveys boundless trust in the power of
technology—even in Kindergarten, where this standard
appears:

Students will use the tools of technology to experience
gathering, organizing, and presenting information.
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In sixth grade, “Students will identify, with and without
technology, pi (M) as an irrational number. . . ”
Essentially this same standard reappears in eighth grade
as well, but with reference to v2 instead of pi. Standards
such as these point to the use of technology as an end in
itself, regardless of mathematical necessity or merit.
This latter standard in particular undermines mathe-
matical reasoning, since technology cannot establish the
irrationality of pi or of any other irrational number.
Moreover, while a proof that V2 is irrational may be
accessible to some high school students, the tools need-
ed to demonstrate the irrationality of pi go far beyond
K-12 mathematics.

Manipulatives Run Amuck

The focus on manipulatives is excessive throughout.
Mathematics owes its power and utility to abstraction;
overusing manipulatives works against sound mathe-
matical content and instruction. For example, in the
fifth grade,

The student will: add and subtract fractions and/or
mixed numbers with and without like denominators
using manipulatives, . . . use appropriate software
technology to demonstrate competence with rational
number computations,

and

use manipulatives to represent fractions (i.e.,
continuous wholes, equivalent fractions, and discrete
sets with fraction bars, attribute blocks, fraction strips,
etc.) (e.g., 1/2 of a cake and 1/2 of a dozen eggs).

It is unclear what is meant by “continuous wholes.” A
seventh-grade benchmark asks students to “find what
percent one number is of another with the use of
manipulatives and technology.” The use of manipula-
tives continues to the eighth grade, long after it should
have been discontinued.

Patterns and statistics, probability, and data analysis are
overemphasized at all levels. Algebra and pre-algebra are
underemphasized in middle and high school. The treat-
ment of linear functions relies too much on graphing
calculators and manipulatives and too little on symbolic
notation and mathematical reasoning. The Pythagorean

The State of State Math Standards, 2005

Theorem is mentioned twice and only in eighth grade,
once in the context of formulas for volume and surface
area, and once in the context of indirect measurements.
No standard requires students to find the roots of a
quadratic polynomial, except one eighth-grade stan-
dard—and, of course, it allows students to use “manip-
ulatives and appropriate technology” to solve the prob-
lem. The Arkansas benchmarks introduce the number
line simultaneously with coordinate graphs in grade
five, with positive integrals and “common fractions” as
coordinates. Strangely, and inconsistently, the “transfor-
mation . .. of geometric figures on the coordinate plane
(negative and positive numbers)” already occurs in the
grade 5 benchmarks.

Finally, some of the Arkansas benchmarks are straight-
out nonsense, such as this one for fifth-graders:

Students will develop and use strategies for finding the
length of straight and curved lines and the perimeter
of two and three dimensional objects.

Three-dimensional objects do not have perimeters (we
suspect “surface area” is meant) and if finding the lengths
of curves is expected of fifth-graders then a method
should be identified, since this is generally an operation
far beyond the ability of most students that age.

California

Review: Mathematics Framework for California Public
Schools, 2000 Revised Edition provides standards for each
of the grades K-7 and for the courses and topics: Algebra [;
geometry; Algebra ll; Trigonometry; Mathematical Analysis;
Linear Algebra; Probability and Statistics; Advanced
Placement Probability and Statistics; and Calculus. At the
time of this writing, the revised edition of the Framework was
the latest available, but additional revisions are in progress,
including new appendices addressing algebra readiness and

intervention programs.

California’s standards are excellent in every respect. The
language is crystal clear, important topics are given pri-
ority, and key connections between different skills and
tasks are explicitly addressed. Computational skills,
problem-solving, and mathematical reasoning are
unambiguously supported and integrated throughout



the standards. For example, the fifth-grade standards
addressing fraction multiplication and division proceed
logically and clearly:

Understand the concept of multiplication and division
of fractions.

Compute and perform simple multiplication and
division of fractions and apply these procedures to
solving problems.

Sample problems follow the latter standard. Procedural
skill, conceptual understanding, and problem-solving
are all required here. Another illustration is this
Measurement and Geometry standard for fifth grade:

2005 STATE REPORT CARD
California
Clarity: 3.83
Content: 3.94
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Derive and use the formula for the area of a triangle
and of a parallelogram by comparing it with the
formula for the area of a rectangle (i.e., two of the
same triangles make a parallelogram with twice the
area; a parallelogram is compared with a rectangle of
the same area by pasting and cutting a right triangle
on the parallelogram).

Sample problems immediately follow in the Framework,
and a fourth-grade Measurement and Geometry
standard carefully lays the groundwork for the above
standard:

Understand and use formulas to solve problems
involving perimeters and areas of rectangles and
squares. Use those formulas to find the areas of more

complex figures by dividing the figures into basic
shapes.

Top-Notch

The elementary grade standards require memorization
of the basic number facts and facility with the standard
algorithms of arithmetic, including the important long
division algorithm. Standards calling for facility with
the standard algorithms of arithmetic also ask for
understanding of why the algorithms “work,” as in this
fourth-grade Number Sense standard:

Demonstrate an understanding of, and the ability to
use, standard algorithms for multiplying a multi-digit
number by a two-digit number and for dividing a
multi-digit number by a one-digit number; use
relationships between them to simplify computations
and to check results.

The K-7 standards build the prerequisites for secondary
algebra and geometry systematically and coherently.
California aims to place students in Algebra I, or an
integrated math course, by eighth grade, but the
Framework acknowledges on page 199 that this ambi-
tious program is not always appropriate:

One purpose of a seventh grade assessment, as
described previously, is to determine the extent to
which students are mastering prealgebraic concepts
and procedures. Another is to identify those students
who lack the foundational skills needed to succeed in
eighth grade algebra and need further instruction and
time to master those skills. This additional instruction
may be provided through tutoring, summer school, or
an eighth grade prealgebra course leading to algebra in
the ninth grade.

California’s Framework clearly and appropriately
addresses the role of technology. Chapter 9, “The Use of
Technology,” provides clear guidance on calculator and
computer usage that other states would do well to emu-
late. A section entitled “The Use of Calculators” begins,

The Mathematics Content Standards for California
Public Schools was prepared with the belief that there
is a body of mathematical knowledge—independent of
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technology—that every student in Kindergarten
through grade twelve ought to know and know well.
Indeed, technology is not mentioned in the
Mathematics Content Standards until grade six. More
important, the STAR assessment program—carefully
formulated to be in line with the standards—does not
allow the use of calculators all through Kindergarten
to grade eleven.

The Framework, however, does encourage the use of cal-
culators in specific, appropriate circumstances:

It should not be assumed that caution on the use of
calculators is incompatible with the explicit
endorsement of their use when there is a clear reason
for such an endorsement. Once students are ready to
use calculators to their advantage, calculators can
provide a very useful tool not only for solving problems
in various contexts but also for broadening students’
mathematical horizons. One of the most striking
examples of how calculators can be appropriately used
to help solve problems is the seventh grade topic of
compound interest.

A Few Flaws

The K-7 standards are not without shortcomings. The
standards, pitched at an internationally competitive
level, place stiff demands on students that exceed those
of most states, and the Framework does not elaborate
sufficiently on how best to help students who fall
behind. Probability and statistics are overemphasized,
although not as much as with most other states. For
example, these sixth-grade standards stray too far in the
direction of social science and away from mathematics:

Identify different ways of selecting a sample (e.g.,
convenience sampling, responses to a survey, random
sampling) and which method makes a sample more
representative for a population.

Analyze data displays and explain why the way in
which the question was asked might have influenced
the results obtained and why the way in which the
results were displayed might have influenced the
conclusions reached.

The State of State Math Standards, 2005

Identify data that represent sampling errors and
explain why the sample (and the display) might be
biased.

California’s K-7 mathematics standards are demanding
enough without the inclusion of such diversions as data
collection.

The section, “Grade-Level Considerations, Grade Four:
Areas of Emphasis” has an egregious error that should
be corrected, along with supporting material in
Appendix A to which the passage refers. On page 135,
the paragraph labeled “Fractions equal to one” includes
this statement:

When the class is working on equivalent fraction
problems, the teacher should prompt the students on
how to find the equivalent fraction or the missing
number in the equivalent fraction. The students find
the fraction of one that they can use to multiply or
divide by to determine the equivalent fraction.

Fourth-grade students cannot use multiplication and
division of fractions to find equivalent fractions because
multiplication and division of fractions are not intro-
duced until fifth grade. Moreover, equivalence of frac-
tions is fundamental to the arithmetic of rational num-
bers. The concept of equivalence of fractions must be
firmly established, using only whole number opera-
tions, before multiplication and division of fractions
can be defined and explained. However, equivalence of
fractions is correctly addressed by the third-and fourth-
grade standards themselves.

A Model for States

The Framework identifies the high school content
intended for all students as Algebra I, Geometry, and
Algebra 1l (although it does allow integrated math
courses covering the same topics). The content stan-
dards for the more advanced courses are listed by topic
(rather than as courses) with the intention that those
standards may be collected and combined in a variety of
different possible ways. As the document explains:

To allow local educational agencies and teachers
flexibility in teaching the material, the standards for



grades eight through twelve do not mandate that a
particular discipline be initiated and completed in a
single grade. . . . Many of the more advanced subjects
are not taught in every middle school or high school.
Moreover, schools and districts have different ways of
combining the subject matter in these various
disciplines. For example, many schools combine some
trigonometry, mathematical analysis, and linear
algebra to form a precalculus course. Some districts
prefer offering trigonometry content with Algebra 11.

The Algebra I, Geometry, and Algebra Il standards are
exemplary. In Algebra I, students “know the quadratic
formula and are familiar with its proof by completing
the square.” Geometry students prove major theorems
including the Pythagorean Theorem. The standards for
the more advanced courses are demanding, and can
prepare motivated students for university studies and
scientific careers.

California’s Framework is not perfect. But it comes as
close to perfection as any set of mathematics standards
in the country, and should be a valuable model for other
states.

Colorado

Reviewed: Colorado Model Content Standards for
Mathematics, February 7, 2000. Colorado provides broad
standards for each of the grade bands K-, 5-8, and 9-12,
and specific grade-level standards for grades K-8. Colorado
also provides an Assessment Framework, not reviewed here

because it is used solely as “a guide for test construction.”
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Colorado’s grade has not changed since our last review.
The document remains vague and confusing, with a
plethora of time-wasting activities and odd develop-
ment of key mathematical skills. For example, the word
“demonstrate” appears 122 times in the document,
often in ways that are unclear:

Eighth grade students will pictorially demonstrate the
meaning of commonly used irrational numbers.

High school students will demonstrate the
relationships among subsets of the real number system,
including counting, whole, integer, rational, and
irrational numbers, to one another.

The elementary grade standards call for memorization
of the basic number facts and require students to be able
to add, subtract, multiply, and divide whole numbers
using pencil and paper—a positive feature. But calcula-
tors are inappropriately introduced in first grade,
potentially compromising whole number arithmetic.

The reliance on demonstrations with concrete objects to
develop understanding of arithmetic is excessive. For
example, third-graders are expected to use concrete
objects to “demonstrate and verbally explain addition
and subtraction of whole numbers with regrouping for
up to four-digit numbers.” Even standards calling for
the use of concrete objects to understand the concept of
even and odd numbers are excessive:
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Second grade students will, using objects and pictures,
represent whole numbers including odds and evens
from 0 to 1,000.

Third grade students will, using objects and pictures,
represent whole numbers including odds and evens
from 0 to 10,000.

Fourth grade students will, using objects and pictures,
represent whole numbers including odds and evens
from 0 to 1,000,000.

Grasping the concept of even and odd numbers does
not require three years of collecting progressively more
objects. The time devoted to collecting and displaying
objects and pictures is better spent on other activities.

Poor Development of Fraction Arithmetic

Throughout these standards, the development of frac-
tions is problematic. The fraction standards for grades
K-4 rely completely on concrete objects. For example,
fourth graders, “using concrete materials, demonstrate
addition and subtraction of mixed numerals with com-
mon denominators of twelve or less.”

The concept of equivalent fractions and practice reduc-
ing fractions are not addressed at all until grade 5. This
oversight has the potential to undermine student
understanding of fractions as names of numbers, and
the understanding that different fractions can name the
same number.

In fifth grade, students add fractions with the same
denominator with pencil and paper, but use “concrete
materials” for addition of fractions (proper only) with
different denominators. Sixth-grade standards call for
addition and subtraction of fractions using pencil and
paper for the first time, but ask students only to
“demonstrate multiplication and division of proper
fractions” using “concrete materials.” Hand calculations
for the four operations of arithmetic with fractions are
expected for the first time only in seventh grade.

The late development of fractions undermines this stan-
dard:

Fifth grade students will:

The State of State Math Standards, 2005

» demonstrate the meaning of ratio in different
contexts

e USe appropriate notation to express ratios, including
a/b, atob, and a:b

The ratio of A to B is the division of A by B. Ratios can-
not be sensibly developed without a clear concept of
division, but division of fractions, including whole
numbers, is not introduced until sixth grade—using
“concrete materials”—and symbolically only in the sev-
enth grade.

Unhelpful Standards

Some of the algebra standards are mathematically
incorrect, such as this one requiring fourth-graders to

Find missing elements of a complex repeating pattern
(for example, 1,1,2,3,5,  ,13,...).

Without a specific rule for a pattern, there are no correct
or incorrect answers, and leading students to believe
otherwise does them a disservice.

Some of the probability standards are confusing, such as:

Seventh grade students will:

« demonstrate that the probability of independent
compound events is the same as the product of the
probabilities of the two simple events.

» demonstrate that the sum of all the probabilities of
the events in a sample space is equal to one.

It is unclear how students are to “demonstrate” the def-
initions of sample space and independent events.
Throughout, data collection and analysis, statistics, and
probability are overemphasized relative to other topics.
The high school standards in particular give too little
attention to algebra, geometry, and trigonometry, but
call upon students to be familiar with normal distribu-
tions and work superficially with lines of best fit.



Connecticut

Reviewed: Connecticut Framework: K-12 Curricular Goals and
Standards—Mathematics and Common Core of Learning—
Mathematics, both published in 1998, contain standards for
grade bands K-4, 5-8, and 9-12. These documents are
supplemented by a compact disc entitled Goals 2000,
Mathematics Curriculum—PreK through Grade 12, a
curriculum development resource produced in 2002. Goals
2000 includes sample activities intended to complement
Connecticut’s standards and National Council of Teachers of

Mathematics standards.

2005 STATE REPORT CARD

Connecticut

Clarity: 0.67 F
Content: 0.33 F
Reason: 0.00 F

Negative Qualities: 1..00 D

Weighted Score: 0.47 Final Grade: F

2000 Grade: D

1998 Grade: D

Connecticut’s unchanged standards have fallen in this
review because of the heightened emphasis on content,
where the Constitution State falls abjectly short. These
standards are marked by vagueness and ambiguity. For
example, the Common Core goals and standards,
which are also repeated in the Framework, are no more
than broad aspirations for all of the grades K-12, as in
this example:

Students will use mathematical skills and concepts
with proficiency and confidence, and appreciate the
power and utility of mathematics as a discipline and
as a tool for solving problems.

Laudable, surely, but this is not a standard, strictly
speaking. To be fair, the Framework does include more

specific performance standards, but they mostly serve to
highlight Connecticut’s constructivist approach to
mathematics education:

K-4: Students use real-life experiences, physical
materials, and technology to construct meanings for
whole numbers, commonly used fractions, and
decimals.

5-8: Students use real-life experiences, physical
materials, and technology to construct meanings for
whole numbers, commonly used fractions, decimals,
and money amounts, and extend these understandings
to construct meanings for integers, rational numbers,
percents, exponents, roots, absolute value, and
scientific notation.

9-12: Students use real-life experiences, physical
materials, and technology to construct meanings for
rational and irrational numbers, including integers,
percents, and roots.

These standards place on students the heavy burden of
constructing the meaning of the real number system.
Connecticut students are not expected to have auto-
matic recall of basic number facts, nor are they required
to master computational algorithms. Indeed, Goals
2000 advocates that:

Instructional activities and opportunities need to focus
on developing an understanding of mathematics as
opposed to the memorization of rules and mechanical
application of algorithms. . . . Technology plays an

important role in developing number sense. Students
should have opportunities to use the calculator as a
teaching and exploration tool. Young children can use
the constant feature of most calculators to count,
forward or backward, or to skip count, forward or
backward. . . . At the 5-8 grade level, students continue
to need experiences that involve the regular and
consistent use of concrete models.

Ambiguity Abounds

Still, the Framework is not completely devoid of arith-
metic and computation requirements. In K-4, for exam-
ple, students “develop proficiency with basic addition,

THOMAS B. FORDHAM FOUNDATION

47



48

subtraction, multiplication, and division facts through
the use of a variety of strategies and contexts,” while in
grades 5-8, they “develop, use, and explain procedures
for performing calculations with whole numbers, deci-
mals, fractions, and integers.” A promising start, but in
keeping with the amorphous nature of Connecticut’s
standards, no procedures or strategies are identified.

The ambiguity of these standards works against the care-
ful development of fractions and credible preparation for
algebra. The Pythagorean Theorem is mentioned only
once, in a convoluted standard for grades 5-8:

Describe and use fundamental concepts and properties
of, and relationships among, points, lines, planes,
angles and shapes, including incidence, parallelism,
perpendicularity, congruence, similarity, and the
Pythagorean Theorem.

Quadratic polynomials and the quadratic equation
receive no mention in these standards. Finally, the Goals
2000 sample activities do little to clarify the mathemat-
ical content of the standards and are at best suitable as
classroom enrichment activities.

Delaware

Reviewed: Mathematics Curriculum Framework, 1995,
provides content standards for grades K-10 arranged in
grade-level clusters: K-3, 4-5, 6-8, and 9-10, and a half-page
appendix of recommendations for grades 11 and 12. Each
standard is accompanied by a list of “performance
indicators.” The Framework also contains additional material

called “learning events” and “vignettes.”

The State of State Math Standards, 2005
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Delaware seems to be in a state of flux as relates to its state
math standards. The authors of the 1998 Fordham report
evaluated Delaware’s 1995 Framework along with revi-
sions made to it in 1996. To the best of our knowledge,
and after extensive communications with the state and
searches on the state’s standards website, we have deter-
mined that those revisions to the original Framework are
no longer available or distributed to teachers. Delaware
has another related document called “Desk Reference for
Teachers” that was discussed in the 2000 Fordham report,
but the authors have decided to omit discussion of the
desk reference, as it is mostly a teaching strategies guide.
Here, we consider only the 1995 Framework. \We note that
Delaware is expected to develop new standards in the
near future, which hopefully will clear up the confu-
sion—and raise Delaware’s grade, which has dropped sig-
nificantly without the 1998 revisions.

Dazed and Confused

Because of the sweeping generality of the content stan-
dards and the use of grade-level clusters, Delaware’s
Framework says little about what students should know
and be able to do at any particular point in their school-
ing. The content standards themselves are pompous and
unwieldy, filled with words that seem to refer to mathe-
matical tasks, but do not. A typical example:

Students will develop an understanding of ALGEBRA
by solving problems in which there is a need to
progress from the concrete to the abstract using



physical models, equations, and graphs; to generalize
number patterns; and to describe, represent, and
analyze relationships among variable quantities.

The Performance Indicators are intended to make the
standards more specific, but they add little information.
For the above algebra standard, the Performance
Indicators for grades 9-10 include some that are mean-
ingless (“develop appropriate symbol sense to use alge-
braic technology”) and some that are hopelessly vague
(“describe relationships between variable quantities ver-
bally, symbolically, and graphically, including slope as a
rate of change”). Another grade 9-10 Performance
Indicator reduces much of a year’s worth of algebra to
13 words, leaving all details to the imagination:

Solve linear and quadratic algebraic problems using
graphs, tables, equations, formulas, and matrices.

Performance Indicators for Standards 5-10 exhibit these
same shortcomings. Some are nonsensical, such as,
“Identify patterns for explaining the concepts of com-
putation.” Some are vague to the point of meaningless-
ness, as in, “Compute with real numbers,” “Construct
and describe displays of data,” and “Identify geometric
patterns and relationships.” Others address substantive
topics in an extremely condensed form that gives no
hint of the specifics or the level of knowledge required:
“Apply similarity, congruence, and proportionality.”
Clear and specific performance indicators are few and
far between; one such is the following: “Compute cir-
cumference; areas of triangles, parallelograms, trape-
zoids, and circles; and surface area and volume of cylin-
ders, triangular and rectangular prisms, and pyramids.”
More often the Performance Indicators leave one
searching for further information about what students
are expected to know and be able to do.

Not-Quite-Coherent

The Performance Indicators for Standards 1-4 are even
worse. These address four laudable goals: they ask stu-
dents to solve problems, communicate mathematically,
reason mathematically, and make mathematical con-
nections. But each begins with a pretentious and vacu-
ous statement. For example:

Students will develop their ability to make
MATHEMATICAL CONNECTIONS by solving
problems in which there is a need to view mathematics
as an integrated whole and to integrate mathematics
with other disciplines, while allowing the flexibility to
approach problems, from within and outside
mathematics, in a variety of ways.

The Performance Indicators that are intended to make
this more specific include the following:

» Make connections linking conceptual and procedural
knowledge.

« Integrate mathematical problem-solving with other
curricular areas.

» Use connections among mathematical topics.

These are all laudable goals, but such vague exhorta-
tions are useless as standards.

While the Delaware standards formally address the
major topics in K-12 mathematics, they are too vague to
ensure adequate instruction. For example, it is impor-
tant (for several reasons) that students learn to use the
standard long division algorithm. The grade 4-5 stan-
dards require students to “use algorithms for addition,
subtraction, multiplication, and division with under-
standing” and more specifically to “divide whole num-
bers using multi-digit divisors.” This statement suggests
that students use long division, but does not say so.
However, these quoted sentences are prefaced with the
phrase “while using appropriate technology,” so these
computations can evidently be done on a calculator.
Indeed, in Appendix B (*Recommended Technology”),
the Framework recommends for grades K-5 that “each
classroom be equipped with . . . grade level appropriate
calculators (four function, algebraic operations, and/or
fraction capabilities).” Moreover, one cannot adequately
use standard algorithms until one has memorized the
basic number facts. That essential prerequisite is not
required, or even mentioned, by Delaware’s standards.

Unlike most state standards, Delaware’s Framework does
a poor job of developing place value in the early grades.
Delaware has only a single performance indicator on
place value, and it is both general and muddled: “Build
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whole numbers using the concept of place value using
base ten.”

While there is a standard on reasoning, the correspon-
ding Performance Indicators are merely statements of
general virtues (e.g., “draw and then justify conclu-
sions”) unrelated to any particular mathematical con-
tent. A few Performance Indicators for other standards
also allude to reasoning without actually requiring any-
thing specific (“apply geometric properties and relation-
ships to make conjectures™). Yet for specific topics where
clear reasoning is important, such as the Pythagorean
Theorem or irrational numbers, the standards do not
require students to understand the underlying logic.

Appendix A in the Framework is a set of recommenda-
tions for eleventh and twelfth grade consisting of edu-
cational jargon. Sentences such as, “An expanded sym-
bol system extends and refines the student’s ability to
express quantitative ideas concisely,” render these rec-
ommendations entirely useless.

District of Columbia

Reviewed: Standards for each of the grades Pre-K to 8, and
for Algebra I, Algebra Il, Geometry, Pre-Calculus, and
Advanced Placement Calculus. The Algebra | course
standards are nearly identical to the Massachusetts Algebra |
standards. The standards for Pre-K to 8, Geometry, Algebra I,
and Pre-Calculus are split into strands: Number and
Operation, Patterns, Functions and Algebra, Data Analysis,
Statistics and Probability, Geometry and Spatial Sense, and

Measurement.

The District of Columbia curriculum document dis-
plays each standard in one of three columns labeled
“Performance Standards,” “Essential Skills,” or
“Technology Integration.” The document explains that
the Performance Standards “relate to issues of assess-
ment that gauge the degree to which content standards
have been attained.” The Essential Skills “represent the
content standards, which specify ‘what students should
know and be able to do.” The Technology Integration
standards describe “technological tools students should
use and understand.”

The State of State Math Standards, 2005
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Technology is a centerpiece of the D.C. mathematics
curriculum. The emphasis on technology is extreme
and exceeds that of any other state mathematics cur-
riculum document reviewed here. In this curriculum,
the Pre-Kindergarten student:

« identifies various technologies;

demonstrates proper care and handling of
technology;

demonstrates familiarity with the computer
keyboard;

begins to use the mouse and/or keypad;

demonstrates familiarity with basic calculator keys.

The Kindergarten standards include all of the above, as
well as the following:

e uses a calculator to represent joining and separating
of concrete objects;

e uses word processor to create number sentence
stories.

This last item is remarkable because it evidently
assumes that Kindergarten students know how to read,
write, and type. The inflated demands made of
Kindergarten students do not end here. As part of the
probability strand, the Kindergartner “identifies the
likelihood of a given situation,” but without the use of
fractions, which are introduced in first grade.

First graders must use the calculator to “generate num-
ber facts,” “generate and verify simple addition and sub-



traction number sentences,” and “ demonstrate the
commutative property of addition,” among other activ-
ities. In third grade, the student:

e uses the Internet to support learning;

« uses a calculator to discover multiple ways to make
change;

« uses a calculator to determine the perimeter of
polygons;

« uses the calculator to demonstrate the relationship
between fractions and decimals.

This last requirement is an example of the dearth of rea-
soning in these standards. No third-grade standard
addresses the concept of equivalent fractions or calls
upon students to understand that a fraction represents
a division. Using a calculator to convert between frac-
tions and decimals under such circumstances can only
be a rote exercise. Beginning in fourth grade, students
use fraction calculators. This undermines the critical
need to be able to calculate with fractions by hand.

To their credit, the standards do require whole number
and rational number computations, but there is no
mention of the standard algorithms, and, more often
than not, it is unclear where the use of calculators is per-
mitted and where it is not. The standards also expect
mental calculation and memorization of the basic num-
ber facts—both positive features. However, the stan-
dards for mental calculation are so vague as to be near-
ly meaningless. For example, according to a second-
grade performance standard, the student “computes
answers mentally,” and a fourth-grade Essential Skill is,
“The student applies mental math and estimation
strategies.” No elaboration or examples are provided
with these directives. The few standards that call for
mental calculation or paper-and-pencil calculation are
overshadowed by technology requirements. In sixth
grade, not even one standard explicitly requires students
to carry out a computation by hand.

Many of the standards are repetitive from one grade to
the next. Worse, in the examples below, weaker demands
are made in eighth grade than in sixth or seventh grade:

6th Grade: The student calculates the circumference
and area of circles.

7th Grade: The student identifies line positions and
relationships and the parts of a circle.

8th Grade: The student identifies a radius and
diameter of a circle.

How is the sixth-grade student to calculate the circum-
ference and area of a circle without understanding
radius and diameter, which are introduced two years
later? The seventh-grade standard is far from clear.

Smart Move

The adoption of the Massachusetts Algebra I standards
by the District of Columbia is a step in the right direc-
tion, and we would encourage the new superintendent
of the D.C. public schools, who has proposed replacing
the District’s standards with those of Massachusetts or
California, to replace the entire set.

D.C’s present Algebra | standards have commendable
strengths. However, a weakness both here and in the
Algebra Il standards is that there is no clear expectation
that students will add, subtract, multiply, and divide
rational functions, and these are important skills for
calculus and beyond. The second listed Algebra I stan-
dard was miscopied from the Massachusetts version. It
includes an incorrect equation, 413 — 51+6=14; the cor-
rect equation in the Massachusetts version is: 4|3 — 5| +
6 =14.

The algebra standards are better than the geometry
standards, which lack much of what appears in a tradi-
tional Euclidean geometry course. Among the many
vague, inappropriate, or poorly conceived geometry
standards are these:

The Student:

e routinely uses tools, software, and online resources
to gather, evaluate, analyze, organize, and convey
information pertinent to academic and personal
interests;

¢ uses number systems to identify the results of an
algorithm;

o describes and constructs repetitive and/or centered
patterns and designs;

e solves problems involving enumeration;
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e creates a database to classify a set of figures in terms
of congruence and similarity

A rare example of a credible geometry standard is:

The student uses the Pythagorean Theorem in many
types of situations, and works through more than one
proof of this theorem.

But this is a Performance Standard that is supposed to
“gauge the degree to which content standards have been
attained.” Yet, no content standard calls for a proof of
the Pythagorean Theorem. Another mismatch between
the Performance Standards and the Essential Skills stan-
dards (i.e., the content standards) occurs among the
fifth-grade standards. A fifth-grade Performance
Standard is:

The student accurately adds, subtracts, multiplies
rational numbers with and without calculators.

Taken in isolation, this standard is quite reasonable. The
problem is that this “assessment standard” is not sup-
ported by the fifth-grade content standards, since no
fifth-grade content standard asks students to multiply
fractions. That topic first appears in sixth grade.
Examples such as these detract from the clarity and
testability of the District of Columbia standards.

Florida

Reviewed: Florida Course Descriptions Grades 6-8 and 6-12,
1997; Grade Level Expectations for the Sunshine State
Standards, June 1999. Florida provides grade-level standards
for each of the grades K-8, standards for the band of grades
9-12, course descriptions for nine different mathematics
courses for grades 6-8, and 49 different course descriptions
at the high school and adult levels.

Though Florida’s standards have not changed since our
last review of them, the Sunshine State’s grade has
slipped partly as a result of the reviewers’ heavier
weighting of content coverage. Occasional strong cover-
age of some topics in Florida’s statewide standards can-
not overcome glaring deficiencies in the whole, an
overemphasis on calculators and technology, and a few
inexplicable hang-ups that seem disconnected from the
main body