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Commutative Morava homology Hopf algebras

Hal Sadofsky and W. Stephen Wilson

Abstract. We give the Dieudonre module theory for Z=2(p" 1)-graded bi-
commutative Hopf algebras over Fp. These objects arise as the Morava K -
theory of homotopy associative, homotopy commutative  H -spaces.

1. Introduction

In [DG70, V], Demazure and Gabriel classify commutative unipotent dge-
braic groups over a perfect eld of characteristicp in terms of Dieudonre-modules.
Making appropriate translations of terminology, this classi es a category of Hopf-
algebras in terms of Dieudonre-modules.

Bous eld, in an appendix to [Bou ], proves many of the results of interest in
an accessible way, adapting and clarifying[DG70 , V] for his speci ¢ purposes. In
particular, he gives much of the structure for Z=(2)-graded bicommutative Hopf
algebras overF,. He needs these results for his work with modo K -theory. We
are interested in similar results for Morava K -theory. The Morava K -theory of
homotopy commutative H -spaces gives rise to bicommutativez=2(p" 1)-graded
Hopf algebras satisfying certain conditions. Having a Diedonre module theory for
these Hopf algebras gives us a great deal of control over thestructure. When the
grading is forgotten then Bous eld's results can be applied so our contribution is
really to unravel the gradings in our case and make approprite de nitions so that
Bous eld's proofs go through with little or no modi cation.

Speci cally, we want to study the category C(n) of commutative Morava Hopf
algebras These are bicommutative, biassociative, Hopf algebras @r F (in our
proofs one could substitute any perfect eld of characterigic p) which are graded
overZ=2(p" 1) (n> 0) and have an exhaustive primitive ltration. This last con -
dition, an exhaustive primitive lItration , means that some iterate of the reduced
coproduct is 0. (Bous eld calls this property \irreducible .") Bous eld's work ana-
lyzes these Hopf algebras quite thoroughly by reducing th& =(2)-graded case to the
ungraded case by splitting o the sub-algebra generated by dd-dimensional prim-
itives. The study of these Hopf algebras in HRW97 ] concentrates on important
consequences of the grading. Our goal here is to put the graal into Bous eld's
results.
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[HRW97 ] showsC(n) splits (for odd primes) as the product of two categories;
OC(n), whose objects are Hopf algebras generated by primitivesni odd degrees,
and hence primitively generated exterior algebras, andE @n), whose objects are all
concentrated in even degrees. (Note thatBou] proves the same result forC(1),
and his proof also holds without alteration for C(n).) So, our real category of study
will be EQn).

In [Bou96 ], Bous eld shows C(1) is an abelian category, but again, his proof
works just as well for C(n). Our contribution is to de ne a functor to Dieudonre mod-
ules, to which we again appeal to Bou ] with small alterations.

We de ne a Morava-Dieudonre module to be aZ=(p" 1)-graded abelian group
M with endomorphismsF (which multiplies degrees byp), V (which divides degrees
by p): M ! M such that:

(i) FV=p=VF;

(i) for each x 2 M, there existsq 1 with V9(x) =0.
We denote the category of Morava-Dieudonre modules byMD (n) . Note the
de nition implies the modules are all p-torsion, i.e. p4(x) = ( FV)%(x) = FaV4(x) =
0 where we have used (i) and (ii).
Our main theorem is:

Theorem 1.1. There is a functor m such thatm :EQn) !MD (n) is an
equivalence of abelian categories.

Let Z=(n) act on Z=(p" 1) by k j = jpX. The orbits are given by =
fi;ip;ip 2%;jp3;:::;ip" = jg. We can see with no work that MD (n) splits as a
product of categoriesMD (n) where all elements are in the degrees contained
in . This translates into a similar theorem, a major result of [HRW97 ], about

EQn).

Theorem 1.2, As categories:

Y
EGn) ' EQn)

where EQn) consists of Hopf algebras inEGn) with all primitives in degrees 2 .

This result was proven in [HRW97 ] so it could be combined with results of
[RW80 ] to show that there is only the trivial map from K (n) (K (Z=(p');s)) to
K (n) (K(Z=(p');t)) when s 6 t.

The motivation for us is Morava K -theory, K (n) ( ), which is a generalized
homology theory with a Kunneth isomorphism. The coe cient ring is K(n) '
Fplvn;V, 1] where the degree ofv, is 2(p" 1). By setting v» = 1 we get a
Z=2(p" 1)-graded theory, K (n) ( ). If a space X is connected and the loop
space of anH -space thenK (n) (X) is in C(n) for odd primes (there are some
complications with commutativity for p=2).

Some examples fromRW80 ] are

m (K(n) (K(z=(p);n))) ' Z=(p)
indegree 1+p+ +p" lwith V=0and F(1)=( 1)" !and
m (K(n) (K(Zp);n+1) ' Q=Zy,

indegree 1+p+ +p" twith V=( 1)" pandF(x)=( 1)" x. In addition,
for all Eilenberg-Mac Lane spaces excep§?!, the Morava K -theory lies in EQn).
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There are a couple of additional theorems worth pointing out The rst is
that under very mild conditions, see Bou, Appendix B, Theorem B.4], Sweedler
proves what we would call a dual Borel theorem (about the coalebra structure)
in [Swe67a] and [Swe67b]. The second is a comment on Theorem 1.2 splitting
EQn). It is straightforward to modify the Dieudonre theory abo ve to produce each
of these categories. All we have to do is restrict our attentdbn to the functors m;
wheret 2

Background. A Dieudonre module theory has long been developed for grade
Hopf algebras, Bch70]. The authors had been talking about this project for some
time when the second author was decimated by the chairmanspiof his department.
By the time he had recovered, the two papers,Bou ] and [Bou96 ], were available
and the project was easy to complete by co-opting the proofsém Bous eld, [Bou ].
Pete Bous eld politely but rmly declined the authors' invi tation to be a coauthor.
The authors regret his decision and make no claim to originaty. We feel the
theorems and proofs should be made available however. Follong a suggestion of
Igor Kriz's we were developing the general Dieudonre modug theory for Hopf rings
only to nd that Paul Goerss had already done it.

2. The Witt algebra, Frobenius and Verschiebung

We review the Witt algebra before constructing the Z=2(p" 1) graded versions
we will use.

Let W = Z[Xo;Xz;:::]. We identify

Hom, 4g(W;A) AN
where N is the set of non-negative integers, and an algebra homomohism f :
W ! A is identi ed with the vector ( f (Xo);f (X1);:::). Then we de ne a map
w:AN 1 AN
by
p p? Py 2
(ag;ag;: i) 7! (ag;ag + pag;ag + pag + peap;::ii):

We also write w, for the nth coordinate of w, and hence

n 1

n n 1
Wn(ao;as;:::) = ap +pay + +p" tay ;+ plan:

Note that the map w is injective if A is p-torsion free.
Theorem 2.1 (Witt) . The image ofw is a subgroup ofAN .

This is proved in [Wit36 , Satz 1], but a more modern treatment following
Lazard can be found on page 40 . of §er67]. The issue in the proof is: given
(ag;ag;:::)and (bo;by;:::) one needsto nd (Co; c1;:::) so that w(c) = w(a)+ w(b).
This can clearly be done overp A, so the problem is an integrality one.

Corollary 2.2. W has a commutative, associative coproduct determined by
declaring wy, (x) to be primitive for all n. This makes W a bicommutative Hopf-
algebra.

Proof. The proofis by Yoneda's lemma. We letA range overp-torsion-freeZ-
algebras and give Hom aIg(W; A) the group structure derived from Theorem 2.1.

Precisely, givenf;g 2 Hom, a|g(W;A), f is determined by the vectorf (x) = a,
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g is determined by the vectorg(x) = b. Then f + g is determined by the vectorc
wherew(c) = w(a) + w(b), so (f + g)(xi) = ¢.
This gives a product

(2.3) Hom,, alg(W z W;A) '
Hom, a|g(W;A) Hom, a|g(W;A) ' Hom, a|g(W;A):

By Yoneda's lemma, we get a map oZ-algebras

Wil W W

Since Hom, a|g(W;A) is an abelian group, this makeswW a cocommutative Hopf-
algebra.
To see thew, (x) are primitive, we take A =W 7z W in (2.3) and want that

(ic + iR)(Wn (X)) = Wn(x) 141  Wn(X)
wherei, :W'! W ;W takesatoa 1, andir is de ned similarly. So if we write
xk forx; landxR =1 x,i_ isrepresented by k5;x};:::) and ir is represented
by (x§;xR;:::). Hence (. + ir) is represented by polynomials €o;c1;:::) where
Wn (€) = Wy (Xt) + wy (XR). In other words,

(ir +iL)Wn(X)) = Wn(c)= wn(Xt)+ wn(Xr) = Wn(x) 1+1  wn(X);

as was to be shown.

To note that w, (x) primitive determines the co-algebra structure, observe hat
the wy, (x) are polynomial generators ofW ; Q, so sinceW is torsion free, there
is at most one Hopf algebra structure with the wy, (x) primitive. O

Remark 2.4. If we grade W by setting jxoj = 2t and jx;j = p'2t, then the
wp (X) are homogeneous, so we get a graded Hopf-algebra. We callettresulting
Hopf algebraW;. Another reference for the above isKra72 ].

Definition 2.5, We give a Hopf algebra graded oveZz=2(p" 1) by de ning
W(s;t) FplXo;X1;:::;Xs] Wi Fy:

Frobenius and Verschiebung. Bicommutative Hopf algebras over elds of
characteristic p come with two self maps, theFrobenius F and the Verschiebung V.
The Frobenius is the pth power map, i.e. F (x) = xP, which is a map of Hopf algebras
since we are in characteristiqp, but not of graded Hopf algebras. The Verschiebung
can be de ned as the dual of the Frobenius map on the dual Hopf lgebra, as in
[HRW97 ], or in terms of the coproduct, as in Bou]. One construction of the
Verschiebung is as follows: choose a basis for the bicommubze Hopf algebra of
E,haracteristic p, A. Write P 1(x) as a sum of tensor products of basis elements,

:‘:1 a1 ap. Then
X
V(x) = aj1:
fijaii= =apg
It is an easy exercise to check that this de nition does not dgend on the basis
chosen, and another exercise to check that it gives a map of hb algebras. It
doesn't give a map of graded Hopf algebras sincg/ (x)j = jxj=p.

When x is primitive, V(x) =0, so V is 0 on primitively generated bicommuta-
tive Hopf algebras. ClearlyFV = V F sinceV is a map of algebras. Also, a direct
consequence of the addition as de ned above in Hom alg(A; B) (where A is some
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bicommutative Hopf algebra overF, and B runs through F,-algebras) is that FV
on A induces multiplication by p in the abelian group Hom, alg(A? B). It follows
that if A is primitively generated, Hom, alg(A3 B) is an F-vector space.

We would like to calculate the value of V. on W F,. We begin with the
observation that sinceF is injective, we can deducev from FV. SinceFV induces
multiplication by pin HOME aigebra (W Fp; A), we'll begin by analyzing the self-
map of W that induces multiplication by p in Hom, alg(W? A). Recall that f :
W ! Aisrepresented by a vector ég;a;;:::) wherea = f (x;) and that the p-fold
sum of f with itself, which we'll write [ p](f ) is represented by a vector €y;Cp;:::)
where ¢ = ([ pIf )(x;) and pw, (a) = wy, (c). Now observe that

(2.6) pw(a) =

(pao; pad + pPaq;:::;pah + p?al v o4p al +p"tta,; i)
Socy = pag;ci = ag + p(ar  pP 2af). If one assumes inductively thatc =
a’ 1+ ph,forj i onesees that

Wi (€) = cg“1 + pc'ii + +pd+ptcn
= (pk)?” + p@d+ po)” +  +p(@ ,+ pf)+ plcn
i+1 i+2 .

i+1 . 2
pag + +pa,+ptca modp i

and hence by equating with (2.6 ) that .1 = a + ph.;. On reduction mod p,
it follows that multiplication by p on HOME .aigebra (Wp; A) is induced by the map
that sends x; to xP ;. SinceF (x; 1) = xP ,, it follows then that V(xj) = X; 1.

3. The functor to Dieudonre-modules

Although, as we have remarked, neitherF nor V give maps of graded Hopf
algebras, we have map&" and V" in our cyclicly graded categoryEQn). The V"
induce surjections by:

FolXos::iiiXns] = W(ns;t) I W(n(s 1);t) = FplXo;::iiXns )l
We use the sequence:
wo:t) V" w(n:t) Wn(s 1:t) Y w(ns:t)
to de ne
m; : EGn) 'MD  (n);
by
m¢(A) = Iim Hom(W (ns;t); A):

Remark 3.1 To get the equivalence ofEQn) and MD (n) we can modify
the de nition slightly. Instead of using V" we can replacen with the order of the
orbit . In particular, when = f0gwe are precisely in the ungraded case oBpu ]
except with slightly modi ed, but completely equivalent, d e nitions for F and V
on the image of our functors.
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To complete our de nition of m : EQn) ! MD (n) we need to de ne the
action of F and V on m (A). We require a minor departure from the standard
de nition in order to preserve grading. In our case we use thefact that the image
of F on W (s;t) is canonically isomorphic to W (s; pt), i.e. the composite

W(si)! W(sipt) | W(s:t)
that sendsx; 7! x; 7! xP is F. The second map here preserves degree, so is in our

category.
BecauseF and V commute we get a map of sequences
W (0;t) W(n;t) W(n(s 1);t) W (ns;t)
W (0; pt) W (n; pt) W(n(s 1);pt) W (ns; pt)

which induces the mapF
m¢(A) = Iim Hom(W (ns;t);A) I mp(A) = Iim Hom(W (ns; pt); A):
We now need the mapV. The image ofV acting on W (s; t) is the sub-Hopf algebra

W (s 1;t). There is a canonical map ofW (s; t=p) which surjects to this image. In
particular, this gives us maps

W(ns;t=p) ! W(ns 1;t) W(ns;t):
The corresponding map of sequences

W (0;1t) W (n;t) Wi(n(s 1);t) W (ns;t)
W (0; t=p) W (n;t=p) W(n(s 1);t=p) W (ns; t=p)
inducesV

mt(A):Iir!n Hom(W (ns;t);A) I my, (A)=Iir!n Hom(W (ns; t=p); A):

4. The equivalence of categories
We are now set to prove our main Theorem 1.1.

Proof. We follow Bous eld's analogous proof in Bou, Appendix A] very
closely. As in his proof and the similar result in DG70, V,x1,n.4], we verify
directly that m is an isomorphism of categories rather than constructing annverse
functor from abstract considerations. We remind the readeras we remarked in the
introduction that the proof for the Z=(2)-graded case in Bou96 ] implies that EQn)
is an abelian category. The structure of the rest of the proofis as follows:

(i) Show m is exact (for which we'll need to prove that W (s; t) is projective in
the subcategoryEQn; s) de ned below).
(i) Show every element ofMD (n) is m (B) for someB 2 EC(n).
(i) Show m is an isomorphism on Hom sets.
(iv) Show m is an isomorphism on the class of objects, which is implied byhe
previous two points.
We begin by de ning EQn; k) to be the objects in EQn) on which V¥*1 is 0,
and similarly for MD (n; k).
We observe that EGn; 0) is the category of primitively generated objects in
EQn). This follows from the same fact in the ungraded case,3we67a, Lemma 3]
(see the corollary immediately after the proof of Lemma 3), lecause the primitives
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of the ungraded Hopf algebra are generators, but since the diagonal map on an
object of EQn) preserves the grading, the primitives of such an object areghe
direct sum of the homogeneous primitives.

On the other hand MD (n; 0) can be thought of as restrictedF,-Lie algebras
with trivial bracket ( V = 0 implies p = 0 on objects of MD (n;k)). For A 2
EQn; 0) we check thatm (A) = PA, the primitives of A. To see this note that
Hom(W (ns;t);A) = P{A because any map fromW (ns;t) to A is 0 on the image of
V, so factors throughW(ns;t) ! W (0;tp") = W (0;t). Since this factorization is
preserved under the maps in the system:

WOSHE V' w(n(s. 1):t)

3 3
y y
w(;t) ! - W (0;1)

we get that m{(A) = lim, Hom(W(ns;t);A) = P;A. The functor back from
MD (n; 0) is of course the restricted enveloping algebra, which ges an equiva-
lence of categorieEEn; 0) and MD (n; 0). For this we apply [MM65 , Theorem
6.11] in the ungraded case to see that as an ungraded Hopf-agra, A 2 EC(n; 0)
implies A = V(PA); the restricted enveloping algebra on the primitives. Agan
sinceP (A) is just the direct sum of its homogeneous pieces we can codgr P (A)
as a cyclically gradedF ,-Lie algebra with trivial bracket ( A = V(P A) is commuta-
tive). Again, since M = PV (M) as an ungraded Lie algebra, the same fact about
the diagonal (now onV (M )) tells us that this formula holds as a graded Lie algebra.

Next one wants to see thatW (s;t) is projective in EGn;s). We've established
this above whens = 0. One can follow the proof of [Bou, Lemma A.12] precisely:
it su ces to prove that for each B 2 EC(n;s) that Ext éqn;s)(B;W (s;t)) = 0. Since
B is ltered by the kernels of V', with ltration quotients in EQn; 0) it su ces to
check this whenB 2 EC(n; 0). So we look at such an extension

4.7) B! B! W(s;t):

Taking both the kernel and cokernel of V of this short exact sequence we can use
the snake lemma to get a six term exact sequence relating themn fact this is two
short exact sequences because the map ! W (s;t) is still onto when restricted
to the kernel of V because the kernel oV on W (s;t) is also the image ofV* and
the image of Vs is a subset of the kernel ofV on B sinceB 2 EQ(n;s). Hence the
sequence

(4.8) B! B=V! W(s;t)=V= W(0;p)

in EQn; 0) is exact, and therefore split asW (0; p°t) is projective in EGn; 0). It
follows that we can split the inclusion in (4.8) by amapB=V ! B, and hence can
split the inclusion in (4.7).

Now we need to show thatm ( ) is exact. It is obviously left exact, so the
issue is showing that ifAl % B is onto, and z 2 m{(B),thenz=g (y)= g vy for
y 2 m¢(A). Chooses soz is given by a mapf : W(ns;t) ! B. Choose lifts of
f(x;), i =0;:::;nsin A. Choosem soV™ annihilates all those lifts. Let B,, B
be the kernel of V™ and similarly A, A. Then f factors through B, and let
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f Am be the pullback:

I
? ?
Py y

W (ns;t) ! Bm:

If n(k+s) m,thenfv™ :W(n(k+ s);t)! B, ! B also representsz, and
sincep is surjective the projectivity of W (n(k + s);t) allows us to lift V™ to f Ap,,
and hencefV "™ to A as we require.

Now we need thatm W (s;t) is projective in MD (n;s). We do as we did for
W (s;t). It su ces to check that Ext ﬁ,lD (ns)(B;m W(s;t)) =0for B 2MD (n;0).
So if we have an extension of Dieudonre-modules,
(4.9) B! B! m W(s;t)
we can observe by exactness ah that the kernel of V is the image of VS on
m W (s;t), so that we have an extension
(4.10) B! B=VB! m W(s;t)=Vm W(s;t)

in MD (n; 0). But (4.10) splits by the equivalence betweenMD (n; 0) and EQn; 0),
and it follows that (4.9) splits.
Now we wish to prove that

(4.112) m : Homgcny (W (s;t);A) = Homyp (ny(m W(s;t);m A):

It clearly su ces to show this when A 2 EQ(n;s) since the kernels ofVs*l on A
and m A is where morphisms fromW (s;t) and m W(s;t) land, and the functor
m commutes with this kernel.

By exactness, it also su ces to assumeA 2 EQ(n; 0). But then

Homeggny (W (s;t); A) = Hom gy (W (s;)=V; A
= Homggn) (W (0; p°t); A) = PpsiA

and

Homyp (ny(m W(s;t);m A) =Homyp (n)(m W(s;t)=V;m A)
=Homup (ny(m (W(s;t)=V);m A) =
Homyp (n)(m W(O; p°t);m A) = Ppsia:
Next we need to show that everyM 2 MD (n) is m B for someB. To do this,
we take M and realize it as a cokernel (see below):
M M
(4.12) m W(sj;tj) ! m W(sj;tj) ! M:
| J
Sincem is a direct limit, it commutes with sums, and we getM = m B whereB
is the cokernel in o
(4.13) W (si;ti) ! W(s;;tj)! B:
| J
So it remains to prove that M can be written as in (4.12). Letx 2 M. Then
V'x =0 forsomer. m W(r 1;t)is

z=(p) Z=(p°) z=(p" Y z=p") Zz=(p")
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where if we denote the generator of thaéth summand by g, then
V(e)=¢ 1ifi nV(g)=pg 1ifi>r
F(e)= e« ifi nF(e)= pa.a ifi<r

and the degrees are determined byje.j = t. Then m W(r 1;t) is the free
Dieudonre-module on a classe; in dimensiont with V' (e) = 0, and there is a
map of Dieudonre-modulesm W(r 1;t)! M de ned by taking e to x. It fol-
lows there is a surjective map from a sum ofm W(s;;t;) to M, and that we can
realizeM as a cokernel as in (4.12). Henc& = m B for someB.

Finally, to prove m is an equivalence of categories, it suces to show that
m :Homggny(B;A) ! Homyp (ny(m B;m A) is an isomorphism. We do this by
showing any B 2 EQ(n) can be realized as a cokernel as in (4.13). Once we know
this, we get a map of exact sequences

0 ! 0
2 2
? ?
y y
Homg )(B,A) ! Homyp my{m B;m A)

s ;
y y

Homeg g ( ;)W(s,—;t,—);A) ! Homyp (n)( Jm’)W(sj;t,-);m A)
? ?
y y

Homegny (1 W(siiti); A) ! Homup (n)( 1M W(si;ti);m A):

The third and fourth horizontal maps are isomorphism since n both categories
Hom out of a sum is the product of Hom's and we've already chead (4.11). So by
the ve lemma, we get the desired isomorphism. O
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