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The p = 2 Johnson-Wilson theory, [4, Remark 5.13], E(n), has coefficients

E(n)" = Zy[vr, v, ... ,vfl]
with the degree of v, equal to —2(2% —1). There is a Z /(2) action on F(n) coming from complex conjugation.
The real Johnson-Wilson theory, ER(n), is the homotopy fixed points of E(n). This was initially studied
by Hu and Kriz in [2]. Since then the theories have been studied intensively and applied to the problem of
non-immersions of real projective space ([1,5-14]).
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The first theory, ER(1), is just KO(z), and it was a decades long process of computing the details of
the K O-(co)homology of CP, finally ending in [16]. The second theory, ER(2), is, by [3], closely related
to TMFy(3) (the same after a suitable completion). The second author computed all ER(n)*(CP*°) in
complete detail, [14]. This is already much more than has been done with T'M Fy(3).

The fibre of the restriction, ER(n) — E(n) is E2<2”*1)2*1ER(71) from [8]. This gives a Bockstein
spectral sequence from FE(n)*(X) to ER(n)*(X). In this paper we are concerned with ER(2), so we have
the map z : Y1"ER(2) — ER(2). This map has 2z = 0 = z7. The resulting Bockstein spectral sequence
just measures x'-torsion. We use the untruncated version, see Remark 2.4. That just means that d; detects
all of the x'-torsion generators and E, is what is left after you throw them all away. In our cases, we only
have di, ds, and d7, so By = E3. When we compute ds, it gives us all the z3-torsion, but then we throw it
all away to get our B4 = E5 = Eg = E;. Our dy gives the z"-torsion and leaves us with Fg = 0.

Our goal here is to give a computation of this Bockstein spectral sequence for X = [["CP*> and BU(n),
computing FR(2)*(—) from E(2)*(—). The computation is accomplished by going through an auxiliary
spectral sequence to compute d;. Once that is done, d3 and d7 follow.

Our actual computations are carried out with A"CP* and MU (n) because the product and BU(n) can
be recovered from the stable splittings, (e.g. BU(n) = MU (n) vV BU(n — 1), [15]).

There is a special element, 0 € FR(2)*® that maps to v, ® € E(2)*. Tt is the periodicity element for
ER(2) and it makes our bookkeeping easier if we do away with it once and for all now by setting 05 = 1,
and, in E(2)*, the corresponding v, ® = 1. This makes our theories graded over Z/(48).

There are also elements ¢, € ER(2)'® that maps to vivy® € E(2)'¢ and w € ER(2)~® mapping to
tvs = viva € E(2)78.

The theory F(2)*(—) is a complex orientable theory so F(2)*(CP>) = E(2)*[[u]] where u is of degree 2.
The only adjustment needed here is to define @ = uvj, of degree -16. We write F(2)*(CP>) = E(2)*[[d]].
Since vg is a unit, this is not a problem.

We also need the complex conjugate of 4, c(@). There is a class, p € ER(2)73%(CP°), that maps to
G c(a) € E(2)732(CP>), see [14]. This is a modified first Pontryagin class.

We can generalize this to BU(n). Because FE(2) is a complex oriented theory, we have

E(2)"(BU(n)) = E2)"[[e1, - -, eall.

Again, we need to modify the generalized Conner-Floyd Chern classes to ¢ = v3¥cy, putting them in degree
—16k.
We also have modified Pontryagin classes

Py € ER(2)™*(BU(n)) — > &c(é;) € EQ2)**(BU(n))
i+j=2k
0<i,j<n
These elements are special to us because much of our answer is described in terms of them and they are
familiar elements. In addition, they are necessary for us because their images are permanent cycles, making
it possible to compute our d3 and d; in our Bockstein spectral sequences. There are alternative elements
that would work for our proofs just as well. There is a norm that creates an element that maps to é; c(é)
in £(2)7%?%(BU(n)), so this image element is also a permanent cycle that would allow us to finish our
proofs for d3 and d. Both of these elements work for our proofs because their representation in our spectral
sequence is the same. We do like the more traditional nature of the Pontryagin classes though. See Section 11,
Definition 11.1 for the details.
We have “hatted” various otherwise familiar elements. See Remark 2.2 for some historical background.
Although we compute all of ER(2)*(—) for A"CP> and MU (n), the x!-torsion generators are quite
messy and have been left out of the introduction.
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We let 4; be our @ associated with the i-th term in the smash product of the CP*°. Similarly, with p;.
The clean results we can state nicely are presented in the next theorems. Keep in mind that because we use
an auxiliary spectral sequence to compute d;, our results are stated in terms of associated graded versions
of l;‘z

Theorem 1.1. The associated graded versions of E; for the Bockstein spectral sequence going from
E(2)*(A"CP>) to ER(2)*(A"CP) are as follows: Eq =

E(2)*(AN"CP*>) = E(2)*[[ti1, Gz, - . . , Gn)] {110 - - - T }

= Ly [on])[[dn, Gia, - . ., Gn)[{vs " "1 tln - - i}

Ey=Ej3

Z/2)[pul{vy*  Dip2 .. Pu}

The z3-torsion generators are represented by

Z)(2)[pn){vy *Pr2 - .. 2}

Z/(2){vy " pip2 - - Pn}
The x7-torsion generator is represented by
Z/(2){p1p2 - Pn}

Theorem 1.2. The associated graded versions of FE; for the Bockstein spectral sequence going from
E(2)*(MU(2n)) to ER(2)*(MU(2n)) are as follows: Ey =

E(2)"(MU(2n)) = E(2)*[[é1, &, - -, Can]l{2n}

= Zy[0n][[er, é2, . .., on]l{vy " E2n}

Ey = By

Z/(Q)[’f)l] [[PQ, p4, ey ]Sgnﬂ{vg’2’4’6p2n}
The z3-torsion generators are represented by

J@0][[Py, Py, ..., Pon]) {0105 Pay } =
/(2)[01])[[P2, By, - . ., Pon)|]{61 Pon, wPsy }

Z
Z
Z/(2)[p27 p47 ey Pgn]{ngP%}
The =" -torsion generators are represented by

Z)(2)[Py, Py, ..., Poy]{Pan}
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Theorem 1.3. The associated graded versions of FE; for the Bockstein spectral sequence going from
E2)*(MU(2n+ 1)) to ER(2)*(MU(2n + 1)) are as follows: Ey =

E(Q)*(MU(2’H + 1)) = E(2)*[[61, 62, N ,égn+1]]{62n+1}
= Zytn][[é1, 2, .. -, 62n+1}]{v8‘762n+1}

Ey=FE3, for0<b<n
Z/(2)[ P, Py, ..., Py, Povpi1, Povis, ..., Poni1]{vg " Poyy1 Poir }
and
Z)(2)[Py, Py, ..., Pon,y Poy1 {09 Popin }
The x3-torsion generators are represented by
Z)(2)[Py, Py, ..., Poy, Popir, Pavis, oy Po1 ) {og* Poyy1 Ponyn} 0<b<n
Ey=FE;=FE¢=FE; =
Z)(2)[Py, Py, ..., Pon) {03 Py }
The x"-torsion generators are represented by
Z)(2)[Pa, Py, ..., Pon){Pons1}

The elements o1, w, p;, and P; all exist in the appropriate ER(2)*(X). It is worth noting that all of
the z3-torsion generators are well-defined in ER(2)*(MU(2n)) (likewise with the x”-torsion generators in
all three cases). Consequently, new elements don’t have to be created and named. We often deal only with
elements in degrees 16x. To see these, just modify the statements in the theorems to eliminate the v§’4’6.
In fact, we can handle elements in degrees 8+ quite easily. In the case of the above theorems, just keep the
vy* and eliminate the v3®. By definition, the z’-torsion generators inject to E(2)*(X).

The following is useful for computations and relations.
Theorem 1.4. For X = A"CP*> and MU (n), ER(2)%*(X) — E(2)%(X) injects.

Remark 1.5. In the kernel of ER(2)**(A"CP>) — E(2)**(A"CP>), there is only one element, namely,
2*p1Pa ... Pn. Similarly, in degrees (8 ¥ —6) we have only x5p1ps . .. pp,.

We do our general preliminaries in Section 2. In Section 3 we sketch out our approach in both cases in
rather general terms to give some idea of how we go about our computations. We define a crucial filtration
in Section 4. Then we spend a few sections doing the computation for A"CP>°. When that is done, we begin
preliminaries for BU(n) in Section 10. We do the main calculation for MU (n) starting in Section 14 going
to the end of the paper.

2. Preliminaries

There are many ways to describe ER(2)*, but we will stick mainly with the description given in [13,
Remark 3.4].
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We have traditionally given the name a to the element 7, but this is gradually being phased out. We
also have elements «a;, 0 < ¢ < 4, with degree —12i. We often extend this notation to ag = 2. These elements
map to 2v3¢ € E(2)*. For the last non-torsion algebra generator, we have w of degree -8, which maps to
vy = vivg € E(2)*.

Torsion is generated by the element x € ER(2)!7. It has 2z = 0 and 7 = 0. Keep in mind that FR(2)*
is 48 periodic. We use, for efficient notation, z3~6 = {23, 2% 2% 25} and R{a,b} for the free R-module on
a and b. Similarly, we use notation like v3*%% = {1, 02, v4, 08} and v3* = {v2,v4}.

Fact 2.1. [9, Proposition 2.1] ER(2)* is:

Ziy[01[{1,w, a1, 2,03} with 2w = aay = 910z

Z/@)o{=" %2 ey Z/(2){2"

Remark 2.2. So far we have defined several “hatted” elements just by multiplying the originals by a unit. If

n k
we look more generally and let ©; = ’ukv;@ -be _1), we still have

E(’I’L)* = Z(g) [ﬁl, {)2, PN ,ﬁn_l, Ui:l]
The 0, all lift to ER(n)* as in [13, Theorem 3.1], but the original v do not. This good fortune carries over
to statements like

ER(n)"(RP%) ~ ER(n)*[[a]]/([2](a))

of [10, Theorem 1.2] and of [13, Theorem 1.1] computing ER(n)*(BO(q)) in terms of the é;. The first
Pontryagin class, p was studied in [14], and we need to add the general Pontryagin class, PZ-, to our collection
of well-behaved elements with respect to the restriction ER(2) — E(2).

Before we do that, we should recall the mathematics behind our hatted elements. We need this in our
construction of the P; in Section 11.

Let E(n) denote Real Johnson-Wilson, a Z/2-equivariant spectrum, and let ER(n) denote its fixed
points. Recall that the RO(Z/2)-graded coefficients of E(n) contain a class y(n) € mx1oE(n) (from [8], with
A =2(2" — 1)2 — 1) which is invertible. Its underlying nonequivariant class is v2"~!. For any Z/2-space X,
we may shift any class in E(n)*(X) into integer degrees by multiplying by the appropriate power of y(n).
When we do this to a class in degree a multiple of the regular representation z € E(n)*(1+%)(X), we define
2:=y(n)*z € E(n)*=Y(X). The image of 2 in E(n)*(X) is given by 208"~ and we abuse notation by
denoting the image in E(n)*(X) by the same name. The following diagram commutes:

E(n)*(Ha)(Y) . E(n)*(l’)‘) (Y) if 2| = k(1 + ), 2+ 2:=2y(n)*
% B *(1—\) . o 5. k(2™-1)
E(n)**(Y) E(n) (Y) if |2| =2k, z+— 2 := zu,

Remark 2.3. A major theme in this paper will be to look at elements in degrees 16+ (and sometimes even 8x).
We have ER(2)'* = Z (o [01]. In addition, the z'-torsion generators in degree 16 are given by Z (o) [01]{2},
the z3-torsion generators, Z/(2)[01]{91}, and the only x"-torsion generator is Z/(2).

The fibration X1"ER(2) — ER(2) — FE(2) gives rise to an exact couple and a convergent Bockstein
Spectral Sequence that begins with F(2)*(X) and where there can only be differentials d; through ds.



6 N. Kitchloo et al. / Topology and its Applications 270 (2020) 106955

Remark 2.4. We have used two versions of this Bockstein spectral sequence in the past so we should explain
the difference. We’ll do without indices to make the discussion clearer. The untruncated version allows the
exact couple to go on forever to the left and right:

ZANANAN

If A is all a-torsion (and in our case z” kills everything), then this spectral sequence starts with B and

converges to zero.
If we truncate this on the right as

ANYANY4

the spectral sequence converges to A.

Where the computations can be done globally and give elegant results, the preference is to use the
truncated version, such as we have done in [5] and [13]. On the other hand, when computations get grubby,
using the untruncated version has the advantage that it gets smaller after each differential, making the
bookkeeping much easier to manage. We have used the untruncated version in [10], [11], and [6].

Both spectral sequences contain the same information. We find it to our advantage to use the untruncated
version that converges to zero in this paper.

We give a simplified summary of the untruncated Bockstein Spectral Sequence (BSS) we use for computing
ER(2)*(X) from E(2)*(X).

Theorem 2.5 ([10/[Theorem 4.2]).

*

(1) The exact couple gives a spectral sequence, E,., of ER(2)* modules, starting with

Ey ~ E(2)"(X) and ending with Eg = 0.

(2) di(y) = vy 2(1 — ¢)(y) where c(v;) = —v; and ¢ comes from complex conjugation.
(8) The degree of d, is 17r + 1.
(4) The targets of the d,. represent the " -torsion generators of ER(2)*(X).

Definition 2.6. Let K; be the kernel of 2¢ on ER(2)*(X) and let M; be the image of K; in EFR(2)*(X)/
(zER(2)*(X)) € E(2)*(X). We call M,./M,_; ~ image d, the z"-torsion generators. We are aware that
these are not technically generators, just cosets, but this is what the spectral sequence computes when it is
computing the x"-torsion, so the terminology from this definition simplifies our work. Of course any element
not divisible by 2 can be thought of as an z‘-torsion generator, and all such elements map non-trivially to
E(2)*(X).

Remark 2.7. All of our BSSs in this paper have only even degree elements, so we always have do = dy =
dg = 0. In fact, d5 never shows up here although we have seen it with other even degree spaces, for example,
in [6] for CP8+! and CP3+2.
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Remark 2.8 (The BSS on the coefficients.). For our purposes, it is important to know how this works for
the cohomology of a point ([13, Theorem 3.1]). The differential d; is on E(2)* = Z(y) [61, vE1], which can
now be rewritten as Zq)[01]{v3"}. The differential, d;, commutes with #; and v so all that matters here
is dy(v) = 205 2.
The E5 term becomes Z/(2)[0 1]{110 2461 We have ds commutes with 9; and v3, and ds(v3) = 0052,
This leaves us with only Z/(2){v3"}. We have d; commutes with v§ = 9,1 = 1 and d7(vi) = dpvy® =
03 =wvy %=1, 50 Fg = 0.

Using this approach to ER(2)* we see that the '-torsion is generated by Z 2, [01]{209%*°}, the 2-torsion
by Z/(2)[t1]{t1v5*}, and the z"-torsion by Z/(2). The previous description of ER(2)* is easy to relate to
this now. The @-torsion is given by Z2)[01] on the a5, 0 < i < 4. The x3-torsion is generated over Z/(2)[01]
on §; = o and w. Finally, the #7-torsion is given by Z/(2).

The complex conjugate of the BSS comes from FE(2), but Lorman shows in [14, Lemma 4.1] that the
complex conjugate of 4 € E(2)716(CP), ¢(@), can be calculated using the formal group law for F(2) from
F(a, c(a)) = 0.

Remark 2.9. The standard formal group law for E(2) is F(x,y) with the degrees of x and y equal to two.

The element F(z,y) also has degree two. Let # = v3z and § = v3y. Replace v; in F with ;. This gives us

F(2,9) = v3F(z,y) of degree —16.

We need some basic easily computed formulas, which we just quote here. We use Araki’s generators.

These are all modulo z’y’, i + j > 4 or 4°.

+ o} 4 Zo0) (@ + 29°) + (=68 + 3@2):@2 5
c() = —i + 9,6% — 0203 + (=03 + ~0p)at
7
We collect the basics we need:
Lemma 2.10.
c(t) = —0+ 0,02 mod (43)
c(@) = a4+ 01402+ 0303 + teat mod (2,45)
p = de(h) —a? mod (43)

where p € ER(2)732(CP>) maps to p = tdc(d) € E(2)732(CP>) and is a modified first Pontryagin class.
Proof. This all follows from the preceding formulas. 0O

Recall that

di(y) = vy * (1= c)(y).

We rewrite some of our basic facts from Lemma 2.10 in our present terminology keeping in mind that in
E(2)* (=), 2 = 1 = v, ® and p = @ c(q).
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Lemma 2.11.

c(i) —4 — 01p mod (pd)
c(th) =10

c(vy) = —vy

di(t) = 2vy°0 mod (p)
dy(v2t) = 0 mod (p)
di(t) = vy3tp mod (2, pi)
di(t) = vy%(01p+03p* +p%)  mod (2,p%d)

d1 (1}2) = 21]2_2
di (v2p) = 205°p mod (pi)

Proof. There is one minor new thing here, the formula for d;(4) mod (2,5%0). We do have dy(4) =
vy 3 (016% 4 034° + 4*) and p = uc( ) = a(a + 9102 + 0203) = 4% + 919° + 920*. Replace the 42 with
P4 0107 + 9704 to get dy(4) = vy 2 (01p + 030° + 034t + 034° + 4*). Two the terms cancel out and, modulo
higher terms, 4% = p?. O

3. A sketch of the approach

The Bockstein spectral sequence for a general space X, E(2)*(X) to ER(2)*(X), concludes with Eg = 0.
In the two cases of interest to us, namely, A"CP> and MU (n), the spectral sequence is even degree. In
fact, the only differentials are dy, ds, and d7. The last two are quite easy to do once d; has been computed.
Although d; is complicated, we have an explicit algebraic formula for it. We require a spectral sequence
to compute d; though. The spectral sequence we use for computing d; is broken up into n 4+ 1 parts. We
evaluate d; on various subsets and denote those maps by di9,d1,1,...,d1n. After computing d; ;, we call
the result Fy j41. The ) 41 is an associated graded version for Fy of the Bockstein spectral sequence.

The sketch approach in this section works for both A*CP*° and MU (n). We do this here without inserting
the necessary technical details in hopes of clarifying our computations. When it comes time to actually do
the computations, we can adjust what we present here to be rigorous, and, in the process, add the gruesome
technical details.

Our general description begins with an E; similar to the following:

R{vy~ "0} with a° = a{*as? ... a5 e < 1.

Our R has no torsion and d; commutes with R and v3.

Definition 3.1. Define W} to be the set of 4° with ¢, = 0 for k¥ < j and ¢; = 1. We also include W;,41 with
all €L = 0.

This breaks our problem up to the following form:
R{vY W1, 03 "Wa, ..., 05 Wy, v3 Wyi1}

The filtration we use cannot be based on degree because we are Z/(48)-periodic. It is also not indexed
over Z, an additional complication. The first step in defining our filtration looks a lot like using the standard
cohomology degrees of the pre-hatted elements, which we call “length”, but this can wait.

Our plan is quite simple. First we have to compute d; o, which we do below. This makes everything mod
2. Next we inductively (on j) compute our d; in the spectral sequence on R{vy "W;} (really a quotient
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of this). We call the restriction of d; to this our d; ; and the resulting quotient, F; ; ;. We say quotient
instead of subquotient because we find that d; ; is injective.

Since €¢; = 1 in W}, we find that, due to the filtration, all we need to compute d; ; on is @;. This will get
rid of @; so the target will always end up in R{USJW;C} for £ > j. As mentioned already, we find that d; ;
computed like this is injective, thus eliminating W} completely. When all is said and done, the final answer
after computing d; ,, must be a quotient of R{vgf7Wn+1} and is just our associated graded object for Es
of the Bockstein spectral sequence.

Remember, each map, d; ; computes some x'-torsion elements and then throws them away so they don’t
clutter things up. Of course, we have to keep track of them, but the elements remaining in this quotient of
R{v2_7Wn+1} are just the elements left over that can be x® and z"-torsion elements.

That is our brief summary of how d; j, j > 0, behaves. Before we can do those computations though, we
need to compute d; o. We can do that here in a general way that actually gives the result for our two cases.

We start with our

R{vy~ T4} with 4° = a0 ... 45 e, < 1.

We need a new definition:

s(e) = Zek.

Our dy o kills off lots of elements and 2. (Mod higher filtrations.) Recall that ¢(4) = —@ modulo pretty
much anything. We compute d; ¢ using the formula for dy:

dyo(a°) = vy (@ — (@)

= vy (i = [T e(w)) = v (@ ~ (-1)"a)

ekzl
So,
dyo(0€) = 20530 s(e) odd
dio(a) =0 s(€) even
With the vy in front, knowing c(ve) = —va, we get
di o(va@€) = 2v5%0¢ () even
dl,o(’Ug’tALE) =0 S(E) odd

The end result of the computation is
Eiq = R/(2){vav3?*%0¢  s(e) odd} @ R/(2){vy>*%0c s(e) even}
We can make a dramatic simplification with better notation.

vg/e =wvy  s(e) odd

vg/e =1 s(e) even
Note that the v;/ © is a function of 4. Using this notation, the result cleans up as:

Ei = R/(2){vy “vy>*%}
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Remark 3.2. It is important to note that after our d; o, which is just the first step in our spectral sequence
for computing dy, we are working mod (2) in a very strong sense. Normally, in a spectral sequence, after
our computation of d; o, this would mean that 2 times an element in the associated graded object is really
just an element represented by some higher filtration term. However, because 2z = 0, we do not have such
extension problems. Two times any element is definitely killed by x and so is actually zero in the spectral
sequence. For reference, we state this as a lemma.

Lemma 3.3 (Two is zero). Two times an element in Eq 1 for A""CP> and MU (n) is zero. It is not represented
in the associated graded object by a non-zero element in a higher filtration.

4. The filtration

By complex orientability, we have
E(2)*(A"CP>) = E(2)*[[t1, @g, . . . , )] {12 - - G }

The class @ c(i) coming from p is a permanent cycle. Let p; be the class associated with the i-th copy of
CP® in our smash product.

Because p = —@2 mod higher powers, we can replace our description of E(2)*(A"CP>). We need some
notation first.

I:(il,i27...,in) S(I)ZZlk ZkZO
e=(e1,€2,...,6,) s(e)=> € e =0orl

Define

N Ai1 NET A2 AED Ao AEm

DU =Py Uy Py Py Uy

and define the length of (I,¢€), ¢(1,€) to be 2s(I) + s(e).
Note that this length is just degree of the corresponding (unhatted) elements in mod 2 cohomology.
We want to rewrite E(2)*(A"CP*) in terms of our Pontryagin classes, but the smash product requires
some awkward notation. We require ¢, + €, = 1 to get

E(2)*(A"CP*) = EQ2)"[[pr, P2, -, oull{p" 0} = Loy [0n][[P1, B2 - Pl [{vy "B}
Once we have our filtration and look at the associated graded object, it will become, now with iy +¢ex > 0 :
BEQ@)"{p'ac} = L [o1){vy~"p"ac}
We now need to put our filtration on this.

Definition 4.1. We put an order on the pairs (I,¢€) as follows. If ¢(I',€¢') > ((I,€), then (I',¢') > (I,¢€). If
UI'€") =U(I,€) and 2’ j + €' ; = 2i; +¢; for k < j < n, and 2i'y, + €'}, < 24y, + € then (I',€') > (I,€).
The (I, €) now form an ordered set and we can use them to give a filtration on E(2)*(A"CP°) as follows:

F(l,e) = Zpy[0]{oSp"ay  (I',¢') > (1,¢)

The associated graded object still looks the same:

Eio(I,€) = E(2)*(A"CP™) & Zy) [01]{vd "p'a}  ir+ep >0
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Note that in degrees 16x, this is just Zo)[01]{p’ @}, ix + € > 0.

In general, we will suppress the (I,€) notation associated with this filtration. We will use it, but the
associated graded object will be implicit, not explicit. A certain amount of clutter is avoided without loss,
we hope, of clarity.

5. Computing d; o for APCP>

The setup of our computation in Section 3 now applies. The zeroth differential is computed there giving
us:

Proposition 5.1. After computing dy o for A"CP>, we get
Eia27/(2 )[vl]{vo/e O,2,46AIA6}
with iy + €, > 0. The x'-torsion generators detected by dy o are represented by:
Loy [a]{205/ 03> 0Pl %} = Zgy[or] {vg o' )
6. Computing d; ; for A"CP°

After dy o, we are working mod (2). Following Section 3, we start our computation of d; on elements with

€1 = 1. The main formula we need now is: ¢(@t) = @ + 01p modulo (2, pii), where we are now invoking the

filtration and looking only at the representative in the associated graded object. We call the map restricted
to the 4° with ¢; =1, dy 3.

Our d;, and so our d; ;, commutes with v%, p; and vg/e.

dy 1 (vy/0%) = vy 05/ (0 + (i)

= vy %0 (@ + [ (@ + 0apr)a=2)

6k1

The @€ cancels out. If we keep 2 or more of the Py, the length is greater than if we just keep one. Modulo
those terms of higher length, i.e. retaining only those with one px, we have:

dy 1(1}2/ 4° Z PR~ A’“

6k1

These terms all have the same length, but when k£ = 1, we have 0191 when d; acts on 4; and the others

€— Al)

have ;. Our filtration gives us the vQ_BvZ/ (01p11 is the term with lowest filtration. We have just

computed:
Proposition 6.1. After computing dy 1 for A"CP>, we get
Ei2=17/(2 ){Uo/e 02,4,6]31A5} =0
with iy + €, > 0. The x'-torsion generators detected by dy 1 are represented by:

/( )[ }{ o/e 072746@ ﬁl,&e} € -0
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Note that because we are in the smash product, ¢; = 0 implies that i; > 0.

As mentioned in Section 3, dy,; is injective on terms with €; = 1, so all remaining terms have €; = 0.

It might be premature to discuss such things, but the above is consistent with the results for
ER(2)*(CP®) from [6, Theorems 3.1 and 4.1], i.e. the n = 1 case, even if, at first glance, they don’t
look the same.

7. Computing d; ; for A"CP>°

By induction, when we start our work with d; ;, we find that all we have left are 4¢ with i1 =iy =--- =
ij_1 =0.

From Lemma 2.11, we have d; (@) = vy ®(01p+93p%+p?) mod (2,>@). When we computed d 1, we were
working in F 1, and this was already strongly mod 2. All we needed of this formula was the lower length term
01P, which made this term zero in F; 3. However, unlike with 2, where there were no extension problems,
7 times p is not zero, but can be represented by terms of higher filtration, namely 91p + 93p + p* = 0. If
we apply this formula to the middle term, we get even higher filtrations, so it goes away, and, because we
are working mod 2, we get the main new formula used in this section, previously used as Equation (4.2)
from [6]:

4 i (7.1)

>
s
3>

Il
s}

0= 0102 + vt = 91p + p° mod (p*1) or
Proposition 7.2. After computing dy ; for A"CP*°, we get
By j 2 2/ (2){vy 0> 05 ac}
for 1 < j <n. We have i, + € > 0.
e =0 fork<j, ir=1 fork<j

The z'-torsion generators detected by dy j are represented by:

Z/(g){v;/evg,zzx,ﬁﬁfﬁe} =0 fork<j

i =1 fork‘<j—1, ij_1>1

We have En p+1 = E1 o0, which is our associated graded object for the BSS Ey for computing ER(2)*(A"CP>°)
from E(2)*(A"CP®°), is

Z)2){w3** 1 iy =1 fork<n
or
Z/(2){oy> prpa .. puapiy .
Note that if all ¢, = 0, s(¢) is even.

Proof. We have already computed E 2, so our induction is started. Assume we have computed E; ;1 and
dy jo for j° < j. We need to compute d; ; on Eq ; to get Eq ;1. We compute d; ; only on those 4¢ with
i; = 1, i.e. on the W; of Section 3.

We use our filtration to get dy(4) = v2_3171ﬁ from Lemma 2.11. As in the case of j = 1, when ¢; =1, d;
applied to a @y, with k > j, increases the filtration more than d; applied to @; does. This gives:
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0,2,4,6 AT ~ . 0,2,4,6 & .
dlj(vg/ev , le e):v2 vlvg/ev , HPI—&-A e—A;

Unfortunately, 9, doesn’t show up in the associated graded object for E; ; so we need to find an equivalent

element that represents this. Note that ¢, =1 for k < j — 1, and 4;_1 > 0. We use formula (7.1), 01p = H2.
The lowest i with p2 # 0 in Ey;is i =7 —1, so, this term is, mod higher filtrations, represented by:

—3, 0/€ 0,2,4,6 sT+A;+A
Vg “Uy' Vg D iTiq

e—A;
The result follows. 0O

Remark 7.3. At this stage, we are done with d; for degree reasons, but also we see that all the remaining
terms have d; = 0 on them as they are all cycles. We have computed Es for Theorem 1.1.

8. Summary of the z!-torsion generators for ER(2)* (A"CP )

We just collect from the previous sections:

Theorem 8.1. Representatives for the x'-torsion generators in our associated graded object for ER(2)*(A"CP )
are given by:

Zoy[on){vy “aip’ac}y 0<i<4

Z/@)or){vy vp > C0rplay e =0
For 1 < j<n,

Z/@){us/ oy * 0 pla} e =0 fork<j

ir=1 fork<j—1, ij,1>1
9. Computing d3 and dr for A"CP>°

We have finished our computation of d; and we get Fs = Ej3.

Proposition 9.1. Our associated graded version of the BSS E4 for computing ER(2)*(A"CP>) from
E(2)*(A"CP>) is

Ey=FEs=E¢=E; =7Z/2){v3*"}  ipr=1
The x3-torsion generators are represented by

Z)2){v3*py =1 fork<n i, >1
Remark 9.2. By definition, all x’-torsion generators inject into F(2)*(—). In particular, the x!-torsion gen-
erators (all are of even degree) inject. The z3-torsion generators are all in degrees 8+. The degree of z is
-1 mod (8) so for z3-torsion, we only have x and z? times elements in degree 8. Consequently, all of the

elements in degrees 4* that we have studied so far inject. Lots of elements have 22 times them non-zero, so
there are many elements in degrees —2 mod (8) that don’t inject.
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Proof. All of the pj are permanent cycles ([14, Proposition 5.1]) and d3 commutes with v3, so the compu-
tation of ds is based on:

d3(v3) = drvy*

from the action on the coefficients. We have the relation:
ﬁlﬁn = ﬁi
Because iy = 1 for k < n, we have

241N =4 AT —AAT+A
dz(vyp )—Uz mp =vy p "

From this we get our E4 = FE5 = Eg = E7 (for degree reasons). O
Starting with our F; and recalling from the coefficients that
d7(v3) =1,
we get:

Proposition 9.3. For the BSS for computing ER(2)*(A"CP>) from E(2)*(A"CP*), we have Eg = 0. The

x"-torsion generator is

Z/(2){p1p2---Pn}
This generator is in a degree that is a multiple of 16. More precisely, it is in degree —32n = 16n.

Remark 9.4. The only element divisible by  in degree 4 mod (8) is 2*p1ps . .., (to be more precise, this is
in degree 16(n—1) —4 mod (48). Consequently, it is the only element in the kernel of the map in degrees 4x.
Similarly, 25p1ps . .. P, in degree 16n — 6 is the only element in degree 8 * —6 divisible by x. This concludes
the proof of Theorem 1.1 and part of Theorem 1.4, and the remark that follows. If you want particularly
clean statements, stick with elements in degree 16x. In all our statements, just require s(€) to be even and
ignore the 05’4’6. Historically, those are the only elements that have mattered to us, but it takes so little
effort to get the injection for 8, it seems obligatory. Here we still require s(e) to be even, but we only ignore

2.6 Joavi 0,4
vy, leaving vy,

10. Preliminaries for BU (n)
Because of the stable splitting, BU(n) = MU (n) V BU(n — 1), [15], we can compute ER(2)*(MU(n))
instead of ER(2)*(BU(n)).
So, rather than study the map
[[ cp> — BU(n)

we will mainly look at:

A"CP* — MU (n)
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Because E(2) is a complex orientable theory, we have the usual
E(2)"(BU(n)) 2 E(2)*[[c1,¢2, - - -, ¢nl]

where the ¢, are the generalized Conner-Floyd Chern classes. To see E(2)*(MU(n)), we just look at the
ideal generated by c,. So, we have:

E2)"(MU(n)) 2 E(2)*[[c1,c¢2,---,cnll{icn}

We need to ‘hat’ these Chern classes just as we did with @ for CP>°. Define (keeping in mind that v, is a
unit):

ék = ’ngck.
This puts & in degree 2k — 18k = —16k and we have

EQ2)"(MU(n)) = E(2)"[[e1, 82, -+, én]l{n}

We need to use the well-known fact that for complex oriented theories, G*(BU(n)) injects into
G*(J]"CP=). Each ¢, or, respectively, ¢, goes to the k-th symmetric function on the u;, respectively,
@;. Similarly for the map of the smash product to MU(n). Here, we have é, goes to @1y - - - Gy,

For J = (j1,j2,- -, Jn), let

el =eredr el
After we go to our associated graded object, we can write E(2)*(MU(n)) as
EQ2){e’}y  jn>0.
We can view
E(2)"(MU(n)) C E(2)*(A"CP*)

and we know how to write elements of E(2)*(A"CP) in terms of

Al A A€o ~En

€ _ Al] ~E] AlD N
DU =Py Uy Py Uyt Py Uy

Every element z € E(2)*(A"CP>) can be written as a sum of such elements (with coeflicients). These
elements are ordered using the order on (I, €) from 4.1.

Definition 10.1. The leading term of z € E(2)*(A"CP*) is the term of lowest order.
The leading term of any symmetric function must be of the form pa¢ with
200 +€ 2> 220+ e 2> 21 F €1 =00 2 20, + €, >0

Definition 10.2. We call this property A and use it constantly from here on, but without having to repeat
the above often.
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Although many symmetric functions could have the same leading term, given a p’4¢ with property A, we
can construct a unique symmetric function, wy ., with this as its leading term. Our wy  is just the sum of all
distinct permutations of our p’4°, keeping in mind that the p; and the @; move together. These symmetric
functions wr  generate E(2)*(MU(n)) C E(2)*(A"CP*°). Our computations will take place entirely in this
image.

We can consider E(2)*(MU(n)) in E(2)*(A"CP>) and write the associated graded object as Z 2)[01] x
{vg_7w176}. For our filtration, we just use the order, 4.1, on the (I,€), which all have property A. This is
the same as using it on the leading term.

Recall that d; commutes with p;, and v%.

Similar to the computation in Section 5, we can compute dj o (modulo higher filtration) on every term
of wy . to get

dyo(wr,e) = 21)273101_,6 s(e) odd

di o(vawy o) = 2v5 2wy, s(€) even
Proposition 10.3. With property A, after computing d1 o for MU (n), we have:
i1 2 Z/2)[n{v5 vy * Cwr o}

The z'-torsion generators detected by dy o are represented by:

Ziy[o1){205 09> P wy b = Loy [01]{vy “aswr o}

11. Different descriptions of E(2)*(MU (n))

We find it easiest to make our computations with the wy. € E(2)*(A"CP®°), but it would be more
traditional to think in terms of Chern classes in F(2)*(MU(n)). So, we now show how to relate the &/ to
the wr .

In the product, the image of ¢ is the k-th symmetric function on the 4;. The leading term in the sum
that makes up the symmetric function is:

Modulo higher terms in the filtration, we have 42 = — (—@) = —@ ¢(@) = —p, so, in the smash product,
the leading term of the image of é¢, is (modulo higher terms):

a(k)a(n) = 103 - - A3 0kr1 - Gn = (=1)*Prpa - - Priipy1@riz - Gn
We have the leading term of the image of ¢/
ﬁ(l)jl Q(Q)Jé . ,&(n)jn N ,alz?:l jiag?zz Ji . a%:?:k Ji a;{l

We prefer to replace all the ¢; with the Pontryagin classes Py, but to do that, we need to take a break
to define them.

Pontryagin classes

We will use BU (k) to denote the space BU(k) with Z/2 acting by complex conjugation and BU (k)
to denote the space with trivial Z/2-action. By an equivariant analog of the Atiyah-Hirzebruch spectral
sequence, we have
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E(n)*(BU(k)) = E(n)*[[c1,-- -, cl], lek| = k(1 + )

Consider the (equivariant) map f : BU(k) — BSO(2k) — BU(2k) classifying the complexification of the
underlying real bundle of the tautological complex k-plane bundle.

Definition 11.1. For 1 < m < k, define the mth hatted Pontryagin class P, e ER(n)*(BU(k)) to be

—

P = f*(cam) € E(n)?""N(BU(K)) = ER(n)*™ = (BU(k))
Lemma 11.2.

P € ER(n)™" 02" D(BU(K)) mapsto Y &e(é) € E(n)™2" 2D (BU(k))

i+7=2m,
0<i,j<k

Note that in our n = 2 case, P,, is in degree —32m and the image is a permanent cycle in our Bockstein
spectral sequence.

Proof. The fact that for a complex vector bundle V', the complexification of its underlying real bundle splits

as a direct sum of V and its complex conjugate, (Vg) ® C = V @V, means that the following diagram
commutes up to homotopy:

BU (k) BU(K) x BU(k) —*~ BU(k) x BU(k)

! |

BSO(2k) BU (2k)

where the right vertical map classifies the direct sum. Applying E(n)-cohomology to this diagram, we see
that the image of the total hatted Chern class (> ¢&) in E(n)*(BU(2k)) is given by the total hatted Chern
class in E(n)*BU (k) times its conjugate, (>_¢&)(>_ ¢(é;)). It follows that the image of ¢z, under f* is as
claimed. O

Remark 11.3. Working mod 2 in our associated graded object, we have c¢(¢é;) is represented by the same

2

= represents P,.

term as &. The terms & c(¢;) and é; ¢(é;) cancel out and we are left with é,, ¢(é,,) = ¢

We will not use it in this paper, we could in fact produce a class in ER(n)*(BU(k)) whose image in
E(n)*(BU(k)) is given by &, ¢(é,,) on the nose as follows. Let MU (n) denote the 2-local Real bordism spec-
trum with v, inverted—it is a commutative Z/2-ring spectrum (see e.g. [7, Lemma 4.2]). Applying the norm
N{Ze/f to ¢y € MU (n)?™(BU(k)) yields a class in MU (n)?™(1+9) (BU(k)) whose underlying nonequivariant
class is ¢, ¢(cm) by the double coset formula. Mapping from MU (n)-cohomology to E(n)-cohomology and
applying the hat construction gives &, ¢(é,,) as desired.

Either this element or the Pontryagin class could be used later to show that our ds and d7 only operate
on the coefficient ring. We have chosen the more traditional Pontryagin classes. Neither one is necessary to
compute di because &, ¢(éy,) has di equal to zero on it. It is only for the higher differentials that we need

the permanent cycles that the Pontryagin classes give us.

Recall that we can compute ¢ on any element of E(2)*(BU(n)) by naturality because it injects into

E(2)*(A"CP) and we know c on E(2)*(CP).

k ~

The leading term of the image of Py is (—1)¥ (k)% = p1ps . . . Pr.
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To avoid the power series, we rewrite the associated graded object for E(2)*(MU(n)) as
EQ)*{PFrelPreey> . Prery 0<ky4r, m<1
or, simply as:
EQ2)*{PKée™}y 0 <kp+7n
Define s;, €;, g; and ¢; as follows:
Si =ki+kiy1+---+ky, and e, =r;+rip1+ -+ rn =29 +¢€ € < 1.
Let ¢; = s; + g5, then, using our injection, we have, modulo higher filtration:
pEer maps to £ wr .

where wy . is the symmetric function, with leading term

ﬁil"‘gl ailﬁgz-ﬂ]z ﬂgQ . .ﬁanJl'gn ﬂ;n — ﬁlﬂe.
Note that, by construction, this satisfies property A.
Reversing the process to go from wy . to PX¢é" is unpleasant. It is trivial to go back to plac, but that
is still inside E(2)*(A"CP>). It is best to see wy  in terms of Chern classes. Modulo higher filtration, we
have,

2 oo 2 i o
wy = Clz1+€1 2 626212-‘:-62 i3—€3 . Ciszren_ (11.4)

Note that when €; = €3 = 0, we get éf(“*ig) = :I:Pl(“ﬂé) mod higher filtration. This comes in handy later.
Although we don’t need to be able to completely reverse the process to go from wy . to PK ¢”, we do
need to keep track of the parity of s(e).

Lemma 11.5. If wr, is the image of ¢/ = éjl'léjf ...¢ln then the parity of s(€) is the same as the parity of
j1+js+Js + -+, or, equivalently, r1 + 13+ 15+ -+ from above.

Proof. The proof is easy. From Equation (11.4), we have j;+j3+J5+- - is, mod (2), just €, —ea+e3—eg+- - -
and this has the same parity as s(e). Using the r, we have, mod 2, s(e) = r; +2r9+3r3+- - -+ nr,. Deleting
all the even terms gives the same result. O

12. Lemmas for our MU (n) d; computations

We are going to compute d; in the Bockstein spectral sequence using a spectral sequence. Our computa-
tions will be done on the image of E(2)*(MU(n)) in E(2)*(A"CP°°). This is generated by the symmetric
functions wy . where the leading term is p/ ¢ with property A. The spectral sequence we use to compute dy
is based on the filtration we have given using the ordering on the (I, €). Since dq(wr ) is also a symmetric
function, to compute the spectral sequence we need to know its leading term in the associated graded object,
i.e. the lowest filtration term of di(wy ). In principle, to do this, we have to compute d; on every one of
the distinct permutations that make up wy .

We reduce that onerous task significantly in this section by a series of simplifications. First, we recall that
we are working mod (2) in a very strong sense now that we have computed d o. In our actual computations,
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it turns out that we never need to consider raising our filtration so much that the length of (I,¢), 4(1,€),
is raised by more than 3. We don’t prove that here, that just comes out of the computations. What we do
here is show how to compute when you keep the increase in length to less than or equal to 3.

Our differentials only act on the @ part of wr .. We show that if d; acts on more than one @ at a time, it
increases the length by more than 3. The consequence of this is that we only have to take dy of one 4 at a
time in each term of wy . That’s still a lot to do, but is already a significant simplification.

A leading term of dj(wy ) must come from d; acting on some distinct permutation, p”a", of the leading
term pT4€, and we need only consider d; on one of the @ in &" at a time. To be a distinct permutation other
than the leading term, it cannot have property A. For d; of it to be a leading term, d; of it must have
a term with property A. If it doesn’t have such a term with property A, then we don’t have to concern
ourselves with it as it cannot be the leading term of d; (wy ).

There are many possible distinct permutations. Taking d; of all of them, even using only one @ at a time,
results in a large number of terms. Using the considerations just discussed, we will be able to eliminate
from consideration almost all of them. We reduce the relevant permutations and computations to a very
few special cases.

That is the goal of this section.

We recall from Lemma 2.11 (our long version of d):

di(@) = vy *(01p + 01" +9°)  mod (2,5°0)
This is our main source of information for computing d; because these are all the terms of d; we need.

Remark 12.1 (Powers of v3). We have already introduced the notation vg/ “. If we apply our above d; to a
Gy, we decrease the number of @ in @€ by one, thus changing the parity of s(e). On the other hand, the vy 3
changes the parity for vg/ ¢ so the parity of ’ug/ ‘w 1, stays aligned as we do differentials. In fact, we can
generally ignore the powers of vo when working with d; because they take care of themselves.

Conventions 12.2. Now that we have established that the v3’® that depends on s(e) takes care of itself,
for the part of this section before our important lemmas, we will ignore the powers of vy. They will be
re-introduced when we get to our lemmas.

Definition 12.3 (Short version of d; ). Following Convention 12.2, the short version of dy is:
di(@) =tp  mod (2,pn)

This is much of what we need, but it does run into problems that require the long version of the formula.
When we apply this to just one 4 and one term of the symmetric function, we get
T+A gr—Ak

di(p’a") = 01p

>

If this element exists and is of lowest filtration for our choice of k, we usually don’t have to go further. If
there is no ¥ on such an element, it doesn’t mean it is zero as is the case with 2. Instead, it means that
the element can be represented in a higher filtration. Since all of our elements start off with a o1, if it isn’t
there, it means that the short version of d; has already come along to hit it. That doesn’t make it zero, but
since the image of d; is zero, it means we have:

o1p=0ip> +p°  mod (2,p%0)

Always in such cases, the 93p? isn’t there as well and so belongs in a higher filtration giving us the relation.
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Relation 12.4.
np=p*  mod (2,p%a)
This is Equation (7.1), and it was proven there.

This increase in filtration is significant as it involves an increase in the length of (I,¢€), (I, €). Note that
the short version of d; increases length by one and the relation above by another 2. We are fortunate that
we never have to go beyond an increase of length 3. Note that in the long version of d; above, we only raise
length by 3 if we need to use the p? term as well. When this happens, it is always because the terms with
©1 have proven useless. In these cases we can move on to:

Definition 12.5 (Long version of d; ). Following Convention 12.2 when the ¢; term proves useless, the long
version of dp is:

di () = p? mod (2, p*1)

Our d; acts only on the 4 because d; commutes with the p; and v% , but we show now that if we act on
more than one i at a time, the result is in a high enough length we don’t need to worry about it.

If we apply d; to two of our @ at the same time, we get

dl (ﬁJﬂT) — ﬁ%p‘-]“rAiJFAj arfA,;fAj

This raises length by 2. In our situations, if 97 is around, it would be unnecessary to use 2 different 4. We
could just use one of 1; or 4;, choosing the lower of ¢ and j to get the lowest filtration element.

We need to consider the case where there is no 9; in the associated graded object on

ﬁJ+A1+AJ ﬁT*AifAj .

To get rid of a 07 using the formula 12.4, we have to add two more to the length, and, again, we are out of
bounds for our work, having increased the length by 4.

Remark 12.6 (Only one 4y, at a time). We will never need to apply d; to more than one @y at a time in
each of the distinct permutations. This simplifies things dramatically.

We need to identify the leading term of di (wy ¢) in our spectral sequence for dq. We will do this inductively
by computing the map d, ;, which is just our d; in our spectral sequence, restricted to wy . with €; = €z =
...=¢€j—1 =0and ¢ = 1, that is, our W; of Section 3.

Since di(wr,) is a symmetric function, the leading term must be a term of di(p’a"), where p7a" is a
distinct permutation of the leading term for wy , i.e. plac. If p7a" is anything other than the leading term,
it cannot have property A in order to be a distinct permutation. However, if it is going to create a leading
term for dq(wr.c), a term of dy (p”4") must have property A.

There can be many distinct permutations on our leading term to make up a wy .. The two properties
listed above restrict the permutations we need to be concerned with.

Only a few things can happen with our d;. The first thing that always happens is to take a ]32"' iy, to
D13 . Sometimes this is enough because our associated graded object is free over Z/(2)[9;] and our choice
of k gives the lowest filtration. Often it is not enough because the term with 97 is not there in the associated

graded object and we need to apply the relation @1132” = ﬁﬁf’ﬂ for some h and get

ﬁJJrAhJFAkaT‘*Ak (127)
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In special cases we have to go straight to the long form of d; and take ﬁ;’“ Uy, directly to ]32’”‘2.
Unfortunately, we cannot write down a general formula that works in all of our cases. Our computations
depend too much on the state of the associated graded object at the time of the computation. There are,
however, some recurring standard computations that we can discuss. Before we look at these general cases,
it is illuminating to look at some small special cases.

(1,0 4(0.1)

We begin with w(q g),(0,1) = P12 + @12, which has leading term p = Pyio. If we take dy of this

using the short version of dy, we get
di(Prilz + @1p2) = 01(P1P2 + P1h2) = 201p1P2 = 0.

In cases (and there are many) like this, we call on the long form of d; where we have established that we
can ignore the 91’s. Now we get

di (P12 + @1 o) = P1P3 + Pid2 = W(2.1,(0,0)-

Our leading term for this is p3pa, and this is a case where the leading term of d; (wy ) does not come from
dy on the leading term of wy ., something that would make our lives much easier.
Stepping up to the similar situation for n = 3, consider

W(1,1,0),(0,0,1) = P1P2l3 + P1l2p3 + U1P2D3

This time, applying the short version of d; gives us
01D1D2P3 + 01D1D2D3 + D1p1P2P3 = 301P1P2P3

We have two possibilities at this point. If the associated graded object is free over Z/(2)[01], we are done.
If 9 is zero on the associated graded object, we could, in principle, get wy . with leading term p3pops. In
fact, in the n = 3 case this doesn’t happen (as we shall see) but it still illustrates a point because related
things like this do happen when n > 3. The same is true about the next example as well.

Consider

W(2,2,0),(0,0,1) = pipsts + 15%@2153 + ﬁuﬁﬁ%
Start by using the short version of dy to get
D13 Paps + D193 Paps + D1P1P3P3 = D1w(2,2,1),(0,0,0)

If this is an element, we are done. If ¥; = 0 here, we have to apply Relation 12.4. The obvious choice gives
us w(3,2,1),(0,0,0), but if this is not an element in our associated graded object, we would have to apply
Relation 12.4 to the i3 = 1 term giving us 3w(2 2,2),(0,0,0)-

It is worth keeping these simple examples in mind as we try to look at some general cases.

We are now going to prove some highly technical lemmas that will help us get through our rough
computations later. Each of our E; ; comes in two parts, a Z/(2)[01] free part and a part where 9; is zero
on the associated graded object. Dealing with the Z/(2)[01] free part is fairly easy, so we start with it. We
don’t have to know much right now about F ;, except that the elements wy . all have ¢, = 0 for k¥ < j and
we are only interested in computing d; ; on the elements with €; = 1.

As we will use the following lemmas in our main computation, we abandon the use of the Convention 12.2.
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Lemma 12.8 (The 9, free part). Given wr . € E j with e; =1 in the Z/(2)[01] free part of E1 j for MU (n)
such that either

ljms = ljost1 = - =ljg = dj1 =4 +1

with s mazimal and even ori;_1 > i; + 1 (the equivalent of s =0). Then

dyj (v “wy ) = v3 %0y “Drwria, ea,
Proof. First note that (I + Aj,e — A;) has property A because all we changed was i; and it was raised by
1 to be less than or equal to 7;_;.

Second, we want to show how to get such a term, and then we will show that no other term with property
A has a lower filtration.

We start with the i;_; = 4; + 1 option. We can consider all of the permutations where all we have done
is moved ]33:7 @; to the left in the place of ﬁ;’_‘,j for k from 1 to s (there is no @;_; by property A and the
description of Ej ;). When we apply our short d; to each of these terms, with our @; in the j — k place, we
have (s + 1) terms all the same as our desired result. Since s is even, we have our required term.

If ;1 > i; + 1, we can just apply the short d; to @; to get the required term. Note here that if we try
to shift the 4; term to the left, we get a term without property A, such that when we apply the short d;
to it, it still does not have property A. This is really just the s = 0 version of the lemma.

Now we have to show that we cannot achieve a lower filtration element using any other dj and/or
permutation.

We pick a pi*dy, in some permutation, p”a" of p'a¢ to apply our short d; to. If we remove p)* iy, from
p74", we must have property A. If not, we cannot get property A when we apply d; to 4. And so, what
remains, must be a subsequence of 74 with just one term missing, ﬁ;’” uy,. The permutation is to just move
;ﬁﬁf’ﬁh to ﬁff Uy, leaving all other terms fixed. By this we mean that i, = ji. If h < k, we have moved ﬁ;”ﬁh
to the right. For this to be a distinct permutation, we must have 2i, + 1 > 2ip + €. It is because of this
term that this distinct permutation has a higher filtration than the leading term. Since we are going to
then replace @ with 01pg, we are going to increase the filtration even further. Since this situation can only
happen when j < h < k, (¢, = 0, h < j), this is of a higher filtration than the element we have already
discussed.

We have shown that, in this case, the only relevant permutation consist of sliding some ﬁi’“ Uy to the left,
because we have shown that going to the right results in higher filtration elements.

Our first computation involves #4; and permutations that involve sliding it to the left, so all we have
to do now is eliminate sliding iy to the left when j < k. To get a distinct permutation, we must have
2ig—1 + €x—1 > 2ix + 1(= €x). We must slide the term in the k-th place passed the one in the (k — 1)-st
place and then apply the d; to the moved . That gives us the same length, but the increase in the k-th

place by this permutation gives it a higher filtration than the term we have already obtained. O

Remark 12.9 (Limits on permutations). The above lemma took care of all of the Z/(2)[91] issues we will
come up against. The differential d; ; on the part of F;; with ¢; = 1 and 97 equal to zero on it always
raises the length of (I,¢€) by 3 either because we use the long version of dy or the short version followed by
the Relation 12.4. To compare filtrations, we have to use the criteria for the order on the (I, €) other than
the length.

We want to limit the types of permutations we need to consider. We only look at the two step process
where we use the short d; and then the relation. The proof of the case using the long d; is similar to the
previous lemma.

The first assumption we make is that we can find a non-zero wria, +a;,c—a; term in d; (wr,e) with h < j
with property A. We will have to do this with computations in our lemmas, but we just assume it here.
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Now we want to eliminate all but a few permutations from our consideration.

Consider some permutation, p”/ 4", of our leading term, p’a€. We plan on applying the short d; to some
iy and then using Relation 12.4 on some ﬁif. If we remove these two terms from $74", what remains must
have property A, and so is a subsequence of p’@€. Consequently, we can describe our permutation of p!ac
to H74" as just moving two terms around, namely some ﬁ;’i'ﬁk/ moving to ﬁi’“ iy, with i3 = j, and some
Py 4, moving to p" ;" with ip = j, and € = 7. All our permutation does is slide these two terms
around, either to the left or right in p’ac.

Because we have assumed the existence of a certain type of element in di(wy ), we can see immediately
that any change to the right of the 4; place, either due to d; or the permutation, will result in a higher
filtration term, much as in the previous lemma.

Since we can’t mess with things to the right of 4;, we must have ¥’ = j. The only permutation that ]327 Uy

can be involved with is a shift to the left. Likewise, the f)ﬁl’t'ﬁ;ﬁ“ term above cannot be to the right of the
U; term, but must be to the left. That means that e;, = r;, = 0. If we try to shift our ﬁzﬁ/ to the right, we
automatically end up with something of higher filtration again, so this term too must shift only to the left
it at all.

There are limitations when shifting to the left as well. If we try to shift ﬁ;j 4; to the left, we can only go
passed terms with ix = i; 4+ 1. Otherwise, when we change ﬁ;ﬁ' aj to ﬁ?ﬁ *! \e would not have property A.
Similarly, if we try to shift p;" to the left, it can only go passed terms with i, = i, + 1 or we will not have
property A when we apply Relation 12.4.

Lemma 12.10. Given wy € E1 ; with €; =1 in the part of E1; of MU(n) that has 01 =0 on it such that
ljms =ljsp1 = =lj_o =11 =14;+1
with s maximal and odd and

ljos—t = ljog—t41 = " = lj_g—2 =lj_s-1 =1j_s+1
with t maximal and even. Then

/

o/e —3 ofe
di,j(vy" " wre) = vy vy WA, aye-A,

Proof. First note that (I +A;_s+ Aj,e—A;) has property A. The A; part is for the same reason as in the
previous lemma. We also know that i;_,_1 > ¢;_, by definition, so adding the A;_, preserves property A.

Second, we want to show how to get such a term, and then we will show that no other term of d j(wy )
with property A has a lower filtration.

We can consider all of the permutations where all we have done is moved ﬁ;j U; to the left in the place
of ;ﬁ;f,: for k from 1 to s (there is no @;_). When we apply our short d; to each of these terms, with our
@ in the j — k place, we have (s + 1) terms all the same, but this time, we have an even number of them
and so this is zero. So, the 97 part of d; has proven useless on these terms. Moving on to the long form of
dy, we replace the @; with p;_ in each (j — k) place of the various permutations. These terms are all now
in different filtrations. The lowest filtration version gives the answer we are looking for.

The above covers the ¢ = 0 case, i.e. where i;_,_1 > 4;_, + 1 and deals with the first few possible
permutations of the ¢ > 0 case, i.e. where i;_5_1 = i;_, + 1. In this case though, there are other possible
permutations. We cannot do anything with i, where b < 7 — s —t because we have already used the long
dy and there is nothing else to do. However, we can shift i;_; to the left from 1 to ¢ times. Then our
permutation on the (I,¢€) of p'a¢ looks like

(I — Aj—s—c + Aj—37 6)
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for each ¢ from 1 to t. For each such ¢, we can consider the permutations that just slides ﬁ;j U; to the left,

but we can now only do this (s — 1) times, giving us a total of s equal terms. Since s is odd, this gives us
Ugsvg/eﬁlﬁl—aj,s,CJrAj,s+Ajﬁe—Aj

To make this has property A, we have to apply Relation 12.4 to 91p;_s—.. Together with the first case that

left ﬁ;’__g where it was, we have (¢t + 1) of these, but since t is even, our final result is the desired

v;3v;/eﬁI+AJ,s+AjﬁefAj.

Now we have to show that we cannot achieve a lower filtration element in this situation using any other
@y, and/or permutation.

Remark 12.9 restricted the permutations we needed to deal with. It forced us to start with 4, for d; and
then deal with p; with h < j with the Relation 12.4 if need be. This is indeed, exactly what we did, so we
see that this is the only possibility. O

Lemma 12.11. We start with wy € Eq; with ¢; = 1 in the part of By ; for MU(n) that has 01 = 0 on it.
We assume that

bjs = Gj_sp1 = =ij_g=1t;_1 =4;+1
with s maximal and even. We also assume that, for some k < j — s, we have
Tt = Up—pp1 =+ = I = G—1 = 1 + 1

with t mazimal and even. We further assume that k is the smallest number such that WILAL+A, e—A; 151N
El,j' Then

ofe —3 ofe
dl,j(% wl,e)zvz Vo' WI4AL+Aje—A;

Remark 12.12. This seems highly technical, but it covers a lot of territory for us. It even covers more than
is obvious. If s = 0, that is the same a i;_1 > i; + 1 and if ¢t = 0, that is the same as ¢x—1 > @ + 1.

Proof. It is easy to see that our term has property A. We just need to see that we can obtain it, but by
now, that is straightforward. With s even, we know the permutations from Lemma 12.8 that give us the
short d; on our leading term along with these permutations. Note that as in Remark 12.12, this is even
easier if s = 0 as there are no relevant permutations. We get

3,0/

— o/€ a

Vg Vo' VIWI+A;e—A;

Now, using similar permutations and ¢ even, we can apply Relation 12.4 to the (¢ + 1) permutations to get
the same term, namely the desired

3 o/e
Uy wIJrAkJrA]',EfAJ"

Uy

We have to rule out one possible glitch. If ¢;_s+1 = i;_,_1, we could try to shift the term in the (j — s)
place to the (j — s — 1) place or lower, we could have something like what happened in the previous lemma,
but we don’t. If we do this, the possible shifts on the term in the j-th coordinate are to move it to the
left from 1 to (s — 1) times. This would give s identical terms when we applied the short dy, but s is even,
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so we would have to go to the long d;. Using the same argument as the previous lemma, that would raise
ij—s+1 by one, and this would make it automatically have a higher filtration than the term we have already
found. O

13. Computing d; ;, low j, for MU (n)
We recall the definition of property A.
2i14+€e1 > > 2+ € > 21 F€p1 >0 2> 20+ €, >0

We start the computation of d; on E;; only using the wy . with e; = 1. We call this map d; ; and the
result of this computation, E; 5. This is all very similar to the work in Section 6 but we have to contend
with the symmetric function now in our computation.

Proposition 13.1. With ¢; = 0 and property A, Ey o for MU(n) is:
Z)2) [ {vs 0y w; } iy = i
and
Z)(2){05 vy Pwr} iy > g
The z'-torsion generators detected by dy 1 are represented by:
Zoy [01] {0105 032 Cwr 3 iy > iy

Proof. Recall that we are now working mod (2) and that d; commutes with p; and v, so we can concentrate

/

o/e .
on vy’ wr from Ey; with ¢ = 1.

All we have to do is apply Lemma 12.8 with s = 0, giving us:

/

o/e —3 o/en
di,1(vy " wr,e) = vy "vy V1WA e A -

Note that the first part of Ej o is there because i; = iz with €3 = 0 (and therefore e; = 0), cannot be the
target of our differential. The result follows. O

Remark 13.2. If n = 1, the above is consistent with the results for ER(2)*(CP>) from [6, Theorems 3.1
and 4.1], i.e. the n = 1 case, even if, at first glance, they don’t look the same. Here, the only wy . we have
left for B are the p%, which is the same as P!

Our proofs can generously be called tedious. More detail would not make them more user friendly. The
die-hard reader who really cares about the details will have to put in serious effort. To begin the induction,
it isn’t necessary to compute all of the F 3_5, but, speaking from experience, they are invaluable guides to
the general inductive case and so we have left them in.

Proposition 13.3. With €; = ez = 0 and property A, E; 3 for MU(n) is:

Z)2) o) {vs 03wy} iy = i

and



26 N. Kitchloo et al. / Topology and its Applications 270 (2020) 106955

Z/(2){vg/ 09 wr } i > iz = i
The z'-torsion generators detected by dy,2 are represented by:
Z(Q){vg/evg’2’4’6w1,e} 11 > 12 > 13.

Proof. Because e; = 0 already on the first part of E 5, we have no dy 2 on this part.
For the second part, with i1 > 2, our proof comes in two stages. First we assume that i1 > is + 1. In
this case we just apply Lemma 12.11 with s =t =0 and k =1 to get

-3 ofe
Vg Vo' WI+A14+Az,e—As-

If 44 =iy 4+ 1, we use Lemma 12.10 with s = 1 to get the same result. This eliminates the i; > i5 terms
with €5 = 1 as sources and the i; > is terms with e; = 0 as targets, missing only the is = i3 terms. This
concludes the proof. O

Remark 13.4. If n = 2, we would be done computing an associated graded version of Ey for the Bockstein
spectral sequence. There appear to be two parts to the answer, but there are no wr . with 75 = i3 because
there is no i3. Consequently, the answer is entirely in the first part, namely

7))o {vs > Cwr} i =iy € = ey = 0.
These w; . are no more than just pipj € E(2)*(A2CP>), which is the image of Pi € E(2)*(MU(2)).
Proposition 13.5. With €; = e3 = €3 = 0 and property A, Ey 4 for MU (n) is:

Z)(2)[o1){vs 032wy} iy =iy i =iy
and

7))y WS wr iy > iy = i

Z)2) {0y 0P 0w, iy =iy iy > iy

The z'-torsion generators detected by dy 3 are represented by:

o

~ ~ 4 . . . .
Za) [Uﬂ{vlv/evg’l ’Gwlve} i1 =19 13 > 14
Proof. This one is fairly easy. For the second part of E; 3 we have iy = i3, but we also have e; = 0, so we
must also have e3 = 0. Therefore there is no d; 3 on this second part.

As for the first part, because we want to consider e3 = 1 with €1 = e = 0, we must have 2i5 > 2i3+1(= €3),
so g > 43. Applying d; 3 using Lemma 12.8, we get

—3 o/en
Vg Vg V1WI4A3z,e—As

This leaves our conditions 71 = is and i3 = i4 on the first part (because they are missed), and the quotient
of dy 3 on the first part gives us the i; = ia, i3 > 74 of the second part. O

Remark 13.6. If n = 3, we are done. Because in the first part, i3 = i4 and there is no i4, there is no
contribution to the answer from this first part.
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For the second part, we can always write our answer in terms of:
i —ia) 22 =is) @2is s ),
We have conditions on 7;. In the first case with i; > 4o = i3, we get
PiP] i,j>0
In the second case we have i; = i9 > i3. This gives us
PiP] i>0 j>0

This last example can be used to ground our induction.

Proposition 13.7. With €1 = €2 = €3 = €4 = 0 and property A, Ey 5 for MU(n) is:
7)) [ {vd W w; } iy =iy iy =i

and

Z/@){US/EUS’QA’GWI,J 11 > 13 =13 14 =15

Z/(z){vg/evg’2’4’6w1,e i =12 13> 14 =13
The z'-torsion generators detected by dy,4 are represented by:

Z/(Q){US/E’USQA’GU}[’E} 11 > 19 =13 14 > 15

Z)(2){vd W0 w, iy =iy g > s > s

Proof. The easy part is the first part, we must have €4 = 0, so there is no differential. On the rest, there are
many cases to consider. Note that after we apply di to @4, we can never hit iy = i5 (because of property
A), so we will have that condition in the end.

We first look at the 7; > iy = i3 part of E; 4. By property A, we also have iz > i4. If i4 +1 = i3 we use
Lemma 12.11 with s =2, ¢t =0, and k = 1, to get

—3 ofe
Vg Vg WI+A1+As,e—Ay-

If iy + 1 < i3, we use Lemma 12.11 with s = ¢t = 0 and &k = 1 to get the same result. It wasn’t really
necessary to break this into two pieces since Lemma 12.11 handled both.

This gives us everything in the first part of our non-9, part of F; 5 except when i; = i3 + 1. We already
had i1 > i3 and we added 1 to i;. We can fix this by looking at the second part when we have i1 = i3 = i3.
We know i4 < i3. If ig+1 = i3, we use Lemma 12.10 with s =3 and ¢t = 0. If i, +1 < i3, we use Lemma 12.11
with s =t =0 and k£ = 1. This now gives us our i; = i3 + 1 case.

It is time to take stock of where we are. We have acquired all of the first part of our answer and used up
the i1 = i3 = i3 > i4 part of the second part of E; 4 as sources.

We still need to hit, as targets, all of the wr . with i1 = 49 > i3 > 94 > 45 when €4 = 0. The iy > i5
always takes care of itself.

For sources, we need to use the i; = i3 > i3 > i4 with ¢4 = 1. It will complete the proof if we can show
that for these source (I, €), we have:
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o/e —3 ofe
d1,4(vy" “wr.e) = vy Uy "W At AL e Ay

We cannot replace the A3 with A; because our element would not be in E 4. If we try to replace it with
Asg, the term does not have property A. If i5 > iy + 1, we just apply Lemma 12.11 with £k = 3, s = 0 and
t = 0 unless i = i3 + 1, in which case we use t = 2. If i3 = 74 + 1, we use Lemma 12.10 with s = 1 and
t = 0 unless io = i3 + 1, in which case we use t = 2. O

Remark 13.8. If n = 4, we are done. Because in the second part, i4 = i5 and there is no i5, there is no
contribution to the answer from this second part.
For the first part, our leading term for wy ¢ is just pipipsp; with i > 5 > 0. This is the image of ]SQ(Z_J)PA{.

14. Computing F4 11 for MU (n)
We recall the definition of property A.
2ipt+e > > 2t € > 21 +H€pp1 2. 2 20 6y, >0

We are using an auxiliary spectral sequence that comes from the filtration defined by the ordering on
the (I, €) to compute the dy for the Bockstein spectral sequence. Following our description of the process in
Section 3, we compute our spectral sequence for d; by induction on j using the wy . with €, =0 for k < j
and €; = 1, i.e., the W; of Section 3. We call this map d; ; and it is defined on F, ; and the result gives
us Ey jy1. As in Section 3, the map d; ; is injective on W; so we are left with €; = 0 in Ey j4;. When we
have done d; ,, and computed E1 11 (as a quotient of W,,11), we will be done, giving an associated graded
version of the Fy of the Bockstein spectral sequence. Since at this stage all e, = 0, s(e) = 0 and is even,
making vg/e =1

Theorem 14.1. For the spectral sequence for the calculation of Es for the Bockstein spectral sequence from
E(2)*(MU(n)) to ER(2)*(MU(n)), we always have property A. For Eq j11, 1 < j <n, we have ¢; = €3 =
-+ =¢€; =0. There are two parts to Fy ji1. First:

7))o {vd W w; } with igyy =i 0<2b<j+1
Second, for b with 0 <2b+2 < j+1, let :

Toe—1 = t2c 0<2c<2b, dgpy1 > dopya, fI2q =d2a+1 20<2a<j+1
Then we have:
Z/(@){vy vy Cwr )

When j = 2q + 1, the x'-torsion detected by dy,; is represented by:

7.)(2)[01) {010 0 Cwr gy =gy 0<b<q ij>ij4
When j = 2q, the x'-torsion detected by dy,; is the same as the second part of Eq jy1 but with i; > ij41.

Remark 14.2. Tt is easy enough to read off the terms in the theorem that are in degrees 8. It requires s(e)

to be even, forcing vg/e = 1. Then just eliminate the vg’ﬁ as well. To get just terms in degrees 16%, also
eliminate v5. All z’-torsion generators inject to E(2)*(—), so we see that the x!-torsion generators of degree

8% inject, giving part of Theorem 1.4.
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Remark 14.3. When j = n = 2¢ + 1, the condition on the Z/(2)[01] free part has i,, = 4,41, but since there
is 10 ip41, this condition is never met and there is no Z/(2)[91] free part. When j = n = 2¢, the condition
on the part with 9; = 0 has i, = 9,41, but since there is no ¢,41, this condition is never met and there is
no part with 9; = 0.

Proof. Our proof is by induction. We assume we have computed d; ;» for 7/ < j. We need to compute d; ;
on F ; and show our result gives Fy ;1. We have computed E; 5 through F, 5 to begin our induction. In
fact, we need the d; 4 to ground our induction.

There are some, but not enough, easy parts to this. First, if j = 2¢, d; ; = 0 on the first part because we
have ¢;_1 = 7; and so €¢; = 0. Likewise, if j = 2¢ + 1, d1 ; = 0 on the second part because we have i;_1 = i,
and so €; = 0.

When j = 2¢ + 1, computing d; ; on the first part is just Lemma 12.8. This misses the usual ¢; = ¢j41,
but, because the 91 is there, this creates the b = ¢ part of E; ;41 in the second part, the only piece of
the second part that wasn’t there already in E; ;. The rest of E; ; remains unchanged and carries over to
Eq 1.

What remains now is to deal with j = 2¢. The Z/(2)[01] free part of E; ; is uninvolved and carries over
to be exactly the same for the first part of Eq ;4.

In the second part of E; ;, the range of b does not change between E; ; and E; ;1. However, the change
does allow for a to be ¢, giving i; = ¢;j41. We expect this and can now forget about it. To compute d; on
U, we can never end up with 4; = ¢;41, which explains how this condition comes about. Otherwise, the
descriptions of Fy ; and E; ;11 are the same except, of course, we end up with ¢; = 0.

Let’s take a look at what we have to accomplish yet. We have to compute d; ; in such a way that all the
@; go away. Our map dj ; has to take the second part of Ey ; with €; = 1 and 424 > i2¢+1 (sources) and put
it in 1-1 correspondence with the second part of E j, with 494 > d2441 (targets) and €; = 0. Recall that our
29 =13.

First let us work with the b = 0 case. We want all b = 0 terms with ¢; = 0 and 4; > ;41 to be hit
as targets. We need to find the sources to do this with. Our sources must have €; = €24 = 1, so we have
i9q—1 > l24 by property A and the fact that ez,_1 = 0. We first restrict our attention to source terms with
b=0.

We use Lemma 12.11 to get

dij(Wre) = WIt A, +A; - A, -

In this application, the ¢ of Lemma 12.11 is zero and k = 1, but the s could range from 0 to j —2 = 2¢q—2 (by
twos) depending on I. This hits all elements in E; ; we need to have as targets with b = 0 and i1 > ip + 1.

As targets, we have not yet hit the b = 0 terms with i1 = iy + 1, i.e. (I,€) with ¢; = 0, ¢; > 4;41 and
i1 = @2 + 1. The source that works here is (J,7) = (I — A1 — Aj, e+ Aj). To see this, recall that for b =0,
we have ia, = i2441 for 0 < 2a < 2q. Find the ¢ > &’ > 0 such that

11— 1=1ds=-- =gy 41 > lopr42

In almost all cases, we can apply Lemma 12.11 to (J,7) to get the desired result using k =1, ¢t =0, and s
can go from 0 to 2¢ — 20’ — 2 by twos, depending on I.

There is one place where Lemma 12.11 does not apply and we must use Lemma 12.10. That is when
b'=¢—1and igg_1 =1isq+ 1. Here s =2¢ — 1 and t = 0.

Note that this turns a term associated with ¥’ > 0 into one with b = 0.

For targets, we have hit all of our b = 0, ¢; = 0, 4; > ¢;41. For sources, we have used all of b with
i1 = -+ = dgp41 > doppo and €5 = 1, 45 > 4541 for b = 0 to ¢ — 1. Note that this includes all of the b = 0,
€5 = 1, ij > ij+1 terms.
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Summary 14.4. The unused terms we need as sources are all of the ¢ > b > 1, ¢; = 1, with 7; > 7,44,
excluding terms with

i1 =1lg = =lgp = I2p41 > 2642
The unused terms we need as targets are b > 1, €; = 0, with 4; > ;4.

We must now do b > 0.

Moving on, we want to find all of the b = 1 terms as targets. We do much that is similar to the b = 0
case. We begin with source terms that also have b = 1. When b = 1, we have i3 > 44, and since we have
excluded i1 = i = i3 > 14, we always have i3 = iy > i3 > i4. Clarity is often thwarted by the necessity to
handle special cases. We want to apply our lemmas to get

dl’j(w176) = wI+A3+AJ‘,E—Aj-

We see that this has property A because i > i3 and i;_1 > %;. We cannot replace Az with A; because that
term does not exist in £, ;. We cannot replace it with Ay because that term does not have property A.

Generally, we can do this using Lemma 12.11 when we are not dealing with the special cases. In our use
we have t =0 or t =2 (if i = i3+ 1), k = 3, and s can be anywhere from 0 to 2¢ — 4 (by twos).

In the special case of source with j = 4 and i1 = is > i3 = i4+1 and ¢4 = 1, we have to use Lemma 12.10
with s =1, k = 3, and ¢ = 0 unless i3 = i3 + 1, in which case t = 2.

We had i3 > i4 and we added A3 so we missed the cases where i3 = i4 + 1. We are left with the need to
hit these cases. Again, this is just like the b = 0 case. As targets, we have not yet hit the b =1 terms (I, ¢)
with €; =0, 4; > ij41 and i3 = 44 + 1. The source that works here is (J,7) = (I — Az — A, e+ A;). To see
this, recall that for b = 1, we have i, = i9441 for 2 < 2a < 2¢. Find the ¢ > b > 0 such that

i3 —1=1i4 =" =idgpy1 > lopr42

In almost all cases, we can apply Lemma 12.11 to get the desired result. using k = 3, ¢t =0 or t = 2 (if
io = i3+ 1), and s can go from 0 to 2q — 2b' — 2 by twos, depending on I.

Of course, if 2b' +1 = 2¢ — 1 AND 49,1 = i94 + 1, then we have to use Lemma 12.10. Here we have
s=2¢—3,t=0o0rt=2 (if iy = i35+ 1).

We need to identify all of the targets hit so far and all of the sources used so far.

We have hit all elements as targets with b=0or b=1, ¢; = 0 and 7; > ij41.

We have used all terms as sources with b = 0 and b = 1 with ¢; = 1 and 4; > i;41. In addition, we have
used all terms with iy = -+ - = dgpr41 > dopryo for & > 0 and all terms with iy = ip > i3 =« = dgpry1 > Gopaa
for ¥’ > 1. Combined, that is 41 = io > i3 = -+ = dop11 > lop+1-

Summary 14.5. The unused terms we need as sources are all of the ¢ > b > 2, ¢; = 1, i; > 4,11, excluding
terms with

1 =12 203 =14 =+ =lgp = lop+1 > 12p42
The unused terms we need as targets are b > 2, €; = 0, with i; > ;4.

We are getting close to our induction statement where we will set things up to do d; ; for b > 2 using
the induction.

Our dy ; on what is left cannot involve i1 or iy because (I + A; + Aj,e — A;) does not give a term in
Eqjand (I +Ay+ Aj,e—A;) does not have property A.
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Thus, we can ignore 41 and i5. What is left of (I, €) if we remove them is an I’ of length n — 2. More
importantly, i; = i2q moves down to the new i’2q72 and the b > 2 condition moves to a b’ > 1 condition.

This translates our b > 2, n, j = 2¢ problem, Summary 14.5, to our ¥’ > 1, n—2, j —2 = 2q — 2 problem,
Summary 14.4. They are identical, so, by induction, having already solved the later problem, we solve the
present problem.

Because of the idiosyncrasies of the b = 0 case, we couldn’t just go from b > 1 to & > 0, but had to do
the induction from b > 2 to ' > 1.

Because we must use b = 2 and we have 26+ 2 < j+ 1 and we must have j = 2¢, our lowest computation
here is for E; 7, so, to use induction, we needed to have computed our Ej 5, which we did in the previous
section. O

Remark 14.6. Rather than the downward induction we have done, we could equally well have done an
induction on b. All that would be necessary would be to replace the 2 in 14.5 with a k& and do the induction
on k. The statement of the excluded terms would be a bit more complicated and showing that the lower 7;
aren’t involved would also be a bit more complicated. But, on the whole, the argument would be roughly
equivalent.

15. All the MU (n) theorems

Proofs of Theorems 1.2 and 1.3. We begin with n = 2¢. In Theorem 14.1, for the part with 97, = 0, we have
in = in+t1, but since there is no ¢,41, this cannot happen and there is no contribution to the answer from
this second part. We apply Equation (11.4) to the Z/(2)[01] free part of Theorem 14.1. Since s(e) = 0, we

/e

have vy’ = 1. We get, modulo higher filtrations,

_ A241—2i9 A2i5—2i3 2%, _ Di1—i2 Diz—i3 D
_Cl C2 BN S P1 P2 ...Pn"

n

W e

We have ig,_1 = ig, for all 0 < b < ¢, so we end up with

A

Di2 Pia 29
pi P ... Pz,

Of course, property A requires that io, > 0. This gives us the Fy of Theorem 1.2.

Moving on to ds, because there is no 4 anymore and all the P, are permanent cycles, all of our wy . for
FE5 are permanent cycles. Our entire d3 is given by what happens on the coefficient ring. Using Remark 2.8,
d3 (v%) = D1v5 4, we get the E,; term and the z3-torsion generators. The differential d7 is again all on the
coefficients so we have d7(v3) = dovy 8 — 1, and we our z"-torsion generators.

The proof for the n = 2¢ + 1 case is a bit different. We can eliminate the Z/(2)[?1] free part from
consideration because it requires i, = 4,41 and there is no i,;. We also have v;/ ¢ = 1. The reduction to
Pontryagin classes is the same idea, but our differential on the coefficients ds(v3) = 0v5 * gives us a 07 that
we don’t have. In our w; . we want to apply our usual Relation 12.4, but if we do that, we must be sure

. . . . . o i i 1 .
that the resulting wrina, o exists. If ig, > d9p41 Wwe can just use Ulp;%’ill = p;ﬁ:lﬁ . Anything lower than

. . . A A‘ / A- ’ 1
that does not exist. If, however, i, = 4211, we cannot do that but we can use vlplﬁb/jll = p;ﬁ’,jlﬁ where
we have V' is the smallest number with 49511 = -+ = ig,41. This has property A and takes an element of
type b to one of type b’. This allows us to hit all elements except when b = ¢ and izq41 = 1. This gives
us both our z3-torsion description and our F4 term of Theorem 1.3. There is no mystery now to d7 or the

x"-torsion. This is just computed on the coefficients as with n = 2¢. O

Remark 15.1. All the terms in the theorems that are in degrees 8+ can be found just by eliminating the
v2%. To see degrees 16+, eliminate the vi as well. All z*-torsion generators are in degrees 8% and the
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x"-torsion generators are in degrees 16x. Since x'-generators inject to E(2)*(—), this concludes the proof of
Theorem 1.4.

All that remains is to give a more MU (n) associated description of the z'-torsion generators. They are
all recoverable from Theorem 14.1 where they are written in terms of symmetric functions. Here, we rewrite
this in terms of Pontryagin and Chern classes to give it more the look of MU(n). Again, we rely on Equation
(11.4). We can just read this off from 14.1.

Recall from Lemma 11.5 that when we write our elements in terms of Chern classes, our vy
by the parity of ji + j3 + js + - - -, for &’.

/¢ is determined

Theorem 15.2. Representatives for the x'-torsion generators in the associated graded object for ER(2)* (MU (n))
start with:

Zeylonlllén, o, . al{208 002 00,) = Ty [01][[én, b3, . ]l i} 0 <i <4
For1<j=2b+1<n, we have

2/l Pitoo B PP 3 i o 0P 0 Py}

except when j = n, then we do not need the ¢, at the end. The parity that determines vg/e is the parity of

J2v43 + Jov4s + Joper + o
For 0 <2b<j=29<n we get

Pis i Piop  Plabrl  Hizvts Pli—1 Plj Aljt1 Aljt2 Ain o/e 0,2,4,6 H D oA
Z](2)[Ps®, Pyts -, Pop® Py, Poglls oo VP P el e, N Popt1Pjén}

/e

except when j = n, then we do not need the ¢, at the end. The parity that determines vy’ is the parity of

Joq+3 + Joq+3 + Joq4s + o

/e 0,4

Remark 15.3. To get the x!-torsion generators in degrees 8+, we have to have vy’ “ = 1 and we only use v,

/e

For degrees 16%, we must have vy’ = 1 and no powers of vs.
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