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Abstract

The purpose of this note is to study conditions for the convergence and
Riesz means of spectral expansions of piecewise smooth functions on compact
Riemannian manifolds (M, g) of dimension n > 2 with boundary.

1 Introduction

The purpose of this note is to study conditions for the convergence and Riesz means
of spectral expansions of piecewise smooth functions on compact Riemannian man-
ifolds (M, g) of dimension n > 2 with boundary. Here we say that a function f(z)
on M is piecewise smooth if it is uniformly continuous in M, and has uniformly
derivatives in M up to order [ > 0.

Let L = —A, be the Laplace-Beltrami operator associated to the Riemannian
metric g. Recall that the spectrum of Laplacian is discrete and tends to infinity.
Let 0 < Ay < Ay < A3 < --- denote the eigenvalues, and let {e;(z)} be an associated
real orthogonal normalized basis in L?(M), and define

i (f)@) = ei(a@) [ Fwe;(w)dy.

and the unit band spectral projection operators,

X/\f = Z ej(f)a
VAERA+D)
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and FE) is the corresponding expansion of the identity, then the spectral expansion
of any function f € L?(M) has the form

Exf(z) = | e(e,y. N f()dy. 1)

where

€($,y,)\): Z €j<x)ej(y)'
Jro

is the spectral function of the Laplacian. For each s > 0, we introduce the Riesz
means

i) = [0 raEge) ©)

of the spectral expansion.
In [10], Sogge proved that for a fixed compact Riemannian manifold (M, g) with
boundary, there is a uniform constant C' so that

1D flloo < CAD2| fllp, A > 1,

which is equivalent to

Yo e(x)’ <CNTY Vze M.
VA ERAFT)

And he use this estimate to prove some new estimates for Riesz means of eigenfunc-
tions on compact manifolds with boundary, for s > (n—1)/2, one has the uniformly
bounds

15511, < ClIflly,

for every 1 < p < o0.

In [1], the author studies conditions for the convergence and Riesz summability of
spectral expansions of piecewise smooth functions for self-adjoint elliptic operators
on the compact subdomain of a n-dimensional domain. In [5] and [6], the authors
obtained some necessary and sufficient conditions for the convergence of Fourier
inversion and spectral expansion of the Laplace operator of a rotationally invariant
Riemannian manifold by using the asymptotic properties of corresponding special



functions. And in [7], the authors use a wave equation approach to study point-wise
Fourier inversion and point-wise convergence or divergence of spectral expansion of
Laplace operator of Riemannian manifolds with some symmetry, including spheres,
hyperbolic spaces and other compact and noncompact rank-one symmetric space,
and on strongly scattering manifolds.

Now for general compact Riemannian manifolds, one can’t use the asymptotic
properties of special functions to study the asymptotic behavior of spectral functions
any more. Here we use Sogge’s asymptotic L™ estimates on y, and L? estimates on
the normal derivative of eigenfunctions on the boundary of [2], instead of the asymp-
totic properties of special functions, to study the asymptotic behavior of spectral
functions, and we obtain the following results,

Theorem 1.1 Let f be a piecewise smooth function on a manifold M with boundary,
dim M = n, satisfying [ € L*(M), more precise, we inquire f € L> | , (M), we
have

(1). n =2, on each compact subset of the smoothness domain of f, the spectral
expansion (1) is uniformly bounded and the Riesz means (2) of any positive order
s > 0 uniformly converge to f.

(2). n > 2, on each compact subset of the smoothness domain of f, the Riesz
means (2) of any positive order s > (n — 1)/2 uniformly converge to f.

Remark 1.1 Forn > 2, there are some simple examples, such as the characteristic
function of unit ball xg in R", see [5], show that the spectral expansion of a piecewise
smooth function may diverge even at points far from the discontinuity surface, and,
if n > 3, the divergence will be unbounded.

Now applying the uniformly bounds for Riesz means on LP(M) in [10] and a
density argument, from Theorem 1.1, we have the following almost everywhere con-
vergence results for Riesz means on LP(M).

Theorem 1.2 Fix a smooth compact Riemannian manifold with boundary of di-
mension n > 2, for any s > (n—1)/2, let f € LP(M)NL2_,_,,(M), 1 <p < o0,
we have

Alim Ssf(x) = f(x), almost everywhere for x € M.

And for any s > (n—1)/2, let f € LP(M), 1 < p < 00, we have

/\lim Syf(z) = f(x), inmeasure for x € M.

In what follows we shall use the convention that C will denote a constant that
is not necessarily the same at each occurrence.



2 Proof of Theorem 1.1 and Theorem 1.2

In this section, we shall prove Theorem 1.1. For each 7 > 0, we introduce the kernel

G (z,y) :/0 A Tdye(z,y, \)

of fractional order. In this notation, we can see Gi(z,y) is the Green function of
the Laplacian for the eigenvalue problem. And for any smooth function defined on
M, we have the following equality

e}

| @G . y) fdsy) = X e@N7 [[(@leio)f)do. (3)

j=1
where o is the area element on surface 0M, and v is the outward normal direction
on the boundary. In [2], the authors have the following results: for the inequality

cAj < HauejH%%aM) < O\,

the upper bound holds for some constant C' independent of \;, and the lower bound
holds provided that M can be embedded in the interior of a compact manifold with
boundary, IV, of the same dimension, such that every geodesic in M eventually meets
the boundary of N. In particular, the lower boundary holds if M is a sub-domain
of Euclidean space. Here we use the idea of proving the upper bounds in [2], we
obtain the following estimates:

Lemma 2.1 For any smooth function f on M, the estimates

@ X [ )@l < O e,
VA ENA+T)
® X [ dem ol <200+ Dol + 2] o,
VA EMA+T)
hold both as A — oc.

Proof. For estimate (a), we use the upper bound for ||0,€;|| 12 in [2], and
by the Cauchy-Schwarz inequality, we have

S de)fyde” < > (Bve;(y))2do [ f(y)2do
VN EAAD) /(?M VA ERAF) /8M /‘9M

< Wz Do 110vesl[T2nn
VAENAHD)

< OX"MM| 122 onn)
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For the last inequality we use the Weyl formula

HA 0 A €N} = O o(A Y.

For estimate (b), by the Green’s formula, we have

0o = [ Aej(y)- fy)dy— [ ei(w)- Af(w)dy
= A /M ¢(y) - f(y)dy—/M ¢;(y) - (Af(y))dy.

Notice that [y, €;(y)- f(y)dy is the Fourier coefficient of f with respect to the spectral
decomposition, then we have

oM

> |/{)Mc‘iyej(y)f(y)dOI2
VA ENA+T)

2 ¥
VA ENAHD)

< 200+ DY Doz oan) + 21X (AN Z2001

IN

() S + ([ () - (AF()dy)?

Q.E.D.
Applying the L™ estimates on y, in [10], we have the following Lemma:

Lemma 2.2 For any given smooth function f on M, the estimates
(a) Yo lei(@) /8M Ae; () f()ds(y)] < OX"||f]|z2@om)

(b) Y. le(@) /aM Ave; () f(W)ds(y)l < CO+ )" 2|15, Fll 2

+ON+ D D2 0 (A D)2y
hold both as A — oo.

Proof. From [10], we have estimates

Y el < oY
VAFENA+1)

then by the Cauchy-Schwarz inequality, we get the results from Lemma 2.1.
Q.E.D.



Lemma 2.3 Let T > 0, then for any smooth function f and any constant h € (0,1),
the estimates

@ ¥ e [ ew)f)dol < Ol
VA ERAFD)

®) X T [ dewfdl < CO+DF T fllean
VA ENA+T)
+COA+ DT (A 220

hold both as A — oo.

Proof of Theorem 1.1 Given a piecewise smooth function f on M. Let us fix
an arbitrary compact set K C M — 0M and consider a smooth function f,(z) with
compact support in M such that in some neighborhood U of the compact subset K,
we have

= /aM 0,G (x,y)f(y)do, x € U.

From (3), the right hand side has the spectral expansion

[ 8,6, 9)f(y)do = f: A6 () [ e ) f ) @)

Consider the function

6:(N) = r(Aw) = 0 NTes(a) [ Dues (1) (w)do — Erfo().

A <A

We can see that the Fourier-Stieltjes transform

O(E) = /0 T et g, (1)

is bounded in a neighborhood of zero and vanishes at £ = 0 together with all its
derivatives of even order.
Lemma 2.3 implies that if z € K, we have

(@) 1o ((t+1)*) — o (7)] < (JI*/THTllJ”|!L2 omy, ast— oo,
(B) [o-((t+1)*) = 6. ()] < Ot + 1) | Ixe 2
+C(t—|—1)7 2T||Xt( )||L2(M)7 ast — o0,
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for any h € [0,1]. According to the Tauberian Theorem of Hérmander (Lemma
17.5.6 in [4]), for Riesz means, we have the following estimates

A t
(a) |/0 (1- X)sd¢r<t)| < C)\n_2T_s||fHL2(aM), ast — 0o,

A l S nt3_or g
®) | [ (1= don®] < ONF 2Bl
FONT 72| By (Af)| | 2(ar), as A — o0,

for all s > 0.

Now we set 7 = 1, since G(x,y) is the Green’s function of the Laplacian for the
eigenvalue problem, we have fi(x) = f(z) for all x € U. The left term in the last
inequalities (a) and (b) is the error term for the spectral expansion F) f(z) and the
Riesz means S5 f(x) to the f(z).

For n = 2, the estimate (a) is better than the estimate (b), and implies the
assertion (1) of Theorem 1.1.

For n > 2, the estimate (b) is better than the estimates (a), and implies the
assertion (2) of Theorem 1.1., here we need use the properties, for f € L2 | , (M),
which ensures Af € L2 ., (M),

AU E 2o — 0, as A — oo
N ENA e — 0, as X — oo
It follows from when f € L2 , ,.(M), one has

HfH%”—l—?S(M) = kn*l*QSHkaH%?(M) < 00.
k=1
The same reason for Af € L2 . , (M). Q.E.D.

For Theorem 1.2, we know that for smooth functions we have the almost every-
where convergence on M from Theorem 1.1. Notice that C*°(M) is dense on LP(M)
for any 1 < p < oo. Approximated any f € LP(M) by smooth functions {fx},
using the uniform bounds results of Riesz means on LP(M) in [10], we have con-
vergence for Riesz means S5 f(x) for any f € LP(M) in measure. When we further
assume that f € L2 | , (M), we can let smooth functions {f;} approximate f in
L2 | ,.(M), the from proof Theorem 1.1, we know that for all f, the Riesz means
S5 fr(x) uniformly converge to fy(z) as A — oo, in any compact subset of M — oM
for all k& € N, which ensures the almost everywhere convergence for S5 f(z) to f(z)
in M.



References

1]

2]

Sh. Alimov, On spectral expansions of piecewie smooth functions. Dok. Math.
Vol 64. No. 3. 295-297 (2001).

A. Hassell and T. Tao, Upper and lower bounds for normal derivatives of Dirich-
let eigenfunctions. Preprint.

L. Hormander, On the Riesz means of spectral functions and eigenfunction
expansions for elliptic differential operators. Some recent advances in the basic
sciences, Yeshiva Univ., New York, (1965-1966), 155-202.

L. Hormander, The analysis of linear partial differential operators III-IV,
Springer-Verlag, 1985.

M. Pinsky, Pointwise Fourier inversion and related eigenfunction expansions.
Commun. Pure Appl. Math. 47 (1994), 653-681.

M. Pinsky, N. Stanton and P. Trapa, Fourier series of radial functions in several
variables. J. Functional Analysis 116 (1993), 111-132.

M. Pinsky and M. Taylor, Pointwise Fourier inversion: a wave equation ap-
proach. J. Fourier Anal. 3 (1997), 647-703.

C. D. Sogge, On the convergence of Riesz means on compact manifolds. Ann.
of Math. 126 (1987), 439-447.

C. D. Sogge, Fourier integrals in classical analysis. Cambridge Tracts in Math-
ematics, 105. Cambridge University Press, Cambridge, 1993.

C. D. Sogge, Eigenfunction and Bochner Riesz estimates on manifolds with
boundary. Mathematical Research Letter 9, 205-216 (2002).



